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Abstract — In this paper, we obtain some identities for the bivariate Pell polynomials and bivariate Pell-Lucas polynomials. We
establish some sums and connection formulas involving them. Moreover, we present its two cross two matrices representation and
find some of its properties, such as the b power of the matrix. We finally derive the identities by using Binet’s formula, generating
function, and induction method.
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1. Introduction

Sequences and polynomials have a wide range of applications in applied mathematics and physics. Bivariate
polynomials are widely used in theoretical physics for modeling physical processes. Catalani [1-3] defined
generalized bivariate polynomials from which, by specifying initial conditions, the bivariate Fibonacci and
Lucas polynomials are obtained, and many interesting identities are derived. Belbachir and Bencherif [4]
generalized to bivariate Fibonacci and Lucas polynomials properties obtained for Chebyshev polynomials.
They proved that the coordinates of the bivariate polynomials over an appropriate basis are families of integers
satisfying remarkable recurrence relations. Tuglu et al. [5] presented generalized bivariate Fibonacci and Lucas
p-polynomials, which are general forms of the Fibonacci, Lucas, Pell, Jacobsthal, Pell-Lucas, Jacobsthal-Lucas
sequences, as well as Fibonacci, Lucas, Pell, Jacobsthal, Pell-Lucas, Jacobsthal-Lucas, bivariate Fibonacci and
Lucas, first and second type of Chebyshev polynomials, and many others. Halici and Akyiiz [6] derived some
identities and some sum formulas for the bivariate Pell polynomials using different matrices. Saba and
Boussayoud [7] introduced a symmetric function to derive a new generating function of bivariate Pell Lucas
polynomials, also derived new symmetric functions, and gave some interesting properties. This study defines
the identities of bivariate Pell and bivariate Pell-Lucas polynomials.

2. Preliminaries
For n = 2, the bivariate Pell polynomials sequence [6] is defined by

P (x,y) = 2xyPp_1(x,y) + yPr_2(x,y) (2.1)
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Therefore, the first few bivariate Pell polynomials are
{P(x, )} = {0,1,2xy, 4x*y? + y,8x%y* + 4xy? 16x*y* + 12x%y> + y?,--- }

Binet’s formula,
=43
-4,

P (x,y) =

Generating function,

t
(1 — 2xyt — yt?)

P (x,y) =
For n > 2, the bivariate Pell-Lucas polynomials sequence [6] is defined by

Qn(x,y) = 2xyQn_1(x,¥) + yQn—2(x,y) (2.2)
Therefore, the first few bivariate Pell-Lucas polynomials are
{0,(x,y)} = {2,2xy, 4x2%y? + 2y,8x3y3 + 6xy?, 16x*y* + 16x%y3 + 2y2,---}
Binet’s formula,
Qn(x,y) =41 + 43
Generating function,

2+ 2xyt(x — 1)
(1 — 2xyt — yt?)

Qn(x; Y) =

The characteristic equation of recurrence relations (2.1) and (2.2) is
t? —2xyt—y =0

where x # 0, y # 0, and x?y? + y # 0. This equation has two real roots: #; = xy + /x2y2 + y and ¢, =
xy —+/x?y? +y. Note that £, + £, = 2xy, £1¢, = —y, and £; — £, = \/x?y? + y. Moreover, P_,(x,y) =
L p.(x,y) and Q_,(x,y) = —

Y Y= e
connection formulas. Moreover, we introduce the special sums and prove them using Binet’s formula.

Q,(x,y). The main objective of this study is to describe sums and

3. Results and Discussions

We first establish sums and relations for bivariate Pell and bivariate Pell-Lucas polynomials. The motivation
of this work comes from the study of [8-11].

Proposition 3.1. For 9, w € Z, we get

I+w

Y+ w
(7 ) @00y By ,3) = Pagran (@)
b=0

Proof.

