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ABSTRACT. In a recent paper (CF. [1]), we have introduced the definitions
and studied the essential properties of the generalized topological operators
g-Dery, g-Cody : £ () — £ (Q) (9-T,-derived and g-T-coderived oper-
ators) in a generalized topological space T4 = (Q, %) (J5-space). Mainly,
we have shown that (g-Derg,g-Cody) : & (Q) x Z(2) — Z(Q) x Z(Q)
is a pair of both dual and monotone g-T4-operators that is (@,Q), (U,n)-
preserving, and (<, 2)-preserving relative to g-T;-(open, closed) sets. We have
also shown that (g—Derg,g—Codg) 2 xP(Q) — Z(QxP2(Q)is a
pair of weaker and stronger g-Tq4-operators. In this paper, we define by trans-
6th 35)

finite recursion on the class of successor ordinals the -iterates g-Der

g—Codgé) : 2(Q) — 2(Q) (g—‘Igé)—derived and g—‘l'g&)—coderived operators)
of g-Dery, g-Cody : Z () — £ (Q), respectively, and study their basic prop-
erties in a Jg-space. Moreover, we establish the necessary and sufficient condi-
tions for (g-Deréé),g-Codgé)) 2 ()P (Q) — Z(Q)xZ () to be a pair of
g-Tg-derived and g-T4-coderived operators in Ty. Finally, we diagram various
relationships amongst dergé), g—Dergé), Codgé), g—Codgé) 1 2(Q) — 2(Q)
and present a nice application to support the overall study.

)

1. INTRODUCTION

Axiomatically, a generalized derived operator (g-%,-derived operator) in an or-
dinary (a = o) or generalized (a = g) topological space T4 = (2, T4) (Ta-space)
g-Der,: Z(Q) — Z(Q)

o > g-Der, (Fa) satisfying the following

is a set-valued map

g-Tq-derived operator axioms:
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def
— Axpg 1 (g-Der,) < g-Der, (@) =@
def
- AXDE,2 (g'Dera) — g'Deru (%g) = G'Dera(‘%ﬂ n G'Opa ({5}))
— Axpg 3 (g-Der,) &L g-Der, o g-Der, (%) € %o U g-Der, (Za)
def
— Axpg4 (g-Der,) < g-Der, (Zou %)= |  g-Dery (%)
Ua=Rq,Sa
for any ({f},%a,yu) € Xoers Z(Q) such that {} c g-Der, (%) [1, 2, 3, 4, 5,
6, 7, 8, 9]. A generalized coderived operator (g-%,-coderived operator) in the -

g-Cod,: 2(Q) — Z(Q)
Fa +— g-Cod, (S4)

space ¥, is a set-valued map satisfying the

following g-%,-coderived operator axioms:
~ Axcp. (g-Cod,) <5 g-Cod, (Q) = Q
— Axop 2 (g-Cody) <5 g-Cody (%) = g-Cody (% U {C})
— Axcps (g-Cod, ) <55 g-Cod, 0 g-Cod,, (%) 2 % n g-Cod,, (%)
— Axcpa (g-Cod,) <55 g-Cod,, (% n %) = . Q | wCody (44)

for any ({C} ,02/,1,“//,1) €Xaerz Z () [1, 2,3, 4,5, 6, 7,8, 9]. Alternative axiomatic
descriptions for g-%,-derived and g-%,-coderived operators in Z,-spaces can be
found in the paper of Lei and Zhang [10].
If (fa,g—Opea) € Z(Q) x {g-Der,,g-Cod,} be arbitrarily given, then S factors
g-Ope,: 2(Q2) — Z(Q)

o g-Ope, (F2) yields:

7% 53« g—OpeEfB) (+a) = g-Ope, o -+ 0g-Ope, (F4) o anlg 9-Ope, ()

(g-Derl? g-Cod?): 2 (Q) — 2(Q)
Fa — (g—DerﬁB),g—Codgﬁ)) (S)
(g—Dera,g—Coda) D 2(Q) — 2(Q)
Sy —> (g—Dera,g—Coda) (%)
(fa,g—Opea) e Z(Q) x {g-Der,, g-Cod, }, it holds that:

[(38 € 28)(9-Opel? (Fa) = 2) ] v [(VB € 20) (8-Opel” (74) # 2)]
If g—Opegﬁ) (%) = @ for some 3 € Z?, then B is a type of density measure of .7, to

achieve emptiness (if this is ever achieved). But if SN et M a-0pel? (S) + 2,
BEL}

Thus, is the gt

order of and, for any pair

then A is a type of limit order of .#,, in which case the g-T,-operators g—Opeﬁl),
g-Opel?, ...: 2(Q) — 2 (Q) can again be applied on 5’0‘(‘”) e Z(Q), yield-

a
ing g—Openg) (), g—OpegMZ) (Ha), -... Viewing 6 =0, 1, 2, ... as successor
ordinals while § = X as limit ordinal, the foregoing descriptions surprisingly intro-
duce by transfinite recursion on the class of successor ordinals the definitions of
g—Dergfs)7 g—Codg‘S) 2 2(Q) — 2(Q)

the 6tP-iterat
€0 e Sy > g-Der® (A), g-Cod® (A)
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( g—Sgé)—derived and g—‘Igé)—coderived operators) of the g-T,-derived and g-T,-
. g-Der,, g-Cod,: £ (Q) — Z(Q)

coderived operators S g-Der, (Fa), g-Cod, (F),
respectively, in a Z;-space.

In a Jy-space T4 = (Q, J), by virtue of Axpg 1 (g—Codg)7 ..., AXpE 4 (g—Codg)
and Axcp 1 (g—Codg), ..., Axcpa (g—Codg), generalized characterizations of Jj :
Z(Q) — Z(Q) in the Jy-space Ty can be realized by specifying either the
g-Der;: 2(Q) — 2(Q)

Sy g-Dery (7)
g-Cody: Z2(Q) — Z(Q)
Sy > g-Cod, (),
g—Deré‘S), g—Codé‘s) D Z(Q) — 2(Q) are
Ty > gDerl?) (F), g-Cod? (F)
also themselves g-Tj-derived and g-Ty-coderived operators in the 7;-space Ty, then
similar roles can be played, thereby realizing other generalized characterizations of
Ty P () — Z(Q) in Ty.

Although the literature of J;-spaces contains a wealth of information on the
study of different types of T4, g-T4-operators in Jy-spaces [2, 3, 4, 5, 6, 7, 8, 9, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22], including the study of g-Tt")-derived and
g—Tgé)—coderived operators in J,-spaces [23, 24, 25, 26, 27], it does, unfortunately,

g-T4-derived operator or the g-% -coderived

operator respectively [1]. Moreover, if the

st iterates

not contain a study of any g—Tgé)—derived and g—léé)—coderived operators in -
spaces.

In investigating the convergence of Fourier series, Cantor [23, 24] has intro-
dergr: Z(R) — Z(R)

Sy > deryr (L)
sidered its iteration, thereby introducing the notion of ordinal and then the def-
der?: P (R) — 2 (R) . ,

olR (5) in R for some ordinal 6. Later on,
Yy +——der

o|R (yo)

duced and considered in R. He has also con-

inition of

der,: 2(Q2) — 2Z(Q)
S > dery (S)
vestigated some of its properties as well as the properties of its 6*"-order iterate
derl: 2(Q) — 2(Q)
o derg‘s) (S%)
point of view similar to Rutt [25], Tucker [26] has presented a theorem concern-

Rutt [25] has introduced a weaker form of and in-

from a sequential point of view. Adopting a

ing the period of periodic sequences of T,-derived sets with respect to the ‘Zgé)—
derl: 2(Q) — 2(Q)

Sy —> derl® (7))

erties in a 7;-space. Noticing that, for a large class of real .7,r-spaces of the type
) derfjﬂi : Z(R) — Z(R)

TR = (R %‘R), the T,g-derived operator 7 s derﬁ‘fﬂi (%)

self realizes an ordinary characterization of Z,g : & (R) — & (R) in the F,r-

space Tor, Higgs [27] has given characterizations of .7, g-spaces for which the sthe
dergfﬂg . PR) — Z(R)

Sy > derl)) (S)

derived operator and has studied other prop-

it-

iterate is a T, p-derived operator. He has also
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considered the unfortunate extent to which ¢*i-iteration fails to relate well to sev-
eral 7, g-concepts and defined the limit s iterate of the ‘ngﬂi—derived operator in
SU'R'

Having introduced the definitions and then investigated the properties of a new
type of g-T -derived and g-% -coderived operators in Tg-spaces [1], it may be an-
other good research investigation to introduce the definitions and then investigate
the properties of the §*"-order derivative g-Tg-derived and g-T4-coderived opera-
tors defined by transfinite recursion on the class of successor ordinals in J;-spaces.
Such inquiry is what we endeavor to undertake in the present paper.

Hereafter, the paper is structured as thus: In § 2, the preliminary and main
concepts are described in §§ 2.1 and §§ 2.2, respectively. The main results are
reported in § 3. In § 4, the various relationships amongst the T, g-%,-derived and
Ta, 9-F,-coderived operators in a J-space are diagrammed in §§ 4.1, and a nice
application supporting the overall study is presented in §§ 4.2. Finally, the work is
concluded in § 5.

2. THEORY

2.1. Preliminary Concepts. The standard reference for 7,-space notations and
notions is the Ph.D. Thesis of Khodabocus, M. I. [9], whereas that for T,, g-T,-
derived and %, g-%,-coderived operators notations and preliminary concepts in
T,-spaces is our recent paper on the subject matter [1] (CF. [2, 3, 4, 5, 6, 7, §]).
The notation T, = (Q,.7,) designates a topological structure called 7,-space
on which no separation axioms are assumed unless otherwise mentioned [7, 8, 9.
The relation (aq,9,...) R x o x - is made a rule to mean a3 R, as R o,

. where R =€, ¢, o, .... Accordingly, (I%,}) = ([0,n],[1,n]) c Z x Z} and
(ISO,I;) = ([[0, wﬂ,[[l,wﬂ) ~ 70 x Z* are pairs of finite and infinite index sets,

respectively, [8, 9]. For any J;-space ¥4 = (2, J4), the relations I' c Q, 04 € Ty,
Ho € ~Ty € Ao Co(Ha) € Tu) and F, © T, state that T, Oy, He and 7,
are a Q-subset, Ty-open set, Ty-closed set and T,-set, respectively [8, 9]. The T,-
intg, clg: Z(Q) — Z(Q)

Sy —intg (L), clg (F)
T a-closure operators, respectively [8, 9]. Let the class of all possible pairs of compo-
sitions of these T4-operators in T, be Ly [Q] e {opq., = (0Pq,.~0Dg, ) : v eI},
where

operators are the T, -interior and

<opa’y tVE Ig) <inta, clq ointy, intg ocly, clgoint, ocla>
<—|0pa’l, T VE Ig) = <clc17 intgocly, clgointy, intgoclyo inta)

Then, %, c ¥, is called a g-%,-set if and only if it holds that

21 (F[(€ e Fa) A ((Facopa(Ga)) v (Fa2-0p, (Ha)))]

for some (O, #q,0D,) € Tax—Tyx Ly []. In this way, the derived class g—V—S[Tu] =
U g—V—E[‘Ea] collects all g-T,-sets of category v € I3 (g-v-Tq-sets), whereas
Ee{O,K}
g-S[Tal = U g-v-S[Ta] = U g-v-E[T]= U ¢E[T]
vell (v,E)eIx{O,K} Ee{O,K}
(2.2)
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collects all g-T,-sets irrespective of their categories in T, [8, 9]. In particular,
S[%a] = U gv-E[T]= |J E[Z.] collects all Ty-sets in T, [8, 9].
(v,E)e{0}x{0,K} Ee{O,K}

Definition 2.1 (g-v-%,-Interior, g-v-T4-Closure Operators [2, 3]). In a J,-space
To = (9, Z,), the one-valued maps

(2.3) g-Int, , : Z(Q) — Z(Q)
S0 > U Oq
OacCyll opsq) [F0]
(2.4) g-Cl,,: Z(Q) — 2(Q)
o — N Ha
HaeCyl k) [a]

def su def
where CgJ v-o[za] [a] {04 € gv-0[T.] : O € S} and CQ_E_K[%] [Fa] =

{Ji/ € g-v- K[‘I ] P Ha 2 S } are called g-v-%,-interior and g-v-T,-closure opera-
def{glntw: veld} and g-C[T def{gClw.
vell } are the classes of all g-%,-interior and g-%,-closure operators, respectively.

tors, respectively. Then, g-1[T,

Definition 2.2 (g-v-%,-Vector Operator [2, 3]). In a Jy-space T4 = (2, T,), the
two-valued map
(2.5) gle, , : Z (N x2(Q) — Z(Q)xZ(Q)

(‘@a?ya) — (g'Intuu(‘%a)’g'Cluu(yﬂ))

is called a g-v-%4-vector operator. Then, g-IC[T {g Iey, = (g—Intu7u,g—Cla7,,) :
ve 13} is the class of all g-T4-vector operators.

