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Abstract: In this paper, we present a novel mathematical framework termed “ ¢-multiplicative calculus”,
which serves as a Golden Fibonacci calculus to fundamental concepts in multiplicative calculus. This
innovative calculus introduces a parameter ¢ (Golden ratio), offering a nuanced extension of traditional
calculus. Our work encompasses the establishment of ¢-multiplicative calculus and the demonstration of
essential theorems concerning derivatives, integrals, and their operation properties within this mathemati-
cal framework. The paper contributes to the academic discourse by providing a comprehensive exploration
of the proposed ¢-multiplicative calculus, presenting a robust foundation for further investigations in this

specialized mathematical domain.
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1. Introduction

The most practical mathematical theory, differential and integral calculus, was developed sepa-
rately by Isaac Newton and Gottfried Wilhelm Leibnitz in the second part of the 17th century [4].
Then, Leonard Euler redirected calculus by making the idea of function essential, and so created
analysis [5].

During the time from 1967 to 1970, Michael Grossman and Robert Katz defined a new
type of derivative and integral, reversing the roles of subtraction and addition and establishing a
new calculus known as multiplicative calculus. It is also known as an alternate or non-Newtonian
calculus at times. Unfortunately, multiplicative calculus isn’t as well known as Newton’s and
Leibnitz’s calculus, despite the fact that it completely answers all of the requirements demanded
of a calculus theory. Multiplicative calculus has a more limited range of applications than Newton
and Leibniz calculus. It indeed covers only positive functions. Therefore, one might question the
rationale behind developing a new tool with a restrictive scope when a broader, well-developed

tool is already in existence. Bashirov and et al. respond to this question similarly to why
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mathematicians use polar coordinates when there is already a rectangular coordinate system that
well describes the points on a plane. Bashirov and et al. believe that multiplicative calculus can be
particularly useful as a mathematical tool for economics and finance due to the interpretation given
to the multiplicative derivative [1, 10, 21]. Subsequently, the multiplicative finite difference method
was developed for computing the numerical solutions of high-order multiplicative limit value
problems [19]. Furthermore, applications such as modeling multiplicative differential equations,
analyzing multiplicative gradients in noisy images, exploring the impact of multiplicative analysis
on biomedical image analysis, and investigating double multiplicative integrals have been seen in

the literature [2, 3, 6, 9, 16].

Ozvatan develops the Golden Fibonacci calculus in her master’s thesis under the supervisor
of Pashayev, and numerous applications of this calculus are achieved. The calculus is built around
the Golden derivative as a finite difference operator with Golden and Silver ratio bases, allowing
us to introduce Golden polynomials and Taylor expansions in terms of these polynomials. The
Golden binomial and its expansion in terms of Fibonomial coefficients is derived. They demon-
strated that Golden binomials correspond to Carlitz’ characteristic polynomials. The Golden-heat
and Golden-wave equations are introduced and solved using Golden Fibonacci exponential func-
tions and associated whole functions. They build the higher order Golden Fibonacci calculus by
presenting higher order Golden Fibonacci derivatives that are connected to powers of golden ra-
tio. This calculus has higher order Fibonacci numbers, higher Golden periodic functions, and
higher Fibonomials. They present the generating function for a new form of polynomial, the
Bernoulli-Fibonacci polynomials, and investigate their characteristics using the Golden Fibonacci

exponential function [17].

As mentioned above, valuable studies have been conducted on the ¢-multiplicative calculus.
As is known, the classical derivative method relies on the definition of a limit for the derivation
of a function. Therefore, the classical differentiation method can introduce errors. However, since
the Golden Fibonacci calculation is not dependent on the limit definition and performs algebraic
operations, there is no margin for error. Similarly, in the golden product calculation, no error
is incurred. ¢-multiplicative calculus exhibits a narrower domain of application in comparison
to Golden Fibonacci calculus. However, although the use of the natural logarithm in the ¢-
multiplicative calculation is expected to increase the time, it completes solutions more quickly in
examples involving exponential functions, often demonstrating a more effective solution to specific
problems. Thus, it provides an alternative approach to problem-solving. Against this backdrop,
the current study aims to spotlight ¢-multiplicative calculus within the realm of analysis and

elucidate its applications.

Now, we examine the necessary information about Golden Fibonacci calculus.
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The Fibonacci numbers satisfy the recursion relation
Fn+2:Fn+1+Fn

with the initial conditions F =0 and F; = 1. First few Fibonacci numbers are 0, 1, 1, 2, 3, 5, 8, 13.

The Binet formule of the Fibonacci sequence is

P - d)n_({)ny
p-¢

where

145 . 1-V5
¢ = +2\/_z1,618033 and &= vi_ 1

are roots of quadratic equation of the Fibonacci sequence
2?2 -x-1=0.
The number ¢ is known as the Golden ratio. The Golden ratio has been applied in an

extensive variety, from natural occurrences to architecture and music. Some authors have satis-

fied and studied many generalizations of Fibonacci numbers. More information can be found in [12].