By Binet’s formula,
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I+w c+d

Y+ w d+w b — b
Y (7L @yt r ey = ) () ) @untytre (=5
r b ! b =4,
1 J+w 94
w
¢ Z( b )(ZXY)byﬁm_b (61— £2)
1 2 b=
1 Y+w 9+
w
== 2. () (@uyen? - @eyeytyy et
b=0

1
= {(2xyt; + )% — 2xy e, + y)o+e}

t1 =1,
Since ¢, and ¢, are the roots of t2 — 2xyt —y = 0,
J+w
9+ w ~ (€2)19+w _ (192)19+w
(7)) @yt By y) = T T = Py (1)
= 1 2
Proposition 3.2. For 9, w € Z, we get
9+w 9+ J+w 94
w w
(7, ) et ren = ) (7] C) 29 Paasan )
b=0 b=0
Proof.
By Binet’s formula,
A Y9+ w iy 9+ w b —pb
Y (7)) ewrenrerpwy = Y (0 C) @t prre (m)
b=0 b=0 1 2
1 J+w 94
w
= (7 ) @t (4 - )
1 2 b=0
1 o+
w
I — Z ( b ){(nyfﬂb — (2xy£3)P}(=y)?re?
1 2 b=0

{(2xyt, — y)P*® — 2xyt, — y)o+e}
2, — 0,

Since £, and £, are the roots of t2 — 2xyt —y = 0,
2xyty —y =47 =2y
and

2xyly, —y =452y
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Thus,
9+w
9+ w [2_2 19+w_[2_2 Y+w
> (779 ey by y) = GBI 2T B)
b 2, — 4,
b=0
d+w 9+
w
= > (7 ) 29 Pagzo )
b=0
O
Proposition 3.3. For 9, w € Z, we get
d+w 9+
w
> (75, 7) @ (1 0y ) = Qora ()
b=0
Proof.
By Binet’s formula,
d+w 94w J+w 9+ w
Y (7, e,y = (7€) @t 0P (e + )
b=0 b=0
J+w 9+ w d+w 9+
= > (7, ) @mrrernr (e + (7€) @t -up (-a)
b=0 b=0
= (2xy — {)1)19+w + (2xy — {72)19+w
_ -y V+w —y d+w
- (7)) &)
{)19+w +{)19+w
= (_y)9+w L "2
Oy
= Qﬁ+w(x;}’)
O
Proposition 3.4. For 9, w € Z, we get
J+w 94
w
Z ( b )(ny)by‘9+“"b (%, Y) = Q29420 (X, ¥)
b=0
Proof.
By Binet’s formula,
d+w 94 9+w 94
w w
z ( b )(ny)”y"+“"” Qp(x,y) = Z ( b )(ny)”y““"b Qp(x, ) (£ +£3)
b=0 b=0
I+w 94 9+w 94
w w
= Y (7 ) @oenryrret s 3 (7)) @ayeyyyoret
b=0 b=0

(2xyl; + y)o+® + (2xyt, + y)ot+e
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Since £, and £, are the roots of t2 — 2xyt —y = 0,

Y+w

9+
D (77 ) @yt gy = ()% + ()%
b=0

= Q29420 (X%, )

Proposition 3.5. If P, (x,y) and Q, (x, y) are Bivariate Pell and Bivariate Pell-Lucas polynomials, then for
b=>9+ w,

Pb+19+a)(x' y) - (_y)ﬁ+wpb—19—a)(xr }’) = P19+w(x' y)Qb (X', }’)
Proof.

By Binet’s formula,

flf+19+0) _ €12)+ﬁ+w {)ll)—l‘)—w _ {)lzl—ﬁ—w
Pyrorw®,y) — (=) 9Py_g_(x,y) = — (=)t
t1 =4, t1 =4,

B (€11)+19+w _ {)l2)+19+w) _ (_y)19+w(‘g11)—19—w _ {)IZJ—ﬁ—w)
- 6 — ¢,

(€11)+ﬁ+w _ {)l2)+19+w) _ (flgz)ﬁ+w(€ll)—ﬂ—w _ {)lzJ—ﬁ—w)
2, — 2,

_ (€11)+ﬁ+w _ {)l2)+19+w) _ ({)?{)129+w _ €1i9+w€127)
t1 =4,

{19+w _ {19+w
= <ﬁ) (e +5)

= P19+w(x'y)Qb(x'y)

O

Secondly, we investigate sums for Bivariate Pell and Pell-Lucas polynomials with negative indices.
Theorem 3.6. For ¥ > 1 and w any integer, we get

) Pop+9+0 (6 ¥) = (=37 Popsoy (6, ¥) = (=3)“Py_, (X, ¥) + Py (x,¥) o<

i _ (=1)? = Qu(x,y) +1 '
(_y) P—iﬁ—w(xi }’) - 9 @
= Pop+9+w(,Y) = (=¥)"Pop+o (6, ¥) + (=3)“Py_0 (x, ) + Py (x,y) :
=0 , otherwise

(=1)? = Qu(x,y) +1
Proof.