Remark 2.3 (T4-Vector Operator [1]). For each v e I3, g-lc, , =icq def (inta,clu) if
ic,: Z()xZ(Q) —PZ2(Q)xP2(Q)

(%o, o) +— (inta (Za) . cla (Fa))
is a T,-vector operator in a Jy-space Ty = (Q, T4).

based on O [T, ]xK[T,]. Then,

Definition 2.4 (Complement g-%,-Operator [2, 3]). Let T, = (2, T,) be a F;-
space. Then, the one-valued map
(2.6) 9-Opy %, 7 Q) — 2(Q)
o —  C(H)
%q

where Cg, : & (2) — £ (Q) denotes the relative complement of its operand with
respect to Zq € g-S [T4], is called a natural complement g-T,-operator on & (Q).

For the sake of clarity, g-Op, 5. = 8-Op, whenever Z, = €, and g-Op, 4,
Op, %, whenever %, € S[%,] in which case, the term natural complement Tg-
operator is employed and it stand for Op, 5 : 2 (2) — 2 ().

Definition 2.5 (g-v-T,-Derived, g-v-To-Coderived Operators [1]). Let g-Int, ,,
g-Cl,, + Z(2) — Z(Q), respectively, denote the g-v-Ts-interior and g-v-T,-
closure operators and, g-Op, : & () — & (1) denote the absolute complement
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g-Tq-operator in a J-space Ty = (2, 7). Then, the one-valued maps
(27)  gDer,,: 2(Q) — 2(%)

Fo > {€eTa: £eg-Cly,(Fane-Op, ({6)))})
(2.8)  g-Cod,,: Z(Q) — Z(Q)

Fo > {CeTa: Cegnty, (Sau{C))}

on Z () ranging in & () are called, respectively, a g-T,-derived operator of
category v and a g-%,-coderived operator of category v. The classes g-DE[T,] et

{g—Dera’V Ve Ig} and g-CD [ def {g Cod,, : ve Ig} are called, respectively,
the class of all g-%,-derived operators and the class of all g-T4-coderived operators.

Remark 2.6 (g-%4-Derived, g-%4-Coderived Sets [1]). In a Jy-space T,, suppose
(g—DerCl (&S4),9-Cod, (¢ ,5”(1)) denotes a pair (£,() € T4 x T, of g-T,-derived and
g-Tq-coderived points of ., € 2 (), then (g-Der, (.#;) , g-Cod, (5”,1)) denotes the
pair of g-%,-derived and g-%,-coderived sets of %, in T, where

g-Der, (¢ {gDeru(§Y) 565}

2.9
29 g-Cod, (f ) W g-Cod, (¢ ) £ €Ty}

denote the pair of g-T,-derived and g-%,-coderived sets of .7y in %,.

Definition 2.7 (g-T,-Vector Operator [1]). Let T4 = (2, 7,) be a Fy-space. Then,
an operator of the type

(210)  g-De,,  Xaez 2(Q) — X 2(Q)

*
ael]

(%av yﬂ) — (g'Deru,V (‘%)ﬂ) 7g'COdu,V (yﬂ))

on Xaerx & (§2) ranging in Xoerxr & () is called a g-Tq-vector operator of category

v and, g-DC[T dEf {g De, , = (g—Dera,V,g—CodW,) P Ve 13} is called the class of
all such g-%, Vector operators.

Remark 2.8 (Ta-Vector Operator [1]). For any v € I3, g-Dc, ,, = dcq def (dera,codu)
de,: ZZ(Q)xZ2(Q) — Z(Q)xL2(Q)

(Ra,Ss) — (derq (%a) ,codq (Sa))
is a T,-vector operator in a J-space Ty = (Q, To).

if based on (clg, intg). Then,

Accordingly,
¢-DC[T,] " {g-Dc,, = (g-Der,,g-Cod,, ) :ve I3}
(2.11) c {g—DerW, P ve 13} {g Cod, , :ve 13} def g-DE[T,4] x g-CD [T,]

Then, g-DC[%,] denotes the class of all g-T,-vector operators in the T -space T, =
(22, Z4); 9-DE[T,] denotes the class of all g-T-derived operators while g-CD [T,]
denotes the class of all g-T,-coderived operators in the Z,-space T, = (2, 7).
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2.2. Main Concepts. The main concepts underlying the §*"-order derivative g-Ty-
derived and g-%T4-coderived operators defined by transfinite recursion on the class
of successor ordinals in Jg-spaces, a € {0, g}, are now presented.

For any (ng—Opeg) e Z(0)x {g—Derg, g—Codg}, consider the description:

0« g-0pel” (F) E Ouern 5-Opey (F4)
1 PN g—Opegl) (Z) def

= an[? g_opeg (‘yg)
2 > g-Opel? () “ Ouers 8-Ope, (S)

B-1 « g-Ope{f™ ()« Oaers_, 8-Opeg ()
B« g0pel? (F) = Oqerg 9-0pey (F%)

where anlg g_Opeg (yg) A yg; next, an[? g_opeg (‘Sﬂg) N g_Opeg (yg) and
Oaerg 8-0Opeg () «<— g-Ope, 0 g-Ope, (#); more generally,

anfg g_Opeg (yg) > g_Opeg Og_opeg O+ 0 g'Opeg (yg)

B factors g-Ope,. Thus, g—Der‘(JO), g—Derle), g—Derff), ce g—DeréB)7 Lt P2(Q) —
P (Q) are the 01, 15, 20d - gth " order derivative g-T4-derived operators
of g-Dery : 7 (Q) — Z(Q); g—CodéO), g—Codél), g—Codéﬁ)7 e g—Codgﬁ), R
P (Q) — P2 (Q) are the 0", 15t 20d g order derivative g-T -coderived
operators of g-Cody : Z (2) — & (2). Then, for any pair (fg,g—Opeg) e Z(Q)x
{g—Dcrg,g—Codg}, it holds that:

[(38 € 12)(5-Ope{? (#) = 2)] v [(VB € 12 ) (8-Opel” (7;) * 2)]

Suppose the statement preceding v hold, then the number of iterations of the g-Tg4-
operator g-Ope, : & (2) — & (Q) required to achieve emptiness (if this is ever
achieved) is a type of density measure of .7 € & (). But if the statement following
v holds, then Ygo‘) def N g—Opegﬁ) (%) # @. Therefore, the g-Tj-operators
Belz,

g—Opeél), g—OpeéQ)7 R g—Opeé’B), 2 P() — Z(Q) can again be applied on
yg(w) e Z(Q), yielding g—Opeg)‘H) (), g—OpeéAﬁ) () - g—OpeéMﬁ) (%),
..., with g-Ope, € {g—Derg7g-Codg}.

In view of the above descriptions, 1, 2, ..., £, ... may be viewed as successor
ordinals while X\ as limit ordinal and, despite the absence of a predecessor ordinal,
0 may, for conveniency, be included in the class of successor ordinals. To define the
notion of ordinal, the concepts of everywhere-ordered set, similarity and order-type
in chronological order have first to be defined. The definition of the first concept
(everywhere-ordered set) follows.

Definition 2.9 (Everywhere-Ordered Set). An ”everywhere-ordered set” is an or-
dered structure of the type

(2.13) w7, & (g an, 0, )
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in which % c 4l is an "underlying set” and,

(2.14) <t W xW — WE{axB: (a,B)eW x W}
(,8) — axp

is a ”2-ary rule” satisfying these ”everywhere-ordering relation axioms:”

fAX1($)g(Vaem])[a£oz<—>a:a]
- Axp () €5 (V (@, 8) e 20?)[(a < B) A (B @) — o= ]

— Axy (<) €5 (V (0, 8,7) e W) [(a < B) A (B<7) — a <7]

— Axy (<) <5 (VO < W[V L5 (Bo, B, Bas ) — Bo < Br < Ba <]

The above definition requires some few explanations. By Ax; (x), Axs (x) and
<: W xW —W

(0,8) —axf
transitive, respectively; by Ax4 (x) is meant that any ordered structure U = (¥, <)
derived from 20 = (#,<) has a first element (i.e., By € U € ). Moreover, the
following statement holds true:

(2.15) (V(a,p) ewxW)[(axp)v(B=a)v(B<a)]

Thus, given («, ) € 20 x 20 then, either o preceeds 5 (i.e., a < B), « is of the same
order as (8 (i.e., = a) or a succeeds 3 (i.e., < «). The remark below is presented
in order to avoid any danger of confusing the notations of underlying (not ordered)
and everywhere-ordered sets.

Axs (x) are meant that is reflexive, antisymmetric and

Remark 2.10 (Everywhere-Ordered Set). Instead of such plain sets notations as
aeW, (a,8) € W x#, ... which, in actual fact, are improper, the ordered sets
notations « € 2, («,B) € W x W, ... are employed solely to stress that a, 3, ...
are elements of their ordered set 20, not of the underlying set # of the ordered set
2. Indeed, in the present context, it does not hold that (g, a1, as,...,q,,...) #
{ao,01,a2,...,04,...}, though it does hold that {a: a e} ={a: ae¥}.

For each % e {V , W'}, set Wy, = {a <9 B: (a,B) € Wy x V/og,}. Then, the
second concept (similarity) may be defined as thus.

Definition 2.11 (Similarity). The everywhere-ordered sets U = (¥,<y) and 20 =

Ky Vx¥ — Wy Sy WxW — Wy
W <y ), where v and
( 71/) (aaﬂ) '_)a$"f/ﬂ (aaﬂ) —a<y Ba
respectively, are said to be ”similar,” written U ~ 20, if and only if there is an
”order isomorphism” ¢ : ¥ = 27 relating the elements «g, a1, ag, ... of Y to the
elements Ay, B1, B2, ... of 2 as:
def
V=(V,<y) <> (g, a1, g, ...)
(2.16) 2 I ©
def
W= (W,<w) < (Bo, b1, B2, ---)
From this definition, given 2) = (#,<%) <— (Yo, Y1, 725 --+» Yo -..) With

(D,%,7) € {(V,7,a),(W,#,8)} and ¢ : V=W, then ag <y a1 — o <y B,

® ®
oy Sy ag — B Sy Ba, oo, oy Sy @y —> By Sy a,, .... For any
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(0,20,9) € Xudg{mb =(#,,<,): ve I;‘o}, the relations U ~ U, U ~» W «— W~ Y
and (B~ W) A (W»9QY) — (V~9) hold. Therefore, the relation of similarity
~ 1 (0,20) — U ~ W is reflexive, symmetrical and transitive.

The definition of the third concept (order-type) may be stated as thus.

Definition 2.12 (Order-Type). An operator of the type
(2.17) OTyp : 2 —> OTyp (W) ¥ 7,

assigning to any everywhere-ordered set 20 = (#, <4 ) a uniquely determined sym-
bol 7y is called the "order-type” of 20, provided that if U = (¥,<y) be any

other everywhere-ordered set together with its uniquely determined order-type

OTyp (V) def Ty, the following statement holds:

(2.18) Va2 <« Ty =Ty.

Clearly, the manner of proceeding from the relation of similarity to the concept
of order-type is exactly the same as that from the relation of equivalence to the
concept of cardinal number. For, given any U = (¥,<y) and 20 = (#',<y ), then
Y~ W «— OTyp(Y) = OTyp (W) is analogous to ¥ ~ # «— card(¥) =
card (#).

Remark 2.13. By U » Q <«— 7Ty = Ty is meant that a uniquely determined
symbol actually is assigned not to a single set but to a class of everywhere-ordered
sets which are similar to each other.

Granted the definitions of the concepts of everywhere-ordered set, similarity and
order-type, the definition of the concept of ordinal may be stated as thus.

