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1. Introduction

Special functions are obtained as solution to differential equations, for example, the confluent hypergeometric
equation is an important differential equation that arises in optics, electrodynamics, waves, diffusion, fluid flow,
string theory, heat transfer, general relativity, graphic design, quantum mechanics and quantum physics, is given
in [1] by
2
z%+(b—z)z—z—au=0, (1)

with a and b as constants. The first and second standard solutions of equation (1) using Frobenius methods are
given as, respectively:

M(a;b;7) = By L,
and
U(a; b; z) = %M(a; b;z) + %zl‘bM(l +a—-b;2—b;z),b ¢ 7. 2
The solution in equation (2) has the following important relation [2, 3]:
U(a;b;2) = z'"°U(1 +a—b;2 - b; 2), 3)
and
U(a;b;z) =z % ,Fy(a,1+a—b;—;—z71), 4)

where ,F,(a, b; —; z) is a generalized hypergeometric function.
Recent in 2023, the following generalized Gauss hypergeometric function defined using two Fox-Wright is
presented in [3,4] as
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Where Re(c) > Re(b),|z| < 1and
‘PBw @ | Bubdiy

(D)), ¢ Yy ]
—f t* 11—yt lyf( ) plPQ( #)dt, (6)
and ,W¢(z) is the Fox-Wright function [5].
The following integral transform was studied in [6, 7]

(Emem) 0

Y pw,o
By,
(Gn.gn)s, 0

g (xy) =

1 poo —
Salf O} =5 J; f(©astdt = Fy(s), )
wheret > 0,r €Z,a > 0,n; < s < n,, ny,n, > 0and f(t) is sectionally continuous and exponential order.
Definition 1: [7] If a function f(t) is m-times continuously differentiable on [0 oo) and of exponential order

0. (>0),then Su{f' O}, Salf" oy Salf ™} ——and

Salf™®), = [slog@I™Self O}s) — 7 Zss “[slog(a)]m-w-1f<m o ¥(0). ®)
Definition 2: [6] Suppose a function u(x, t) is defined for x € [a, b], t > 0 and S,{u(x, t)}) = Uy(x,s), then

Sa {aucg)t}'t)}(s) - U(sy 2+ [slog(@]Ua(y,5), ©))

ST, = e~ slog (@] 7% + [slog (@)]Ua (7, 5), (10)
Sa {a”a(i'”}(s) =S, (12)
Sa {azgg't)}(s) =S, (12)

Many of the known results in the literature utilized Laplace integral transform to solve problems related to fluid
flows, see for example [8-13]. In this article the SUM integral transform will be utilized to obtain solution of
unsteady fluid flow through a horizontal channel with injection and suction velocities.

2. Main Results
Theorem 3: The following result holds:

S, {t 2 exp (— (Z—;)} (psne xp(—¢4/slog(a)), (13)

where ¢ is a constant denoting the dlﬁusmn coefficient, this function occurs frequently in diffusion problems.
Proof: Using the SUM transform in equation (7), we get

S, {t zexp (—(p—z)}(s) L ft ot zexp[ (stlog(a) +(Z—j)] dt. (14)
Letting stlog(a) = ¢? in equation (14), we have
st e (<5)),, =2 e[ (474 ) 5 2
Substituting ¢lslog@] _ n? in (15), we have
Sa {t_z eXp( (pz)}(s) : Slog(a el Xp[ (¢2 ¢2) j;f' (16)
Putting % = w in (16), we obtain
S, {t 2 exp (_<p_2)}(s) —'S:s)f(a)‘l’, (7)
where
Y= f exp[ ( +w)]dw (18)
Also
% =—2¢ fooo exp [— (Z—z + wz) i)_(;)' (19)
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Similarly, putting % = 7 in equation (19) leads us to

ay
i —Zf exp[ ( +7 )] dn = —2¥. (20)
Solving equation (19) using elementary method, we have
Y(n) = Aexp(=2n). (21)
And since ¥(0) = we have
Y1) = Zexp(~21). (22)

Putting equation (22) into (17), we obtained the required result in (13).