Since

b b
D P () = = D P y)
i=0 =0
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By Binet’s formula,

b . ,
i9+w i9+w
0770 =45

Z(—)’)ip—w—w(x, y) = — z W

i=0

1 b b
Tl ¢ (f?zﬁfi _€?2€3i>
1 2 i=0 i=0
3 -1 f1l9b+19+a) _ f(lu £1Z9b+19+a) _ g(zu
T -, 29 —1 9 —1

_ (£1I9b+19+(u _ €129b+19+(u) _ (3132)19 (ft{)bﬂp _ 3129b+(u) _ (‘€119€(20 _ 3114)3129) + (f(lu _ {)(21))
(6 = £){(01£)? — (&7 +43) + 1}

Popso+w®Y) = (=¥)°Popsa (6, ¥) — (=3)“Py_y, (%, ¥) + P, (%, %)

_ (1) — Qo) + 1 ey
Pops9+0 (6 ¥) = (=3)° Popso (6, ¥) + (=3)“ Py_ (x,¥) + P, (x,¥) otherwise
(=17 = Qo(x,y) +1 ’
O
Theorem 3.7. For ¥ > 1 and w any integer, we get
, (=)? Qop+w (% ¥) = Qopro+w (X ¥) = (=9)°Qo_0 (6, ) + Qi (x, )
w<Y
Z(—y)"Q -0 (%Y) = (F1)7 = Qlxy) + 1 |
- e (=3)7Qop+0 (5 Y) = Qopro+0 @ ¥) + (=3)°Qo-0(%,¥) + Qu (x,y) .
L otherwise

(=1)? = Qy(x,y) +1 '
Proof.

Since

b b
D i@ = ) Quprey)
i=0 =0

By Binet’s formula,

b b
i=0 i=0

b b

=0 Y eliv ey ) ol

i=0 i=0
Ib+I9+w w Ib+I9+w w
_ 47 — {7 43 — 43

_.|_
-1 -1

_ (flfz)ﬁ({]fbﬂo + ggb+w) _ ({7119b+19+w + €129b+19+w) _ ({?géo + {({){129) + ({;(1» + 1?(20)
(61 = £){(££2)7 = (&7 +45) + 1
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(=9)?Qop+0 (6 Y) — Qopro+o (. Y) — (=3)® Qo0 (x,¥) + Qu (x,¥)

, w<Y
_ (=1 = Qy(x,y) +1
(=92 Qb+ (6 ¥) = Qopro+o (1Y) + (=2)? Qo0 (x, ¥) + Qu (x,¥) otherwise
(=% = Qo(x,y) +1 '
O
Thirdly, we establish some identities for bivariate Pell and bivariate Pell-Lucas polynomials.
Theorem 3.8. For 9, w € Z, we get
d+w
P t_b _ 1 {tﬁ+w+1 —tP ( ) — VP ( )}
2, p (6, Y77 = 0 (2 = 2xyt — y) 9+w+1 (6 Y) — YPyro(X, ¥y
Proof.
By Binet’s formula,
d+w d+w
,gb _ #b
Z Py, )t™b = Z < - 2>t"’
1 -1,
b=0 b=0
9
- (&) - ()
-4, e t t
#1 I+w+1 #2 I+w+1
_ 1 1-(3) _1‘(T)
4 — 4, _t _t
1 t 1 t
_ 1 tﬁ+w+1__£?+w+1__tﬁ+w+1__€g+w+1
(£, — £,)t9+w t—4, t—4,
3 1 t19+w+1({)1 _ {)2) _ t(£119+w+1 _ {;§+d+1) _ }’({)?HH _ {129+w)
NGRS (t—£)(t—£5)
_ 1 {tﬂ+w+1 —tP ( ) —yP ( )}
T O (¢2 — 2xyt — y) +w+1\XY) = V94X, Y
O

Theorem 3.9. For 9, w € Z, we get

ZQ ()t = 2t%2 — xt 1
b=0 bRV T =yt —y) | 19O — 2xyt - y)

{tQv+w+1(x,Y) + ¥Qu40(x, ¥)}

Proof.