Definition 2.14 (Ordinal). The order-type OTyp (20) = 7y of an everywhere-

ordered set 20 = (#,<y ) is called ”ordinal,” written ord (20) 40 5. Moreover:

— 1. dy is called a ”predecessor ordinal” if and only if there exists no ordinal
ord (20) such that dy = ord (20) + 1.

— 1II. dy is called a "successor ordinal” if and only if there exists an ordinal
ord (20) such that dy = ord (20) + 1.

— II. dy is called a ”limit ordinal,” denoted as d def Ay, if and only if it
has no immediate predecessor.

Let the symbols 0, d, and A\ (instead of the symbols Oy, dy, and Ay ) stand
for predecessor ordinal, successor ordinal and limit ordinal, respectively. Then,
the definitions of the notions of ordered derivative g-T4-derived and g-T4-coderived
operators of g-Der, g-Cod, : & (Q) — & (Q2), respectively, may well be stated as
thus.

Definition 2.15 (§*"-Tterations: g-v-T4-Derived, g-v-Ty-Coderived Operators).
Let g-Dery ,, g-Cod,, : &Z(2) — & (Q), respectively, be a g-Tg-derived and
a g-Tq4-coderived operators of category v in a Jg-space Ty = (2,.7;). Then:
— 1. The 76" -iterate of g-Dery , : Z(Q) — Z(2)” is a set-valued map
g-Deré‘?Z 1Sy e P () — g—Dergi), (+#4) defined by transfinite recursion on

the class of successor ordinals as,

— 1 gDl (7)) 7,
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— 1L g—Dergg (%) & g-Dery , (S)

— 1IL g—Derg‘?:jl) () &L g-Derg , OQ‘DQTSL)/ (%)

def
— IV. g-Dergj\g () — (sﬂ)\g—Deréi), ()

— II. The ”¢6*h-iterate of g-Cod, , : Z () — Z(Q2)” is a set-valued map
g—Codé‘fZ Sy e () — g—Codé‘fZ (#,) defined by transfinite recursion

on the class of successor ordinals as,

1 g-CodQ) () & 7,

-~ g-Cod() (7)) &5 g-Cod,, ()
— 1L g-Codel) () &L g-Cod, , Og-COdgi)/ (%)
~ v g-Cod) (F) <5 () g-Cod) (F)
d<A
In the following remark, the concepts of g-Ty-derived and g-T4-coderived sets of
category v and order & (g—z/—‘Ig;)-derived, g—y—‘Zgé)-coderived sets) are presented.

Remark 2.16 (g—u—‘Iéé)-Dem'ved, g—u—‘IéS)-Coderwed sets). Suppose (%’y%&@) €
Xaerz & () such that %éé) = g—Derg‘?Z () for some ordinal 4, then %éé) may
be called a g-%,-derived set of y of category v and order §. Likewise, given
(%g(é), /AK: Xaerz & () such that %9(6) = g—Cong (75) for some ordinal 4, then
%g(é) may be called a g-T4-coderived set of ¥y of category v and order §. Hence,
any {£} € 2 () such that (£ € %éé) eZ2(Q))n (¢ %56”) e 2 (Q)) may be called
a g-Ty-derived unit set of Zy of category v and order §, and any {C} € & (Q) such
that (¢ e A 2 (D) (¢¢ w{ € 2 (92)) may be called a g-Ty-coderived
unit set of U, of category v and order 0.

Evidently, the use of dery, g-Der,,, der : & (Q) — & (Q) instead of g-Der , :
Z () — Z(Q) introduce the notions of Ty-derived set of Sy of order 6, g-%-
derived set of Sy of category v and order ¢, and T-derived set of Sy of order 6,
respectively; the use of docg, g-Cod,,, cod : & (Q) — & (Q) instead of g-Cod, ,
Z(Q) — Z(Q) introduce the notions of Ty-coderived set of 7y of order ¢, g-%-
coderived set of #y of category v and order 0, and T-coderived set of 4y of order
§, respectively.

Of the notations T, = (2,.7,) and T = (£2,.7), either the first will be used
instead of the second, or both will be used interchangeably.

3. MAIN RESULTS

In this section, the basic properties of the g—Tgé)—derived and g—Tff)—coderived
operators g—Derg‘S), g—Codé‘s) : P () — F(Q), respectively, are studied in J-
spaces.

In a Jy-space, every g-T -derived set is contained in all the preceding g-%,-
derived sets and, every g-%4-coderived set contains all the preceding g-%4-coderived
sets. The theorem follows.

Theorem 3.1. Let g-Dery, g-Cod, : Z(Q2) — Z(Q) be a g-Ty-derived and a
g-%4-coderived operators, respectively, and let Sy € &2 (Q) be arbitrary in a Tg-
space Ty = (Q, Ty). Then:
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— 1. g-Der{""V () cg-Derl” (F)  (¥5: 1<5<A)
— 11 g-Cod{’™M (F) 2 g-Cod() (F)  (V6: 1<8<)

Proof. Let g-Dery, g-Cody : & (Q) — Z(Q) be a g-Ty-derived and a g-T4-
coderived operators, respectively, and let .75 € &2 () be arbitrary in a J;-space
Ty =(9Q, 7). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>P () <5 gDerl™V () cgDerl® (F) (V6: 1<5<N)

Then, to prove ITEM I., it only suffices to prove that,
(Vo: 1<5<N)[(PQ)=1)Aa(P(0)=1 — P(5+1)=1)]
— CASE 1. Let 1=4¢. Since g-Cl; (-/5) 2 g-Der, (), it follows that
g-Dery: g-Der, () — {£eTy: eg-Cly(g-Dery (S)na-Op, ({€1))}
c {€eTy: LegClog-Cl (S)}
— {ﬁefg  §eg-Cly (yg)}
— {£eTy: £egCly(Fng-Op, ({¢)))}
— gDer, (7)
Thus, g-Deryog-Dery (#;) € g-Dery (7). But, g-Der, (&) «— g—Derél) (%)

and g—Derff) () < g-Derjog-Der, (#;). Thus, g—DeJrfz2> (S) c g—Dergl) (),
implying P (1) = 1. The base case therefore holds.

— CASE 11. Let 1 < § < X\ and assume that the inductive hypothesis P (§) = 1
holds true. Then, g—Deré‘SH) (S) < g—Deré‘s) (%) and consequently, it results that
g-Der, og—Derg‘Hl) () € g-Der, og—Deréé) (). But, for each ne {6,6 + 1},

g-Der, og—Dergn) () — g—Derél) og-Derg") (S5) — g—Derg’”l) (%)

Hence, g—DerS(‘SH)“) () € g—Deré‘Hl) (%), implying P (6 + 1) = 1. The inductive
case therefore holds.
Since P (§) =1 for all § such that 1 <d < A, it follows that

g-Der( (#) <  g-Dergog-Der() (7)
(9)
> g—Derg(éﬂ g-Dery (yg))
<A

¢ g-Der, og—Deré‘s) () <— g—Derg‘SH) (%)
= g—Deré‘s) (Z)
for all § such that 1 < 4§ < A, from which P (\) =1 follows.

— II. Introduce the Boolean-valued propositional formula

B>Q(5) <& g-Cod(*V (F)29-Cod® () (¥6: 1<5<))
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Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<0<M)[(Q0)=1)A(Q(6) =1 — Q(6+1)=1)]
— CASE 1. Let 1=46. Since g-Int, (#5) € g-Cod, (-#;), it results that
g-Cod,: g-Cody (F) +— {CeTy: (eglnty(g-Cod,y (F) u{C})}
2 {(eT,y: CeglIntyoglnt, (F)}
«—> {C €Tg: (eg-Inty (yg)}
<« {C € ‘Ig : €€ g-Intg(Yg u {C})}
< g-Cod, ()
Thus, g-Cod, o g-Cod, (%) 2 g-Cod, (7). But, g-Cody (#) < g-Cod" (F)
and g—Codff) (#) < 9-Codjog-Dery (). Thus, the relation g—Codff) (S) 2
g—Codgl) () holds true, implying Q (1) = 1. The base case therefore holds.

— CaASE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codé‘”l) (S) 2 g—Codgé) (#,) and consequently, it results that

g-Cod, og—Codg‘Hl) (#4) 2 9-Cod, og—Codé‘S) (). But, for each € {6,6 + 1},
g-Cody 0 g-Cod{” (#) <= g-Cod{V 0 g-Cod" (F) «— g-Cod{"™V (F,)
Hence, g—Cod;(J(‘Hl)”) () 2 g—Codg‘Hl) (), implying Q (6 +1) = 1. The induc-

tive case therefore holds.
Since Q(d) =1 for all § such that 1 <§ < A, it follows that

g-CodMV (A) <« g-Codyog-Cod() (7,)
— g—Codg(ﬂ g-Cod” (yg))
S=<A

> g-Cod,og-Cod?) (F) < g-Cod{"*V (7,)
2 g-Cod{? (F,)
for all § such that 1 <4 < A, from which Q (\) =1 follows. The proof of the theorem
is complete. ([l

The corollary stated below is an immediate consequence of the above theorem.

Corollary 3.2. Let g-Dery, g-Cod, : & (Q) — Z(Q) be a g-T4-derived and a
g-%4-coderived operators, respectively, and let Sy € &2 () be arbitrary in a Tg-
space Tg = (2, Fy). Then:

— L g—Derg‘s) (Fg) € g-Dery (F) (Vo: 1<)
— 11 g-Cod) (#,) 2g-Cody (F) (¥8: 1x8<])

In a Jy-space, just as g-Dery : & (2) — & (1) is coarser (or, smaller, weaker)
than derg : Z(Q) — Z(Q) (or, dery : Z(Q) — P (Q) is finer (or, larger,
stronger) than g-Der; : & (Q) — 22 (Q)) [1], so is g—Deré‘s) :Z2(Q) — 2(Q)
coarser (or, smaller, weaker) than derg‘s) : 2(Q) — 2(Q) (or, derg‘s) P (Q) —
P (Q) finer (or, larger, stronger) than g—Deréé) : P (Q) — Z(Q)); likewise, just
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as g-Cody : Z(Q) — Z(Q) is finer (or, larger, stronger) than codg : & (2) —
Z(Q) or, codg : Z () — Z(Q) is coarser (or, smaller, weaker) than g-Cod, :
P () — Z(Q) [1], so is g—Codé‘s) 1 P2 () — Z(Q) finer (or, larger, stronger)
than codg‘s) 2 (Q) — Z(Q) (or, codé‘s) : P (Q) — P (Q) coarser (or, smaller,
weaker) than g—Codéé) 1 P (Q) — Z(Q)). Accordingly, the proposition follows.
Proposition 1. If g-Dc; € g-DC[%,] be a given pair of g-Ty-operators g-Derg,
g-Cod, : Z(Q) — Z(Q) and dc, € DC[T,] be a given pair of Ts-operators
derg, codg : £ (Q) — £ (), and let S € & () be arbitrary in a J-space
Ty =(9Q,.7,), then:

— 1 g-Derl? (F) cder?) (F) (V8 1x8<))

— 11 g-Codl? (F) 2c0d( (A)  (V5: 1x8<])
Proof. Let Ty = (2, 7;) be a Fy-space. Suppose g-Dc; € g-DC[T,] and dc, €
DC[T,] be given and .75 € & () be arbitrary. Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B> P () &L g-Deré‘s) () < deré’s) () (Vo: 1<d<])

Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<0<N)[(P(1)=1)aA(P(6)=1 — P(5+1)=1)]

—~ Case 1. Let 1 =46. Then, g-Der, (%) € derg (/) holds true, implying
P (1) = 1. The base case therefore holds.

— CASE 1I. Let 1 <0 < A and assume that the inductive hypothesis P (6) =1
holds true. Then, g—Deré‘S) (F) < derg‘s) (%) and consequently, it follows that

g—Derg‘Hl) (#) <« g-Der, og-Dergﬁ) ()
c  g-Dergo deré‘;) (Z%)

derg Oderé‘s) () — deré‘SH) ()

N

Hence, g—Derg‘Hl) (S) < derg‘;”) (%), implying P (§ + 1) = 1. The inductive case
therefore holds.
Since P (§) =1 for all § such that 1 <d < A, it follows that

g—Derng) (#) <« gDerg og-Derg/\) ()

€ dergo derg’\) ()

s derg( N deré‘s) (Yg))
O<A

dery Oderé‘s) () — dergp’l) (%)
c derl” ()
for all § such that 1 < 4§ < A, from which P (\) =1 follows.