Corollary 4: If a = e and r = 0 it reduces in equation (13) it reduces to the following well-known result [14]:
2

L{t 2exp (—(’)—)}() ” 2T exp(~@vs). (23)

2.1. Fluid Flow through Porous Horizontal Channel with Injection Viscosity

The If x is the distance along a two-dimensional porous plate with velocity component u and y is the distance
normal to the plate with velocity component v. Assuming that accelerating fluid particles are added from the
boundary layer through the porous plate by injection. Also, assuming that the velocity component u will be equal
to zero at the surface of the plate for all time, approach a function f(t) as y — oo, and equal f(0) attimet = 0,

then the following system described the model:

of 0%u

ou du
E+U1£—E+Ua—y2 O0<y<ow, t>0 (24)

u(y,0) =f(0), 0 <y <o
u(0,t) =0,u(y,t) =f(t)asy » o, t>0
where v; is the constant injection velocity and v is the kinematic viscous of the fluid.

Applying the SUM transform to (24), utilizing (25)-(28), we have

du(y,t) _ o du(y,t) a-st
a{ at }() st Jo ot dt

Sr{hm ([u(y, a1k, + [slog(a)] fku(y, t)a‘“dt)}

= [slog(Q)1Ua(y,5) = =2 = [slog()]Uq o, (25)
s, {aug;;ts)}(s) _ duz(;/ 9 (26)
557, = @)
Sa{%5) , = Isleg@]Fa(s) =17 (28)

We have
v &0y, D809 _ [510g(@)|Ua(y,5) = ~[slog(@]Fu(s), (29

with the condition: U,(0,s) =0, U,(y,s) = F,(s)asy — .
The solution of U, (y, s) with the boundary condition is

Ua(y,5) = Fa(s) {1~ exp (= [;VB +0Tslog @] - a] y)}. (30)
v v\ 2 4
where a =$ B = (;) and y =-.
Taking inverse SUM transform of equation (30) using (13) and the convolution theory, we have

u(y,t) =f(t) — %\fexp(ay) {f f(t—uwu 2 exp ( [];Zu ” u]) du}. (31)

By the Maclaurin series expansion of exp (; u) and putting u = m and f(t) = uy, then equation (31) can be

expressed in term of extended hypergeometric function (5) as
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B T
_ _y |t _yy2 © (?t) ¥ 11 (1,0)1,1
u(%t)—uoil z\/%exp(“y %) o o o

2.2. Fluid Flow through Porous Horizontal Channel with Suction Viscosity

(1,0)1,1
(1,0)1,1

r+—,1;—;——2] :

If x is the distance along a two-dimensional porous plate with velocity component u and y is the distance normal
to the plate with velocity component v. Assuming that decelerating fluid particles are removed from the boundary
layer through the porous plate by suction. Also, assuming that the velocity component u will be equal zero at the
surface of the plate for all time, approach a function f(t) as y — oo, and equal f(0) at time t = 0, then the

following system described the model:
u u f 0%u
2t Vsay = ar +v 57 O<y<ow, t>0 (32)
u(y,0) =£f(0), 0 <y <o
u(0,t) =0,u(y,t) =f(t)asy » o, t>0
where v is the constant suction velocity and v is the kinematic viscous of the fluid.

Applying the SUM transform to equation (32), utilizing (25)-(28) and after some simplifications, we have

2
v IS 4y TD — [slog ()]ua(y, 5) = ~[slog(@)]Fy(s). (33)
Solving equation (33), using undetermined coefficient method and applying the boundary condition, we have
Uy (,5) = Fo() {1 — exp (= [a + 3B + 6Tslog (@] v)}, (34)

Vs

vs o, 2 4
Where a =B = (;) and y =-.
Then, taking inverse SUM transform on equation (34) using (13) and the convolution theory, we have

uly,t) =f(t) — %\/%exp(—ay) {fg f(t — u)u_% exp ( [5u + 16“]) du}. (35)

Applying the Maclaurin series expansion of exp (—%u) and putting u = m, then if f(t) = u,, then equation

(35) can be expressed in term of the extended hypergeometric function (5) by
) [ (5

© v ) ¥r1,1[(1,0),

w0 =t {1 T aqym exp[ (ay + 16t)] =0 4 Folo [(1,0)1,1

3. Conclusions

16t

11— ——] (36)

(170)1,1
(1,0)1,1

In this paper, the solutions to unsteady fluid flow problems in a porous horizontal channel with injection and
suction velocities are considered. These solutions were obtained utilizing the SUM integral transform method,
which is consistent to the existing solutions obtained in the literature using other methods like the Laplace integral
transform (refer to [15] for more information). The models in this study can be extended to include the impact of
time fractional derivatives using approaches such as Caputo, Caputo-Fabrizio, Atangana-Baleanu and Phrabakar
fractional derivatives. This research has the potential to greatly benefit the study of soil water flow in soil science
and improve productivity in horizontal well drilling operations in the oil and gas industry.
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