By Binet’s formula,

9+w I+w

Y eyt =Y (¢ + )
b=0 b=0
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DIGRGY

=1_({;—tl)w9+w+1+1_({;?2)19+w+1
1L 1L

1 t'9+“’+1 _ £119+w+1 t19+w+1 _ €g+w+1
= +
o+ ( t—4; t—+4, >

3 2t19+(.0+2 _ t(€?+w+1 +€1§+(u+1) _ tﬁ+w+1(€1 +€2) + €1€2(€119+w + €129+w)
t9re(t —£)(t —45)

2t% — xt

1
= (tZ _ nyt _ y) - t1_9+w(t2 _ nyt — y) {t019+w+1(x'y) + yQﬁ+w(x: 3’)}

Fourthly, we define identities involving common factors of bivariate Pell and Pell-Lucas polynomials.

Theorem 3.10. If P, (x,y) and Q, (x, y) are Bivariate Pell and Pell-Lucas polynomials, then holds for every b
and s,

i Papis () Q2p41 (6 ¥) = Papyssa (6, ¥) + (=9)P* P51 (x,¥)

ii. Pyprs (6, Y)Q2p42(%, ) = Papassa(x,¥) +y*P*2Ps 5 (x,y)

i Popes(x,7)Q2 (6, ¥) = Paps(x,¥) + 2P P(x,y)

V. Pap—s (X, ¥)Q2p41(%, ) = Pap_si1(x,¥) + (=y)*P* P_s_; (%, y)

V. Pop—s(6,¥)Q2p—1 (%, ¥) = Pap—s—1(x,y) + (=y)*P7 P _s(x,¥)

Vi. Pop_s (2, 3) Q25 (%, ) = Pap—s(x,¥) + (=y)?°P_s(x, )

Vil Py, (%, ) Q2p45 (%, ¥) = Pap—s(x,y) — (=¥)*PPs(x, )

viii. (x?y? + y)Pop (%, 1) Q2p+5 (4, ¥) = Quprs(x, ) — (=)?PQs(x,¥)
iX. Q2 (4, ¥)Q2p+5 (%, ¥) = Qupss(x,¥) + (=3)?2Qs(x,¥)

Proof.

Using Binet’s formula of Bivariate Pell and Pell-Lucas polynomials and Principle of Mathematical
Induction (PMI) on b and s, the proof is clear. o

2xy 1
y 0]'

and we get det (B™) = (—=1)"(y™) (Cassini’s identity).

Finally, we present two cross two matrix for bivariate Pell and Pell-Lucas polynomials by B = [

Poii(xy)  P(xy)
yh.(x,y)  YPno1(x,y)

Many authors introduce and present matrices properties and identities of bivariate polynomials [1,2,4].

Theorem 3.11. Let b € N. Then,

Then, we can write, B™ = [

[Pb+1(x:3’) _ [ Py(x,y)
yPy(x,y) yPy_1(x,y)
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Proof.

Letb € N.Forb =1,

P,y) 1_ [Py _ o1
[yi’ljzx}./y) B [y;ozcx,y 21 5 [0]

The identity is valid for b = 1.
For the mathematical induction on b, suppose that the identity is true for b. Thus,

[Pb+2(x;3") ] _ 'nyPb+1(x,y)+be(x,y)]
YPpi1(x,¥) YPpi1(x,y)

[2xy 1] _Pb+1(xr3’)]
| v 0] lyPy(x,y)

=

[2xy [2xy 1” Py (x,y)
[y O0lly OllyP,_1(x,y)

o

—_

_[2xy 1 '2xbe(x,y)+be_1(x,y)]
% yPy(x,y)

=

[2xy 1] [Pr+1(x,Y)
[y OflyP(x,y)

[Pb+1(x,y)
ypb(xJ }’)

Theorem 3.12. Let b € N. Then,

[Qb+1(x»J’) =B[ Qp(x,y)
yQy(x,y) yQp-1(x,y)

Theorem 3.13. Let b € N. Then,

[Pb+1(x,y) _ b[P1(x'3’)
yPy(x,y) yPy(x,y)

Theorem 3.14. Let b € N. Then,

[Qb+1(x')’) —_Rgb [ Q:1(x,y)
yQy(x,y) yQo(x,y)

4. Conclusion

98

In this paper, we present sums of bivariate Pell and Pell-Lucas polynomials. Moreover, we describe sums with
negative indices, some connection formulas, and two cross two matrix representation and give several

interesting identities involving them.
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