N
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— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(5) <5 g-Cod{) (F)2c0d® (#) (¥6: 1<5<))

Then, to prove ITEM I1., it only suffices to prove that,
(Vé: 1<6<A)[(Q(1)=1)A(Q(6)=1 — P(6+1)=1)]

— CasE 1. Let 1 = 4. Then, g-Cody () 2 codg (-#;) holds true, implying
Q (1) =1. The base case therefore holds.

— CaSE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codg‘” (H) 2 codg‘” (%) and consequently, it follows that

g-Cod™) (#) <> g-Codgyog-Cod(”) (F,)
2 g-Codgo codé‘s) (%)
codg ocodgé) (Sy) «— codgnl) (%)

1G]

Hence, g—Codé‘Hl) (H) 2 codg‘;”) (#5), implying Q (6 + 1) = 1. The inductive case
therefore holds.
Since Q (6) =1 for all ¢ such that 1 <d < A, it follows that
g-CodMV () «—> g-Cod,og-CodM ()

2 codgo codé’\) ()

> codg( N codé‘s) (5”9))
o<

codg o codf;s) (S) — codé‘”l) ()
= codéé) ()

18}

for all § such that 1 < ¢ < A, from which Q(\) = 1 follows. The proof of the
proposition is complete. ([l

For any ¢ such that 1 <6 < A, g—Derg‘;) P (Q) — P () is coarser (or, smaller,
weaker) than dery : & (Q) — £ (Q) or, derg : Z(Q) — F(Q) is finer (or,
larger, stronger) than g—Deré‘s) P (Q) — Z(Q); g—Codé‘s) 2 (Q) — Z(Q)
is finer (or, larger, stronger) than codg : & (Q) — £ (Q) or, codg : Z (2) —
P (Q) is coarser (or, smaller, weaker) than g—Codg‘;) P (Q) — Z(Q). Accord-
ingly, the following corollary is an immediate consequence of the above proposition.

Corollary 3.3. If g-Dc, € g-DC[T,] be a given pair of g-T4-operators g-Der,
g-Cody : Z(Q) — Z(Q) and dc, € DC[Ty] be a given pair of Ty-operators
derg, codg : Z () — £ (Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty =(Q,T), then:

~ L g—Derg‘s) () Sderg (S) (Vo: 1<d<])

— 11 g-Cod (F) 2cody (F)  (V8: 1<5<))
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For any 6 such that 1 < § < A, the notions of §*"-order Ty, 9-FTg-derived set opera-
tors can be interrelated among themselves and presented §**-order Ty, 9-T4-derived
set operators finness-coarseness diagrams; similarly, the notions of §*"-order T,
g-T4-coderived set operators can be interrelated among themselves and presented
S™M_order Ty, 9-Fg-coderived set operators finness-coarseness diagrams. A further
corollary follows.

Corollary 3.4. If g-Dcy € g-DC [Tq4] be a given pair of g-Tg-operators g-Der,
g-Cody : Z () — Z(Q) and dcy € DC[T,] be a given pair of Ty-operators derg,
codg: Z(Q) — Z(Q) in a Ty-space T4 = (Q, Ty), then:

— L. For any Z4 € 2 (Q),

g—Derga) (%y) € g-Dery (%y) —— g—Derg‘s) (%) < dery (%4)

(3.1) ‘\ T

derl?) (%) c dery (%) (V8: 1x8<))

— 1. For any S5e & (Q),

g-Cod? (F) 2 g-Cod, (F) +———— g-Cod{? (F) 2 cody (F;)

(3.2) \ l

codgzﬁ) (Fg) 2codg () (Vo: 1<6<A)

For any & such that 1 < 6 < A, the §*-order g-Ty-derived set operator is @-
grounded (alternatively, @-preserving); the §*'-order g-Tg-coderived set operator
is Q-grounded (alternatively, Q-preserving). These are embodied in the following
theorem.

Theorem 3.5. Let g-Dery, g-Cod, : £ (Q2) — Z(Q) be a g-Ty-derived and a
g-T4-coderived operators, respectively, in a strong Ty-space Ty = (Q, Ty). Then:

~ 1L gDl (@) =2 (V5: 1<5<))
— 11 g-Cod? () =Q  (V6: 1x5<A)
Proof. Let g-Dery, g-Cod; : & () — () be a g-Ty-derived and a g-Ty-

coderived operators, respectively, in a strong Jg-space Tg = (2, F). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B> P (4) & g-Dergé)(Q):Q (Vé: 1x0<A)

Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<5<N)[(P(Q)=1)a(P(0)=1 — P(6+1)=1)]

— CASEL Let1=46. Then, g—Derél) (@) < g-Dery (@) = @. Thus, g—Dergl) (@) =
@, implying P (1) = 1. The base case therefore holds.
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— CASE 1I. Let 1 < § < A and assume that the inductive hypothesis P (6) =1
holds true. Then, g—Deré‘S) (@) = @ and consequently, it follows that

g—DerE‘(s“) (@) < g-Der, og-Deré‘s) (@) < g-Der, (@) =@

Hence, g—Derg‘Hl) (@) = @, implying P(d+1) = 1. The inductive case therefore
holds.
Since P (§) =1 for all § such that 1 <4 < A, it follows that

g—Derg)‘H) (@) <= g-Der, og—Derg)‘) (2)

> g—Derg(ﬂ g—Deré‘s) (Q)) «— g-Der, (@) =2
o<
for all § such that 1 < 4§ < A, from which P (\) =1 follows.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(5) <5 g-Cod? (2)=Q (V5: 1x5<))

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<5<N)[(Q()=1)A(Q(6) =1 — Q(6+1)=1)]
— CasEL Let 1=4. Then, g-Cod{" (Q) «— g-Cod, (22) = Q. Thus, g-Cod{" (Q) =
Q, implying Q (1) = 1. The base case therefore holds.

— CASE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codg‘s) (2) = Q and consequently, it follows that

g-Cod{?* (Q) «— g-Cod, 0 g-Cod{? () «— g-Cod, () = Q

Hence, g—Codé‘Hl) (2) = Q, implying Q(d+1) = 1. The inductive case therefore
holds.
Since Q (6) =1 for all ¢ such that 1 <4d < A, it follows that

(A+1) (@]
g-Codg™™ (2) <« g-Cod, o g-Cody™ (€2)
— g—Codg(ﬂ g-Cod{? (Q)) > g-Cod, (Q) = Q
o<

for all § such that 1 <4 < A, from which Q (\) =1 follows. The proof of the theorem
is complete. ([

For any & such that 1 < § < A, the §""-order g-Tg-derived set operator is uU-
additive (alternatively, u-distributive); the s*™_order g-T4-coderived set operator is
Nn-additive (alternatively, n-distributive). The theorem follows.

Theorem 3.6. Let g-Dery, g-Cod, : Z(Q2) — Z(Q) be a g-Ty-derived and a
g-%-coderived operators, respectively, and let (%#y, %) € Xaer; & () be arbitrary
in a Jg-space Ty = (Q, Ty). Then:

- I g—Der(gé) (Zsu.75) = U g—Dergé) (#g) (Yo: 1<xd<))

o=%4,7g
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~ 1L g-CodD (Zen F) = () g-Codl? (#y) (V6: 1<8<))
Wo=Rg, s
Proof. Let g-Dery, g-Cod, : & (Q) — Z(Q) be a g-Ty-derived and a g-T4-
coderived operators, respectively, and let (%Zy,-7;3) € Xqae ? () be arbitrary in a
Tg-space Ty = (2, 7). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula
def (9) - (9) .
B>P(0) <= gDery”’ (Zyu.7y)= U gDery’ (#) (Vo:1<6<))
Wo=Rg,Sg
Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<5<N)[(PQ)=1)A(P(0)=1 — P(5+1)=1)]

—~Casg 1. Let 1 =4. Then, g-Dery (Zu-%5)= |J  g-Dery (#4) holds true,
Wo=Rg, s
implying P (1) = 1. The base case therefore holds.

— CASE 1. Let 1 <6 < X and assume that the inductive hypothesis P (4) = 1
holds true. Then, g—Derff) (%0 S5) = U g—Dergg) (#3) and consequently,
Wo=Rg:s
it follows that
g-Der’™V (%30 F) <« g-Derjog-Derl”) (%, U.7)
- (8)
- ever( Y e )
Wo=Rgr s

= U  gDergo g—Dergé) (#y)

Wo=Rg, S
> U g-Derg‘Hl) (#)
Wo=Rg, T
Hence, g—Derg‘S“) (Zgu Sy) = » LﬂJ P g—Der§6+1) (#4), implying P (6+1) = 1.
[ RE

The inductive case therefore holds.
Since P (§) =1 for all § such that 1< 4§ < A, it follows that P (\) = 1 states that

p(wﬂ g—Der$><%>) S (mg-Derg‘”%))

Ry, Wy=Ry, S s \0<A
and it is evident that any element in ﬂ( N g—Derg‘s) (%)) is contained
S AW g=R g, S

in (ﬂ g-Deré‘S) (%)) Thus, in order to prove that any element in
Wo=Rg, S \3<\

N (ﬂ g-Dergé) (%)) is also in ﬂ( N g—Deré‘s) (%)), let it be sup-

Wo=Rg,S g \O<\ O<A\W =R y,S

posed that £ e N (ﬂ g-Deréf) (%)) such that, for some (a,8) < (A A)
Wo=T g, S5 \3<X
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where a < 3, say, the statement £ € () ( N g—Derg‘S) (Wg)) holds true. Then,
Wo=Rg, 5y \0=01,3

§€Ny,-m,,7, g—Derga) (#,) and therefore & € ﬂ( N g—Derf;s) (7//9)), imply-
SANH =Ty, S

ing P (A) =1 holds.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued

propositional formula
B>Q(5) <& g-Cod (ZnF)= (N o-Cod (#4) (V6:1<5<))
Wo=Rg,s

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<5<A)[(Q(1)=1)A(Q(6) =1 — Q(6+1)=1)]

— CaASE I. Let 1 =4. Then, g-Cody (#Z;n.%5) = () ¢-Cody (#;) holds
Wy=Rg, 5
true, implying Q (1) = 1. The base case therefore holds.

— CaSE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codé‘s) (Zgn )= ) g—Codé‘s) (#4) and consequently,
Wo=R g,
it follows that
g-Cod"™) (#yn Fy) <> g-Codyog-Cod()) (%, n.7,)
= g-COdg( N g-Cod (%))

Wo=R g,

= M g-Codgog-Cod? (#4)

W=y, Sy
<~ m g—COdgé-H) (%)
W=y Ty
Hence, g—Codé‘”l) (Zyn Sy) = . Q P g—Codff”) (#4), implying Q(6+1) = 1.
9=%g,7g

The inductive case therefore holds.
Since Q (&) =1 for all § such that 1< 4§ < A, it follows that Q (\) = 1 states that

Q(%ﬂ g-@odgﬁ%)) — N (mg-cwgﬁ%))

Ry, S Wo=Tg, 5 \3<A
and it is evident that any element in ﬂ( N g—CodE“s) (%)) is contained
SAH =247,

in ) (ﬂ g-Codg‘s) (%)) Thus, in order to prove that any element in
Woa=Rg, Sy \5<)

N (ﬂ g—Codg‘s) (%)) is also in ﬂ( N g—Codgs) (%)), let it be sup-
Wo=Rg,S g \O<\ O<A\W =Ry,

posed that ¢ € N (ﬂ g—Codéé) (%)) such that, for some (a,8) < (A, N)
Wo=TRg g \6<)
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where a < 3, say, the statement ¢ ¢ N ( N g—Codf}‘s) (%)) holds true.
Wo=Ry, Sy \=a,8

Then, ¢ ¢ N g—Codé") (#5) and therefore, it follows that the statement
Wo=Rg, s

¢e

6<A(Wg%g,5ﬂg
the theorem is complete. O

g—Codé‘S) (%)) holds, implying Q (A) = 1 holds. The proof of

The corollary stated below is an immediate consequence of the above theorem.
Corollary 3.7. If g-Dcy € g-DC [Tq4] be a given pair of g-Tg-operators g-Derg,
g-Cod, : Z(Q) — Z(Q), de, € DC[T,] be a given pair of Tq-operators derg,
codg : Z(Q) — Z(Q), and (Zy,%y) € Xaerz & () be arbitrary in a Jy-space
Ty =(Q,T), then:

L gDl (Zu S e U ded (H) (v 1x5<))

o=%4,7g
~11. g-Cod!? (%gmyg)gw Q . cod(” (#y) (¥6: 18 <)
g=HFg,7g

For any (d,n) such that 1 <0 <7 < A, g—Derén) P (Q) — Z(Q) is coarser
(or, smaller, weaker) than g—Deré‘s) : Z2(Q) — Z(Q) or, g—Derg‘s) : Z2(Q) —
P (Q) is finer (or, larger, stronger) than g—Derg’) P () — P (Q); g—Codg") :
Z(Q) — FZ(Q) is finer (or, larger, stronger) than g—Cod;‘s) :2(Q) — Z2(Q)
or, g—Codéé) P (Q) — P(Q) is coarser (or, smaller, weaker) than g—Codgn) :
Z(Q) — Z(Q). Accordingly, the proposition follows.