Let’s define a Fibonomial Calculus for the sequence {F,}, ., in order to explain what it is:
o F-—factorial: F,!=F,F,_1F,_o...FoF, Fy!l=1.

o Fibonomial coefficients: (Z)F = %, (O)F =1.
n—k-L'k-

So, the following identity is valid:

(). ( ),

e The binomial theorem for the F—analog given by

non _
(z+Fy)" = Z( ) atynh
=0 \k/F

o The F-exponential function e% defined by

(o] n
x
T
ep=y —.
n=0 Fn'

Further insights can be found in the works of [13, 14, 17].
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Let f:R-{0} - R. The Golden derivative operator Dg of f(x) is given as

_ (o) = f(dr) _ f(g2) - f(da)

Drlf@) = S L)

(1)

The Golden derivative operator is a linear operator because the following conditions apply

for any pair of functions f and g and scalar «;

Dp[f(z) +g(x)] = Dr[f(z)] + Drlg(x)],

Dplaf(z)] = aDp[f(x)].

The Golden derivative operator Dp on x™ yields

This, F'-exponential function under Golden derivative are given by
Drple¥’] =ae%’ (a any constant).
The F-analogues of the sine and cosine functions can be described in terms of the expo-
nential function by analogy with their well-known Euler formulas:

T —ix
. eF+e
SMpl = ———7T— and COSFJ?:M,

24 2

and the Golden derivatives of these equations are as follows:

Dp[sing Ax] = Acosp Ax  and Dp[cosp Az] = —Asing Az.

The Golden Leibnitz rule using the Golden derivative operator Dp is derived
Dr[f(2)g(z)] = De[f(x)]g(¢x) + f(x) Drlg(x)]-

The Golden derivative of the quotient of f(z) and g(z) may now be computed

D [f(x) ] _ Dr[f(#)]g(¢x) - f(¢2) Drlg(z)]
F = =
9(x) 9(¢x)g(ox)

Consult prior studies for further details [13, 17, 18].

The function H(x) is called the Golden antiderivative of any function h(z) if Dp[H(z)] =

h(x). Tt is indicated by

H(a:)+C:fh(x)dFm,
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where C' is the constant term. Let a be a real number. The Jackson integral of h(x) is defined

to be the series
a a b
/l: h(z)dpx = / h(z)dpz - / h(z)dpz,
0 0

where

y oo N 1k
)= [ hea =55 S (o).

= ¢k+1

If H(z) is an antiderivative of h(x) and H(x) is continuous at x =0, we have
[ Delh@)ldra = h(a) - h(b),

where 0<b<a<oo. Refer to the works of [11, 18, 20].
Now, we will look at the information about multiplicative derivatives that are required.

A real function f is said to be differentiable at a point x € R if and only if f is defined on

some open interval I containing x and

o f@+h) - f(x)
D[f(x)] = lim -
exists. In that case, f(xz) is referred to as the derivative of f at x.
Here, first we write f(x +h)/f(z) instead of f(x+h)— f(x) in the (2) equation. Then, if
1/h is substituted for h, the multiplicative derivative is obtained as follows:
Let f: AcR — R, the multiplicative derivative D*[f(z)] of f at x € A is defined

D*[f(z)] = }Li%(f(a: - h))h

f(z)
)
h=0

limp_,
=e

In(f(z+h)) - In(f(x))
0 h

_ D] = 2H5Y
The multiplicative integral of f is represented by the symbol

o [ py
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If f is a positive function and In f on [a,b] is integrable, then f on [a,b] has a multiplicative

integral, which is defined by

* f f(x) = e mi@de g p g,
b
Reference previous works for more insights [7, 8, 15, 22].

2. ¢-Multiplicative Calculus
2.1. Golden Multiplicative Derivative

Subtraction and division are the operations in the difference quotient in (1). The multiplicative

derivative of a function g, on the other hand, is based on the ratio (3). This is as follows
similar to the difference quotient (1) with subtraction of f(¢z) — f(¢z) replaced with division

by f(¢x)/f(dz) and division by /5 replaced with taking an 1/(2v/5) power:

~

(f(“fx) )f . (3
f(ox)

Definition 2.1 Assume that the function f is Golden differentiable and positive (f(px) >0 for

all x ). The Golden multiplicative derivative of f is defined as follows:

Dyl ()] = ( Hen

Theorem 2.2 If a positive function fis Dp— differentiable at x, then it is also D}.— differentiable

at x, and
Dilf(a)] = DI/ (5)

Proof We may compute the derivative in equation (4) using what we know about the Golden

derivative of f:

1 m(f(qu))z%
. f(asw))m f(oz)
D x)| = — =ep
) (f(m)
In(f(¢z)) - In(f(¢z))
F
_ Drln(f(@)]
F )
where In f(x) = (Inof)(z). |
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Higher-order Golden multiplicative derivatives are simply the Golden multiplicative deriva-
tive of a Golden multiplicative derivative. You would use the same Golden multiplicative derivative

rules that you learned for finding the first Golden multiplicative derivative of a function.
Corollary 2.3 Let f positive function.The nth Golden multiplicative derivative of f is given by
(’n) n xr
D;(")[f(x)] :e?F [In(7(¢ ))], n=0,1,2,....