Proposition 2. Let g-Dery, g-Cod, : 2 (Q2) — 22 (2) be a g-T4-derived and
a g-Tg-coderived operators, respectively, and let .75 € & (Q2) be arbitrary in a
Tg-space Tg = (Q, F;). Then:

~ 1. g—Derg’) (F) < g—Derg‘S) (Z) (Y(@.m): 1sd<n<])

— 11 g-Cod{” () 2g-Cod(? (F)  (V(6,m): 1x6<n<])

Proof. Let g-Dery, g-Cody : & (Q) — Z(Q) be a g-Ty-derived and a g-T-
coderived operators, respectively, and let #; € &2 (Q) be arbitrary in a Jg-space
Ty =(9Q, 7). Then:

— 1. Set n = § + ¢, where 1 < ¢, introduce B = {0,1} as Boolean domain and
introduce the Boolean-valued propositional formula

B>P(e) P g—Deré‘”E) () < g—Deré‘s) () (Ve: 1xeg)

Then, to prove ITEM 1., it only suffices to prove that,
(Ve: 1<e)[(P(1)=1)A(P(e)=1 — P(e+1)=1)]

— CASE 1. Let 1 =¢. Then, g—Derng) (S) c g—Derff) (), implying P (1) = 1.
The base case therefore holds.
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— CaASE 1. Let 1 < ¢ and assume that the inductive hypothesis P (¢) = 1
holds true. Then, g—Deré‘sJ’E) (S) < g—Deré‘s) (%) and consequently, it results
that g-Der, og—Deré‘Hs) () € g-Der, og-Deréé) (). But,

g-Der, og—Derg‘;”) (S5) g—Derg‘sJ’(“l)) ()
c g—Dergog—Derg‘s) (Z)
— gD’V (A) c g-Der) (A)
Hence, g—Der}g‘H(“l)) () ¢ g—Derg‘s) (%), implying P (¢ +1) = 1. The inductive

case therefore holds.
Since P (§) =1 for all § such that 1 <4 <n <}, it follows that

g—Derf{\J’l) () <« g-Der, og—Derg)‘) ()
PEEN g—Derg( ﬂ)\g—Derg’) (5”9))
/r](
g-Der, o g—Derg") (Z)
> g—Derg"“) () < g—DergS”) (%)
c g-Der{” (S) € g-Der” (A)

[al

for all § such that 1 <d <n < A, from which P (\) =1 follows.

— II. Set n = § + ¢, where 1 < ¢, introduce B = {0,1} as Boolean domain and
introduce the Boolean-valued propositional formula

B>Q(e) <5 g-Cod{™* (F)2g-Cod? (F) (Ve: 1x¢)
Then, to prove ITEM I1., it only suffices to prove that,
(Ve: 15e)[(Q(1)=1)A(Q(e) =1 — Q(e+1)=1)]

~ CASEL Let 1 =¢. Then, g-Cod{’*" (#;) 2 g-Cod!? (#), implying Q (1) = 1.
The base case therefore holds.

— CASE 11. Let 1 <& and assume that the inductive hypothesis Q (g) = 1 holds
true. Then, g—Codé‘Hg) (H) 2 g—Codg‘S) () and consequently, it results that

g-Codg 0 g-Cod{"**) (#,) 2 g-Cod,y 0 g-Cod'?) (). But,
g-Codyog-Codl™*® () < g-Cod{ ) (A
2 g-Cod, og—COdgé) ()
—  g-Cod{*M () 2 g-Cod(? (F)

Hence, g—Codé‘H(“l)) (S) 2 g—Codgé) (), implying Q (¢ + 1) = 1. The inductive
case therefore holds.
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Since Q (6) =1 for all § such that 1 <4 <n <}, it follows that

g-CodMV (F) < g-Cod,og-CodM ()
—> g—Codg(ﬂ g-Cod{” (yg))
n<A

> g-Cod,og-Cod{” (7,)
—  g-Cod"™V (F) 2g-Cod* ()
2g-Cod? () 2 g-Cod” ()

for all § such that 1 < <n < A, from which Q(A) =1 follows. The proof of the
proposition is complete. (I

The corollary stated below is an immediate consequence of the above proposition.
Corollary 3.8. If g-Dc, € g-DC [Tq4] be a given pair of g-Tg-operators g-Derg,
g-Cody : Z(Q) — Z(Q) and dc, € DC[Ty] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty =(9Q,.9,), then:

~ L g-Derl” () cderl (F)  (V(6,m): 1xd<n<A)

— 11 g-Cod(? (F) 2cod( (F)  (V(8,m): 1<8<n<])

For any (6,m) such that 1 < § < n < A\, the ((5+n)th-0rder g-Tg-derived set
operator is equivalent to the composition of the §*"-order and the n'"-order of the
g-T4-derived set operator; likewise, the (0 + n)th—order g-T4-coderived set operator
is equivalent to the composition of the §*'-order and the n'"-order of the 9-Tq-
coderived set operator. The proposition follows.

Proposition 3. Let g-Dery, g-Cod, : 2 (Q2) — Z(2) be a g-Ty-derived and
a g-T4-coderived operators, respectively, and let .%; € & (Q) be arbitrary in a
Tg-space Tg = (Q, F;). Then:

— 1. g-Der’* () = g-Der{? og-Der(” () (Y (6.m): (1,1) < (8,7))
— 1L g-Cod{* (F) = g-Cod{? 0g-Cod(” (F) (V(4,7) = (1,1) <
(6,m))

where (6,7) < (A, A).

Proof. Let g-Derg, g-Cod; : & () — () be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let .75 € &2 () be arbitrary in a J;-space
Ty =(9Q, 7). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>P(4,7n) &L g—Derg‘H") () = g—Dergé) og—Deré”) (%)
(V@m: (L) =6 <(\N)
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Then, to prove ITEM 1., it only suffices to prove that,
(V@) (L)< (d,m) <(AN)
[(P(1,1)=1)A(P(6,n)=1 — P(0+1,n+1)=1)]

— CASE I. Let (1,1) = (6,n). Then,
g—Dergz) () «— g—DeréHl) () = g—Derél) og—Derél) (S) — g—Dergz) ()
implying P (1,1) = 1. The base case therefore holds.

— CaSE 1I. Let (1,1) < (4,17) < (A, A) and assume that the inductive hypoth-
esis P (d,17) = 1 holds true. Then, g—Deré‘H") (H) = g—Derg‘s) og—Dergn) (S) and
consequently, g-Dergg) o g—Derg‘S”’) () = g-Derf) o g—Dergé) o g—Deré”) (). But,
g—DeréQ) Og-Deré‘H") () — g_Deré(5+1)+(77+l)) (F,) and,

g-Derff) o g-Derg‘;) o g—Deré") ()

!

g—Derff) o g—Derg‘%l) o g—Derél) o g—Dergn) ()

!

g—Deré’”l) o g—Derfjn”) (%)

Hence, it follows that g-Derg(§+1)+("+l)) () = g-Derffﬂ) og-Derg”“) (), imply-
ing P(6+1,7+1) =1. The inductive case therefore holds.
Suppose P (4,7) =1 holds for all (4,7n) such that (1,1) < (d,7) < (\,A). Then,

N g—Dergém) () = N g—Derg‘S) og-Derén) ()
S+n<A+A S+n<A+A

g—Derg)‘”‘) (%)
from which P (A, \) =1 follows.

g-DeréA) o g—Derg)‘) ()

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B> Q(5,7) <5 g-Cod® (7,) = g-Cod(? 0 g-Cod(? (.7)
(Y(&m): (1,1)<(6,7) <(A\N))
Then, to prove ITEM I1., it only suffices to prove that,
(V(&m): (L1)<(8m) < (A\N))
[(Q,D=1)A(QWn) =1 — QU+1,n+1)=1)]
— CASE I. Let (1,1) = (d,n). Then,

g-Cod?) (F) < g-Cod{"*V (F) = g-Cod(V 0 g-Cod ) () < g-Cod{? (F)
implying Q (1,1) = 1. The base case therefore holds.
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— CaASE 11. Let (1,1) < (4,1) < (A, A) and assume that the inductive hypothesis
Q(4,n) =1 holds true. Then, g—CodééJ'") () = g—Codé‘s) og—Codé") (#3) and con-
sequently, g-CodéZ) og-Codé‘sm) () = g—CodéQ) og—Codéé) og—Codg’) (75). But,
g-Cod{? 0 g-CodP*™ (F) < g-Cod{(**D* (1)) (.7} and,

2 5 7
g—Codé ) og—Cod; ) og-Codg » ()

!

g-CodéQ) og-Codgs_l) og—Codél) Og-COdén) (%)

!

5
g—Codé +1) og—Codéml) (%)

Hence, it follows that g—Codg(MlH("”)) () = g—Codg‘Hl) og—Codgml) (), im-
plying Q (6 + 1,7+ 1) = 1. The inductive case therefore holds.
Suppose Q (d,n) =1 holds for all (4,n) such that (1,1) < (d,17) < (A, A). Then,

N ¢Cod{™ (F) = N §Codog-Cod(? ()
S+n<A+A G+n<A+A

g-CodMN (F) = g-Cod{V 0g-CodM (H)

from which Q (A, A\) =1 follows. The proof of the proposition is complete. a

The corollary stated below is an immediate consequence of the above proposition.
Corollary 3.9. If g-Dc; € g-DC[T,] be a given pair of g-T4-operators g-Der,
g-Cody : Z(Q) — Z(Q) and dc, € DC[Ty] be a given pair of Ty-operators
derg, codg : Z () — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty =(9Q,9,), then:

— 1. g-Der™* (F) c derl? oder(” (F) (¥ (8,7): (1,1) < (6,7))

~ 11 g-Cod{* (F) 2 c0d ocod( (F) (¥ (8,7): (1,1) < (6,7))
where (6,m) < (A, \).
For any (8,7) such that (1,1) < (6,7) < (A, \), the 6n*P-order g-T,-derived set
operator is equivalent to the n'"-order of the §'M-order of the g-Ty-derived set
operator; likewise, the én'"-order g-T4-coderived set operator is equivalent to the

n'M-order of the §*"-order of the g-T4-coderived set operator. Accordingly, the
following proposition presents itself.

Proposition 4. Let g-Dery, g-Cod, : #(Q) — Z(2) be a g-Ty-derived and
a g-Tg-coderived operators, respectively, and let .7y € & (2) be arbitrary in a
Tg-space Ty = (2, 7). Then:

— 1. gDl (F) = (g-Der®) ™ (F) (V(Gm): (1,1) < (6,1) < (A, N))

11 g-Cod® (F) = (5-Cod )™ (7) (v (6,m) ¢ (1,1) < (5,m) < (A, N))
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Proof. Let g-Dery, g-Cod; : & () — () be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let .5 € &7 () be arbitrary in a J;-space
Ty =(Q,T). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

def (m
B> P (1) <> g-Der(’ (F) = (¢-Derl?)™” (F)  (¥n: 1<)
Then, to prove ITEM 1., it only suffices to prove that,
(Vn: 1xn<A)[(P(1)=1)A(P(n)=1 — P(n+1)=1)]
— CASE I. Let 1 =n. Then,
x (1)

g—Deré‘s) () — g—Deré‘s D () = (g-Deré‘s)) () — g—Deré‘s) ()

implying P (1) = 1. The base case therefore holds.

— CASE 11. Let 1 <7 < X and assume that the inductive hypothesis P () = 1
holds true. Then, g—DerEf”) () = (g-Derg‘s))(n) () and consequently, it re-
sults that g—Deré‘S) og—Deréf") (H) = g—Derg;) O(Q—Dergs))(n) (%)- But, the rela-
tion g—Deré”) og—Derg‘S”) () — g-Deré‘;("H)) (-#5) holds true and on the other
hand, the relation g—DerEf) O(Q—Derg‘s))(n) () — (g—Deré‘s))(nH) () also holds

true. Hence, it follows that g—Deré‘s("H)) () = (g—Dergé))(ml) (), implying
P(n+1)=1. The inductive case therefore holds.
Suppose P (d,7) =1 holds for all (4,7n) such that (1,1) < (d,17) < (A, A). Then,

N ( M g-Dexle (%)) N ( M (o-Der®)” m))

S<A\n<A S<A\n<A

(Y]
Qg—Derff’\) () Q\(g—Deré‘s)) (%)

x )
g-Der™V (A) = (g-DerlV)™ ()
from which P (A, A) = 1 follows.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

def (m
B>Q(n) <> g-Cod{" (F) = (5-Cod{V)"™ (F) (¥n: 1<n<))
Then, to prove ITEM I1., it only suffices to prove that,

(Vn: 1<p<A)[(QMM)=1)A(Q(n) =1 — Q(n+1)=1)]
— CASE 1. Let 1 =7. Then,

X 1
g-Cod(®) (.7) < g-Cod PV () = (g-Cod D)V (#) < g-Cod® (7)
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implying Q (1) = 1. The base case therefore holds.

— CAsE 1I. Let 1 <7 < A and assume that the inductive hypothesis Q(n) = 1
holds true. Then, g-Codé‘sn) () = (g-Codé‘s))(n) () and consequently, it re-
sults that g—Codé‘S)og-Codgg") () = g-Codgg)o(g—Codé‘s))(n) (5”9)). But, the
relation g—Codé”) og—Codg‘S”) (S) — g—Codé‘s(“l)) () holds true and on the
other hand, the relation g—Codg‘s) O(Q—Codé‘s))(n) (F)) < (g—Codgé))(ml) (%)
also holds true. Hence, it follows that g—Codgs("H)) () = (g—Codgé))(ml) (+%),

implying Q (7 + 1) = 1. The inductive case therefore holds.
Suppose Q (d,17) =1 holds for all (4,n) such that (1,1) < (§,17) < (A, \). Then,

N ( Necodd™ () - N ( M (g-Cod ) (yg))

G<A\n<A S<A\n=<A

%))
5(1 g-Cod () 6(1 (5-CodP)™ (F,)

g-Cod{™™ ()

N
(-CodgV)™ ()
from which Q (A, \) =1 follows. The proof of the proposition is complete. O
An immediate consequence of the above proposition is the following corollary.

Corollary 3.10. If g-Dcy € g-DC [T4] be a given pair of g-T4-operators g-Derg,
g-Cod, : Z(Q) — Z(Q) and dcy € DC[Ty] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
T =(Q,.7,), then:

— 1. g-Derl® () € (der®) ™ (#) (Y (6m): (1,1) < (6,m) < (A A))
— 11 g-Codl™ (7) 2 (cod) ™ (7)) (Y (G,m) ¢ (1,1) < (6,m) < (A N)

For any ¢ such that 1 < < A, the union of a Tj-set and its g-Ty-derived set
includes the image of the Ty-set under the s*_order g-Ty-derived set operator
composition with itself; the intersection of a Tg-set and its g-T4-coderived set is
included in the image of the T4-set under the st_order g-T4-coderived set operator
composition with itself. These are embodied in the following theorem.

Theorem 3.11. Let g-Dery, g-Cod, : & () — £ (Q2) be a g-Ty-derived and a
g-T4-coderived operators, respectively, and let Sy € &2 (Q) be arbitrary in a Tg-
space Ty = (Q, Ty). Then:

-1 g—Derg‘s) og—Derf) () € Sgug-Dery (F) (Yo: 156<])
—11. g-Cod) 0 g-Codl?) (F) 2 Sy ng-Cody (F) (V6: 15 <)

Proof. Let g-Dery, g-Cody : Z(Q) — Z(Q) be a g-Ty-derived and a g-T-
coderived operators, respectively, and let .75 € &2 (Q2) be arbitrary in a J;-space
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Ty =(9,.7,). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>P () 2f g-Dergs) og—Deréé) (Fy) € FSgug-Dery (F) (Vo: 1x5<))

Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<5<N)[(PQ)=1)A(P(0)=1 — P(5+1)=1)]

— CaAsE 1. Let 1=0. Then, g-Derg og-Der, (-75) € /3 U g-Der, (-#;) holds true,
implying P (1) = 1. The base case therefore holds.

— CaASE 1I. Let 1 < § < X and assume that the inductive hypothesis P (4) =1
holds true. Then, g—Deré‘s) og—Deré‘S) (A) € Sy ug-Dery (F) and consequently,
it follows that g—Deréz) og—Deréé) og—Deré‘S) () < g—DeréZ)(yg u g-Der, (Yg)).
But, g—Derff) og—Deré‘S) og—Derff) (Sy) — g—Derff“) og—Derg‘;“) () and, on the
other hand, the relation g—DeréZ)(Yg u g-Der, (5’9)) c g—Derg(<7g u g-Der, (5”9)) c
Sy U g-Dery () also holds true. Hence, g—Derg‘Hl) og-Derg‘Hl) () € Sy u
g-Der, (74), implying P (6 + 1) = 1. The inductive case therefore holds.

Suppose P (§) = 1 holds for all § such that 1 <4 < A. Then,

g—DeréMl) o g—Derg)‘”) (S5) g-Derg) o g—Derg’\) og—DeréA) (Z)

«— g—Deréz) o g—Deré’HA) ()

> g—Derg)( N g—Deré‘H&) (Yg))
S+O<A+A

N

g-Deréz) o g—Dergéﬂs) (%)
> g-Deré‘”l) og—Deré‘S“) (%%)
g-Deré‘s) o g—Derg‘s) (S5) € Sy ug-Dery ()

N

from which P (X) =1 follows.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(5) <% g-Cod? 0g-Cod(? (F) 2.7 ng-Cod, () (¥6: 1<5<A)

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<0<M)[(Q(1)=1)A(Q(6) =1 — Q(6+1)=1)]

— Case 1. Let 1 =0. Then, g-Cod,og-Cod, (#) 2 S, n g-Cod, () holds
true, implying Q (1) = 1. The base case therefore holds.

— CASE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codg‘s) og—Codé‘s) (#4) 2 S5 ng-Cody () and consequently,
it follows that g-Cod'? o g-Cod{? o g-Cod(") (#;) 2 g-Cod?) (. n g-Cod, (7).
But, g—CodéQ) og—Codé‘S) og—Codé‘S) (S) — g—Codé‘S”) og—Codé‘S“) (#3) and, on
the other hand, g—CodEf)(<?g ng-Cod, (%)) 2 g-Cod,(F ng-Cod, (-F)) 2 F N



154 M. I. KHODABOCUS, N. -UL. -H. SOOKIA, AND R. D. SOMANAH

g-Cod,y (F,). Hence, g-Cod{’™" o g-Cod{"*" (#) 2 7, n g-Cod, (7,), implying
Q(d+1) =1. The inductive case therefore holds.
Suppose Q () = 1 holds for all § such that 1 <4 < A. Then,
g-COdE[)\+1) o g—COdgAH) () — g-COdf) o g-COdg)\) og-COdg)‘) ()
> g—CodéQ) og—CodéM’\) (%)

— g—Codéz)( N g—Codééﬂs) (Yg))
S+I<A+A

¢ g-Cod{P 0g-Cod{* (F,)
—  g-Cod{’™M 0g-Cod{*) ()
> g-Cod{’ og-Cod? (H)
2 Syng-Cody ()
from which Q (\) =1 follows. The proof of the theorem is complete. d

The following corollary is an immediate consequence of the above theorem.

Corollary 3.12. If g-Dc, € g-DC[T,] be a given pair of g-Tq-operators g-Der,
g-Cod, : Z(Q) — Z(Q) and dcy € DC[T,] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty =(Q,.7,), then:

-1 g—Derg‘s) og—Derg‘S) (F) € Fyuderg (F) (Vo: 1<)

~ 11 g-Cod) 0 g-Cod{? (F) 2 Sy ncody ()  (¥8: 156<))

For any ¢ such 1 <6 < A, the image of a ‘T4-set under the sth-order g-Tg-derived
operator is equivalent to the image of the relative complement of any g-T4-derived
unit set in the Ty-set under the sth-order g-%4-derived operator; the image of the
T g-set under the §*_order g-Tg-coderived operator is equivalent to the image of
the union of the T4-set and any g-T4-coderived unit set under the d*_order g-Ty-
coderived operator. The theorem follows.

Theorem 3.13. Let g-Dery, g-Cod, : & () — £ () be a g-Ty-derived and a
g-%4-coderived operators, respectively, and let ({f} , yg) € Xoer; & () be arbitrary
in a Ty-space Ty =(Q,T). Then:

— L g—Derg‘s) (S) = g—Deré‘s)(fg ng-Op, ({&})) (¥o: 1x46<))
— 11 g-Cod("(.F) = g-Cod{? (Fu{€}) (V6: 1<d<))

Proof. Let g-Dery, g-Cod; : & () — () be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let ({5},Yg) € Xoery & (2) be arbitrary
in a J-space Ty =(Q, 7). Then:

— 1. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

def
B>P(8) <> gDerl” () =gDerl)(Fng-Op,({€})) (¥8: 1xd<N)
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Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<5<N)[(PQ)=1)A(P(0)=1 — P(5+1)=1)]

— CaSE 1. Let 1=0. Then, g-Der, () = g—Delrg(ﬁﬂgl ng-Op, ({£})) holds true,
implying P (1) = 1. The base case therefore holds.

— CASE 1. Let 1 <6 < A and assume that the inductive hypothesis P (4) =1
holds true. Then, g—Deré‘s) (S) = g—Deré‘;)(<7g n g-Op, ({f})) and consequently,
it follows that g-Der, og—Derg‘s) () = g-Der, og—Derg‘;) (Yg n g-Op, ({f})) But,
g—Dergog-Derg‘s) () — g-Derg‘S”) (#,) and, on the other hand, the relation
g-Der, og—Derg‘s)(yg n g-Op, ({¢})) «— g—Deré‘Hl)QS”g n g-Op, ({¢})) also holds
true. Hence, g—Derg‘s”) () = g—Derg5+1)(ngg—Opg ({¢})), implying P (6 + 1) = 1.
The inductive case therefore holds.

Suppose P (§) = 1 holds for all § such that 1 <4 < A. Then,

Q g-Derl” (A) = Q g-Der{) (7, ng-Op, ({€}))

gDV (7)) = g-Derd) (7 ng-Opy ({€)))
from which P (A) =1 follows.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(5) <& g-Cod?(A) = g-CodP (S u{c}) (V6: 1x5<A)

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<6<A)[(Q(1)=1)A(Q(6) =1 — Q(6+1)=1)]

— CASEI. Let 1=0. Then, g—Codg(YQ) = g-Cod, (ygu{ﬁ}) holds true, implying
Q (1) =1. The base case therefore holds.

— CaSE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codé‘”(fﬂg) = g—CodEf”(YQ U {5}) and consequently, it follows
that g-Cody o g-Cod{" (#;) = g-Cod 0 g-Cod”) (#; U {¢}). But on the one hand,
g-Cod, og—Codg‘s)(Yg) > g—Codg‘”l)(yg) and, on the other hand, the relation
g-Cod, og—Codé‘”(?g u{¢}) «— g—Codg‘Hl)(yg U {¢}) also holds true. Hence,
g—Codg‘sH)(YQ) = g—CodE{Hl)(fﬂg U {f}), implying Q (§ + 1) = 1. The inductive case
therefore holds.

Suppose Q (d) = 1 holds for all ¢ such that 1 <4 < A. Then,

5(1 g-Cod (A,) 6(1 g-Cod (S u{€})

g-Cod™M () g-CodM(F u{e})
from which Q (A) =1 follows. The proof of the theorem is complete. [
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The corollary stated below is an immediate consequence of the above theorem.
Corollary 3.14. If g-Dc, € g-DC [T4] be a given pair of g-%4-operators g-Derg,
g-Cody : Z(Q) — Z(Q) and dc, € DC[Ty] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let ({f},yg) € Xoery Z (Q) be arbitrary in a
Ty-space Ty = (2, Ty), then:

~ L g—Derg‘s) (S) < derg‘s)(yg ng-Op, ({€})) (¥o: 1x6<A)

~ 11 g-CodP(F) 2cod(P (Fuie)) (V6: 1xd<N)

Our research objective concerning the definitions and the essential properties
of the concepts of 6*-order derivative g-Ty-derived and g-T4-coderived operators
defined by transfinite recursion on the class of successor ordinals in Z3-spaces is now
complete. Of the notions of the §*P-iterates of the g-Tg-derived and g-T4-coderived
operators in ;-spaces, we conclude the present section with two corollaries and
two axiomatic definitions derived from these two corollaries.

The first corollary stated below gives the necessary and sufficient condition for
a 6*M-order g-T4-derived operator to be a g-T4-derived operator.

Corollary 3.15. A necessary and sufficient condition for the 6" -iterate g—Derg‘;) :
S € P (Q) — g-Derg‘s) () of g-Dery : £ () — Z(Q) to be a g-Ty-derived
operator in a strong Ty-space Ty = (Q, Ty) is that, for every ({f},%g,yg) €
Xaer; P (), it satisfies:

~ L gDl (@)= (V5: 1<5<))

— 1. g-Der?) (#,) = g-Der) (%, ng-Opy ({€}))  (V6: 1<5<))

— 1IL. g—Derg‘s) og—Derg‘s) (%y) € Ryug-Dery (%y) (Vo: 1x5<))

—wv. gDerl” (ZguFy) = U eDerl? (%) (V5: 1<6<))

0=%4,7g

The second corollary stated below gives the necessary and sufficient condition
for a ¢*M-order g-T4-coderived operator to be a g-T4-coderived operator.

Corollary 3.16. A necessary and sufficient condition for the 6" -iterate g-Codé‘s) :
S e P () — g-Codg;) () of g-Cod : Z (Q) — Z(Q) to be a g-Ty-coderived
operator in a Ty-space Ty = (2, Ty) is that, for every ({5} Ry, fg) € Xoer; & (),
it satisfies:

— 1L g-Cod{” () = (Vd: 1x8<))

— 11 g-Cod!? (%) = cod( (%5 u{€}) (V6: 1<5<))

— 1IL g—Codé‘s) og—Codg‘S) (#y) 2 Zyng-Cody (%) (Vo: 156<A)

~ v, g-CodP) (Zyn F) = () g-CodD (%) (V6: 1<5<))

0=Zg,%s

Hence, in a strong Jy-space, for the st-iterate of a set-valued map g-Der, :
Z(Q) — Z () on & (Q) ranging in & () to be characterized as a g-T-derived
operator it must necessarily and sufficiently satisfy a list of derived set g-% ;-derived
operator conditions (ITEMS 1.-1v. of COR. 3.15), and similarly, for the §*®-iterate
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of a set-valued map g-Der; : & (Q) — £ (2) on & (Q) ranging in & (2) to
be characterized as a g-Ty-coderived operator it must necessarily and sufficiently
satisfy a list of derived set g-T-coderived operator conditions (ITEMS V.—VIIL. of
Cor. 3.16).

Evidently, ITEMS 1., 11., 111. and 1v. of COR. 3.15 state that the §*P-iterate
of the g-Ty-derived operator g-Dery : & (Q2) — & (Q2) is @-grounded (alterna-
tively, @-preserving), &-invariant (alternatively, &-unaffected), g-Clg-intensive and
U-additive (alternatively, u-distributive), respectively. On the other hand, ITEMS
I, 1., . and 1v. of COR. 3.16 state that the §*P-iterate of the g-T4-coderived
operator g-Cody : Z(Q2) — £ (Q) is Q-grounded (alternatively, Q-preserving),
C-invariant (alternatively, ¢-unaffected), g-Int,-extensive and n-additive (alterna-
tively, n-distributive), respectively.

Viewing the §*"-order derived set g-%;-derived operator conditions (ITEMS 1.—
1v. of COR. 3.15 above) as §**-order g-%4-derived operator azioms, the axiomatic
definition of the concept of a §*"-order g-T4-derived operator, then, can be defined
as a 6'-order set-valued map g—Deré‘s) : Z2(Q) — Z(Q) on £ (Q) ranging in
2 (Q) satistying a list of §*"-order g-Ty-derived operator axioms. The axiomatic
definition of the concept of a §*"-order g-%4-derived operator in strong J-spaces
follows.

Definition 3.17 (Aziomatic Definition: g-T4-Derived Operator). The §*P-iterate
g—Derg‘” Sy e () — g—Deré‘s) (Sy) of g-Dery : Z(Q) — Z(Q) is called
a " g-T4-derived operator of 6™ order” on & (f2) ranging in & (Q) for some or-
dinal 5 such that 1 < § < X if and only if, for any ({f} 3?975”) € Xaerz 7 (Q)
such that {{} c g-Dery (%), it satisfies each ”g-Tg-derived operator axiom” in

AX[g—DE(‘;) [Tq]; ] def {AXDE V(g—Der(5)) T Ve Ij{} where the mapping Axpg,, :
g¢-DE® [T,] — B B {0,1}, v e I}, is defined as thus:

— AXDEyl(g—Der(‘S)) &L g- Der(‘s) (2)=02

— Axpg 2(9 Der(‘s) LN g- Der(‘s) (%y) = 9- Der([s) (% n g-Op, ({f}))

— Axpg s(g- Der(‘;)) & g- Der )og- Der(‘s) (%4) € %y v g-Dery (%)

— Axpg 4(9 Der &L g- Der(‘s) (%407 = U g—Deré‘s) (%y)

U=,

Similarly, viewing the ¢*"-order derived set g-T4-coderived operator conditions
(ITEMS 1.-1V. of COR. 3.16 above) as 6*"-order g-T4-coderived operator azioms,
the axiomatic definition of the concept of a 6*"-order g-T4-coderived operator, then,
can be defined as a §*"-order set-valued map g—Codg‘s) P2 (Q) — Z(2)on Z(Q)
ranging in & (1) satistying a list of g-%-coderived operator azioms. The axiomatic
definition of the concept of a §*"-order g-%4-coderived operator in Jy-spaces follows.

Definition 3.18 (Aziomatic Definition: g-%,-Coderived Operator). The 6*P-iterate
g-Cod?) : Fy € 2(Q) — g-Cod) (F,) of g-Cod, : P (Q) — P () is called
a " g-Tg-coderived operator of 6™ order” on & (2) ranging in & () for some or-
dinal 6 such that 1 < § < A if and only if, for any ({5} %g,y) € Xaer; 7 ()
such that {{} c g-Cod, (%), it satisfies each ”g-Ty-derived operator axiom” in
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AX[g CcDW [g (Tql; ] {AXCD V(g Cod(‘s)) P Ve Ij{} where the mapping Axcp , :
g-CD@ [T,] — B {0,1}, v e I}, is defined as thus:
~ Axcp,i(g-Cod?) &5 g-Cod? (2) = ©

— Axcp 2(g-Cod(”) <> g-Cod(”) (#,) = g-Cod ) (%, L {€})

— Axcp 3

~ Axcop (g-Cod() &5

(
( ) &5
(-Cod(?) &% g-Cod(? 0 g-Cod() (%) 2 %y 1 g-Cod,, ()
( ) —

g-Cod?) (Zyn F) = () -Cod (%)
Uy=R g,

On the essential properties of the §*"-order derivative g-Ty-derived and g-Tg-
coderived operators defined by transfinite recursion on the class of successor ordinals
in J-spaces, the discussion of the present section terminates here.

4. DISCUSSION

4.1. Categorical and Ordinal Classifications. In the present section, based on
the notions of coarseness (or, smallness, weakness), or alternatively, finness (or,

largeness, strongness), the various relationships amongst the Tff), g—u—‘Sg‘S)—derived
and Eg‘s) , g—u—fﬁé)—coderived operators

der( g- Der(é)

{Cod(a) 4-Co d(6) s 2Q) —2(9)

4.1 a a,v

(4.1) v der? (A4), g-Derld) (S2)
‘ codg‘” (), g—Codffl), ()

are established in Z,-spaces (a € {0,g}) with respect to their category v € I3 and
their ordinal § € [o] = {0 : 1< < A}, taking into account the required properties of
the corresponding ¥, g-%,-derived and ¥, g-T,-coderived operators established
in Z;-spaces (a € {0,g}) in a recent paper [1].

For illustrative purposes, the discussion will be furnished by (fgé), g—igf))

a=o,g
derived operators and (Sg‘s), g—igé))a:mg—coderived operators diagrams. For clarity,
the notations T = (£, .7), der, g-Der, cod, g-Cod, ..., der’®, g-Der®, cod®,
g—Cod(é), ... will be considered instead of T, = (2, ), der,, g-Der,, cod,, g-Cod,,

. derﬁ,‘;), g—Derf,‘S), codf,‘s), g—Codf,‘s), ..., respectively, or both will be considered
interchangeably.

In a Jy-space Ty = (Q, 7)) 2 (2, ;) = Ty, the so-called (Ta, g—‘Za)azuﬁg—coderived
sets diagram [See [1]: DiaG. (4.1), §§ 4.1, p. 213.]

cod (L) c cod (L) c cod (L) =) cod (L)

I I I I
g-Cody (#5) ¢ ¢Cody (S) < g-Codg(Fy) 2 g-Cody ()
I In In I
g-Codg o () € g-Codgy () < g-Codgs(F,) 2 g-Cody, ()
U U U U
codg () ¢ codg(F) € codg(F) 2 codg ()
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as well as the so-called (‘Iu,g—‘Za)azo g—dem’ved sets diagram [See [1]: Diac. (4.2),
§§ 4.1, p. 214.]

der (%) =) der () 2 der (%) c der ()

U U U U
g-Derg (#) 2 gDer (F) 2 gDerg(F) ¢ g-Dery ()
u U u U
g-Dery o (#5) 2 g-Derg,(F) 2 gDergs(F) < g-Dery, ()
In N In In
derg () 2 derg () 2 derg(Sy) € derg (H)

Let it be granted some pair (v,u) € IS x I of categories and some pair of or-

g-Cod{") 5 g-Cod(’)
dinals (d,n) € [o] x [0]. Suppose the relations ' s stand for
g—Der(") z g Der( )

a, v~
g—Codg‘SL z g—CodffV)
or equivalently, 5’ y stand
g—DerL )5 g-Derl(,”)

ayp
g-Der( () 2 ¢- Der(é) (L)
g-Cod{®) (S%) 2 g-cod<’7> (Fa)
{g Der( ) L (Fa) Co- Der(”) (L),
Then, g- Cod(">, g- Der(5) Z(Q) — P2(Q) are coarser (or, smaller, weaker)
than g- Cod(‘s) g- Der(") Z(Q) — Z(Q) or, g- Cod(‘s) g- Der(") Z2(Q) —
P () are finer (or, larger, stronger) than g-Cod(™| g- Der(‘s) Z(Q) — Z(Q);
g—Codg‘i)L, g- Der(") P (Q) — P (Q) are finer (or, larger, stronger) than g- Cod(”)
.9 Der(‘s) & (Q) — 2 (Q) or, g- Cod(") - Der(‘s) P (Q) — P (Q) are coarser
(or, smaller, weaker) than g- Cod( L 0 Der(") :@(Q) — Z(Q).
In view of the above descrlptlons for any pair (d,7) € [o] x [o], the following

{g—Cod(") (F) € g-Cod®) (F)

respectively, in a Jy-space T, = (Q, T).

(‘E&a),g ‘3(6)) o g—coderz’ved operators diagram, which is to be read horizontally,
from left to right and vertically, from top to bottom, presents itself:

cod™ 5 cod™ 5 cod™  z  cod™

A A A A
g—Cod(()n) 3 g-CodY') N g—Codgn) z g—Codén)

Y 2y v Y
g—Cod(()‘s) 3 g-Codgé) 3 g-Codgﬁ) z g—Codéé)

(4.2) A A A A
g—Codf}f()) 3 g-Codgi 3 g-Codg‘g z g—Codé‘g

A A A A
g-Cod) 5 g-Codl) 5 g-Cod) z g-Cod\

v 2y 2y oy

codf;’) 3 codfz") 3 codg") z codg")
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On the other hand, for any pair (4,1) € [o] x [o], the following (Tgf),g—fg&))a:o .

derived operators diagram, which is to be read horizontally, from left to right and
vertically, from top to bottom, also presents itself:

der(™

z der™  z  der™ 5 der™
% % % v
g—Dergn) z g—DerY') z g—Derz(,)") 3 g—Derg')
A A A A
g—Deréé) z g—Dergé) z g—Dergé) 3 g—Deré‘s)
(4.3) % % % v
g-DerS& z g—Derg)? z g—Derg?), 3 g—Deré‘g
% % % v
g-Deré’B z g—Deré?l) z g-Derg’g 3 g—Deréi’Q)
A A A A
derg”) b derén) b deré”) 3 derg”) )

The relationships amongst the ‘535), g—y—‘I‘(f)-derived operators derl(f), g—Derg‘fZ :

Z(Q) — Z(Q) and the Tg‘s), g—u—@ﬁé)-coderived operators codgfs)7 g—Codgi), :
P (Q) — P (), respectively, are, therefore, established in Z;-spaces (a € {0,g})
with respect to their category v € I and their ordinal 6 € [o].

4.2. A Nice Application. It is the intent of the present section to present a nice
application, highlighting some essential properties of the Tg&), g—l/—Tsé)—derived op-
erators deré‘s), g—Derg‘B : 2 (Q) — Z(Q) and ‘Zé‘s), g—l/—TEf)—coderived operators
codé‘s), g—Codg‘?l), : Z(Q) — P (Q), respectively, in a Jy-space with respect to
their category v € I and their ordinal d € [o].

In considering the same J3-space upon which a nice application was presented
in a recent paper [1, §§ 4.2], namely the J;-space T4 = (2, J;) based on the 7-point
set ) = {gu Ve 17*}, and the latter topologized by the choice:

'%(Q) = {®7 {51}7 {51753765}7 {51763754765757}}
= {ﬁg,la ﬁg,% ﬁg,3, ﬁg,él}
_"% (Q) = {Qv {62753754755766767}7 {62754756757}7 {52)56}}

{%,1, Hy2, Hy3, %,4}

with %g = {51752354}7 yg = %g U {57}, Uy = {53755356757}7 and 7/9 = %g N {53}7
it was shown through calculations [See [1]: Sys. oF Eqs (4.11), §§ 4.2, p. 216.]
that the g-Ty-derived operation of g-Dery , : & (2) — & (2) on the Ty-sets %y,
Sy © Ty, and the g-Ty-coderived operation of g-Cod, , : & (2) — & () on the
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Ty-sets Uy, Vg € Ty, for all v e I3, result in:
g_Derg,V (%) :%,4 V(I/,%) € {0’2} x {‘%gayg}
gDery , (Hg) = Ogn ¥ (1, W3) € (1,3} x (%, 74}
9-Cody, (%) = Oas Y (%) € 0,2} x (%, ¥4}
g-Cod, , (%) = A1 Y (1, %) € {1,3} x{%, 74}
implying
g-Dery o (#;) 2 g-Dery 1 (#5) 2 g-Dery 5 (#;) € g-Der, 5 (#5)
g-Cod, (%) < g-Cod, 4 (%) g-Cod, 5 (%) 2 g-Cod, 5 (%)
for each Wy e {Zy, 73} and %y € {Uy, Y3} [See [1]: Sys. oF Eqs (4.13), §§ 4.2, p.
216.]. It was also shown through calculations [See [1]: Sys. oF EQs (4.12), §§ 4.2,
p. 216.] that the T,-derived operation of dery : & (Q) — & (Q) on the Ty-sets

Ry, Sg ¢ T4, and the Ty-coderived operation of codg : 2 () — £ () on the
Tg-sets Uy, Vg ¢ T4 result in:

derg (W) = Hoo YWy € (B, 7}
{COdg (%) =Ogq2 VU e{U 74}
implying
g-Dery, (W) Sderg (W) Y (v, %) € I3 x { %y, Sy}
{g-COdg,A%)zcodg(%) V(1. 3) € 19 {2, %)
in the J-space T4 [See [1]: Sys. oF Eqs (4.14), §§ 4.2, p. 216.].
Consider again the Ty-sets Z, = {fl, {2,54}, Sy =HKgU {57}, Uy = {fg, 55,56,57},
and Y5 = U N {53}. Then, for any § € [o], the g—u—féé)—derived operation of
g—Derg‘?l), 1 Z(Q) — Z () on the Ty-sets Zy, Sy ¢ T4, and the g—V—Té‘s)—coderived

operation of g—Codé‘?IZ 1 P (Q) — 2 () on the Ty-sets %, Vg c Ty, for all ve I,

produce the following results:
§Derl) (W) = Hoa Y (1, 74) € {0.2) x (B, 7o)
gDerl) (#g) = Ogn V(1 #y) € {13} x (g, 4}
§-Cod) (%) = Gga ¥ (1, %) € {0,2) x (%, %y)
§-Cod) (%) = Har ¥ (1, %) € (1,3} x (%, ¥y)

(4.4)

Likewise, for any ¢ € [o], the ‘Zg‘s)—derived operation of deré‘s) P (Q) — 2 (Q) on
the Ty-sets #Zy, S5 ¢ Ty, and the ‘Iff)—coderived operation of codg‘s) : 2(Q) —
2P (Q) on the Ty-sets %, Y5 © Ty, for all v e I, also produce the following results:

{deré‘” (W) = Hye YWy e{y, Sy}
cod? (%) = Op2 Y% € {U, 14}
By virtue of Sys. oF EQs (4.4), it follows that

(46) g'Derg\zB (%) = Q\Q'Dergz (%) =gV (Ua%) € {153} X {‘%g?yg}

(4.5)
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Again, by virtue of Sys. or EqQs (4. 4), it also follows that

g-Der) (#) (Q\gDer VW)@ (1, W) € {0,2) x {Zy,-Z)

g-Cod() (%) = Q g-CodD) () 22 Y (1, %) € IS x { Uy, V)

(4.7)
der{M (#4) =N derl” (#) + @ YV (v, W) € I x {Ry, Sy}

I<A
cod{M (%) :Qcodff) (W) 22 Y (1, %) eI x {U, ¥y}

Hence, for any 6 € [o], it results that the following results hold true for each % €
{%y, Sy} and % € {?/g,”I/ }:

(4.8) gDer ) (#y) 2 gDer ) (#y) 2 gDer ) (W) < gDer(5)(%)
4.8
g-Codé‘fé (%) € g-Cod") (%) € g-Cod ?) (%) 2 g-Cod'®) (%)

For any 6 € [o], the (3,%)-relations g- Der( ) z g Der(‘s) z g Der(é) 39 Der(é) and

g- Cod(63 39 Cod(5 39 Cod(é) z g Cod(5 are thus verified. Clearly, for any 5 € o],
the followmg results also hold true:

{g-nerg?z (Wo) cder?) (Wg) ¥ (v, W) € I x { Ry, S}

(4.9)
g-Cod’) (%) 2 cod(” (W) V (v, ) € 19 x { Uy, ¥y}

Thus, the (3, 2)-relations g-Der(’) = der ) and g—Codé‘fl), < codff)7 for all v € IY, are
also verified.

The presentation of this nice application, highlighting some essential properties
of the ‘5(5), g-v- T( )_derived operators der(‘;), g- Der(‘s) Z(Q) — £ (Q) and ‘5(5)
g—u—fg )-coderlved operators codé‘s)7 g—Cod;‘?Z P (Q) — F(Q), respectively, in
a Jy-space with respect to their category v € I and their ordinal § € [o] are,
therefore, accomplished and ends here.

If the presentation be explored a step further, other interesting properties can
be deduced from the study of other essential properties of Téé), g—V—Tgé)—derived

operators and Eéé), g—y—‘Eé‘s)—coderived operators in J;-spaces.

5. CONCLUSION

In a recent paper [1], we introduced the definitions and studied the essential prop-
erties of the g-¥ -derived and g-T ;-coderived operators g-Derg, g-Cod : & Q) —
2 (), respectively, in Jy-spaces. Mainly, we showed that (g-Derg,g-Cody) :
Z(Q)x Z(Q) — Z(Q) x Z(Q) is a pair of both dual and monotone g-%T4-
operators that is (@,Q), (u,n)-preserving, and (&,2)-preserving relative to g-% ;-
(open, closed) sets [See [1]: Cors 3.15 & 3.16, §§ 2.2, p. 198.]. We also showed
that (g—Derg,g—Codg) (D x P Q) — 2(Q) x Z(Q) is a pair of weaker and
stronger g-Ty-operators [See [1]: THM. 3.1, §§ 2.2, p. 187.]. In the present paper,
we have introduced by transfinite recursion on the class of successor ordinals the
definitions and investigated the essential of the g—‘Zgé)—derived and g—féé)—coderived
operators g—Deré‘s)7 g—Codé‘s) 1 P (Q) — P (Q), respectively, in Fy-spaces [See §
3: THMS 3.1-3.13; Cors 3.2-3.16; Props 1-4; DErs 3.17 & 3.18].
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The following three statements sum up the outstanding facts resulting from the
investigation of the essential of the g—Séé)—derived and g-Téé)—coderived operators
g—Dergé), g-Codg‘s) 1 P (Q) — P (), respectively, in Fy-spaces:

— 1. For any . € Z(Q), (g—Deré‘s) (7)) is a monotone decreasing

d¢[o]
sequence of g-ng)—derived sets while <g—Codf3‘s) (Yg)> 5e[o] is a monotone

increasing sequence of g—Tgs)—derived sets in a Jg-space Ty [See § 3: THM.
3.1 & Cor. 3.2].

— 1. The g—féé)—derived operator g—Deré‘s) : Z(Q) — Z2(Q) is weaker
than the Sé‘s)—derived operator deré‘s) P (Q) — Z(Q) while the g—Té‘s)—
coderived operator g—Codé‘;) P (Q) — 2 (Q) is stronger than the T,(f)—

coderived operator codg‘s) P2 (Q) — Z(Q) in a Tg-space Ty [See § 3:
Prop. 1; CoRs 3.3 & 3.4].

— 111. For any ({f} ,g—Intg,g—Clg) e Z(Q) x g-IC[T,], the g—Té‘s)—derived
operator g—Derf}‘S) : Z(Q) — Z(Q) is @-grounded (alternatively, @-
preserving), {-invariant (alternatively, &-unaffected), g-Clg-intensive and
U-additive (alternatively, u-distributive) [See § 3: COR. 3.15: ITEMS I.—
1v.] while the g—igé)—coderived operator g—Codgé) 1 2(Q) — 2(9)
is Q-grounded (alternatively, Q-preserving), {-invariant (alternatively, &-
unaffected), g-Int,-extensive and n-additive (alternatively, n-distributive)
[See § 3: COR. 3.16: ITEMS 1.-1v.] in a J-space Ty.

Hence, it follows that the study of the g—Tga)-derived and g—igé)—coderived oper-
g-Derl”, g-Cod): 2(Q) — 2(Q)

Sy > gDer) (F), g-Codl” (7)
space Ty = (Q,7;) has resulted in several advantages. Indeed, it has resulted in

ators in a -

axiomatic definitions of these g-Tgé)—coderived operators in the Jy-space Ty [See §
3: DEFs 3.17 & 3.18]. The g—Té‘;)-derived and g—Tgs)-coderived structures @ff) et
(Q, g—Dergé)) and 6,(35) def (Q, g—Codél‘s))7 then, are both themselves J3-spaces which
may well be called %ﬁiér, ﬂg(i()) q-spaces, respectively. Accordingly, if Cantor [23, 24]
der?: 2 (R) — 2 (R)

o|R *

Sy — dergfﬂi (%)
in his investigations of the convergence of Fourier series in R, then the study of con-
(3) (&)

v &g

vergence in any of the ﬂg(glr, fg(ic)) q-Spaces Dg , respectively, might be made

another subject of inquiry. The discovery of properties in this direction would defi-
nitely bring some benefits to the field of Mathematical Analysis, and the discussion
of this paper ends here.

had also considered the ‘Igfﬂg—derived operator
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