Proof Utilizing equality (5), we get second Golden multiplicative derivative as

D;‘*[f(l')] = e?F[ln(egF[lu(f(l.))])]
= G?F[DF[ln(f(z))]]

= DRI @)]

To identify further high-level derivations, we continue with the same transaction:

DZ[In(f(x))]

* Drp[ln(e
DF(S)[f(m)] = 6FF[ “r .
_ PrIDEIn(f(2))]]
F
= DRInG @],

By induction method, if the nth Golden multiplicative derivative of f exists at z, then it is

acquired by

“(n DS [In(f ()]
D" ()] =ex” ~

2.2. The Operation Properties of the Golden Multiplicative Derivative

Here are a few guidelines that are supported by Definition 2.1. Assume that, A, u is a positive

constant and that f and g are DJ—differentiable. The following list may thus be displayed with
ease:

o Di[Af(z)] =D3[f(x)] (Constant rule),
o Di[f(z)g(x)] = D}[f(z)]D5[g(x)] (Product rule),

« Drlf(2)/9(x)] = Dp[f(2)]/Dilg(x)] (Quotient rule),
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« Di[fog(x)] = D, [f(9(x))]P#19¢)] (Chain rule),

¢ DELf@)@] = (D@D (£6w)""

(Power rule).

The proofs of the rules are shown as follows:

e The proof of the constant rule is

e The proof of the product rule is

f(m)g(cbw))l‘lﬁ

P - (FE3E

) (f(¢w) )f (g(g{»m)wlﬁ
f(o) g(¢x)

= Di[f(2)]1D5[g(2)].

e The proof of the quotient rule is

1

f(gz)/g(ox) )“g

DiLF(@)/g(x)] = ( femutes

:(f(abm))flﬁ (g((bx))zlﬁ

1(6z) g(¢x)
- DA F(2))/Dilg(2)]
e The proof of the chain rule is
; f(g(¢)) )w
D[ foa(z)] = p
rlfeat) (f(g(¢x))
1 g(px)—g(da)
_ (f(g@m)))m_w )=

= Dipg[f(g())]Prlot)],
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e The proof of the power rule is

Dl f(z)9®)] = ( = Q(W))
f(oz) g(¢z)

(f(¢x y9(42) f(¢x)q(¢w))
f(o2) g(¢) f(¢x)g(¢x)

y((PL) g(px)-g(dz)
= (DFLF @] (F(m)""

) (f(a)) =7

rlg()].

Theorem 2.4 Let f(x) and g(x) be two functions, for ne€Z*, then

DO ()9 = Zheo (1) e PEINT (6" )1DE g (@)
F F :

Proof We can prove it by induction method. It is obviously true for n = 1. Let’s assume it is

true for n = m. Let’s show that it is true for n =m + 1.
D™ V()] = DR[DF™ [ ()]

_ D[S %) DR (@7 IDF o))

Dr[E[o (7) o DEln f (6™ *2) DR ¥ [g(2)]]
F

gy (™) L DE[In f(¢™F ) DR R g ()]
= eZ ,

Example 2.5 Find the golden multiplicative derivative of the exponential function f(x) = a® with

a>0.

Di[f(2)] = Dia"] = eprt ™l = epePrlel < q,

In the Table 1, we compare the classical derivative, multiplicative derivative, Golden deriva-

tive, and Golden multiplicative derivative of of an arbitrary function.

2.3. Golden Multiplicative Antiderivative (Integral)

This part aims to explore the fundamental principles of the Golden multiplicative integral, shedding

light on its diverse applications in various mathematical contexts.
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Table 1: Some Golden multiplicative derivative

f(@) D[f(z)] D*[f(z)] Dp[f(2)] Dy[f(z)]
t 0 1 0 1
ne nx n oo F.(nx)™ n
te nte e ty oo % er
oz _ 9T
ta” ta®Ina a % a
X
ta" tna™ ! es tF,a" ! e?;DF[lnm ]
teh(l) tD[h(fL‘)]eh(l) eD[h(aL)] tz°°70 Fm(h(’l‘))m e?F[h(x)]
m= m
1 ~D[h(x)] o ~Dr[()] Drl-1n(h(2))]
h(2) ) h(¢x)h(x) Gl
{h(@))" | ntDlh(@)](h(a)) | HSE | ((RO))" = ((G@)" | npelin(hien)
-
esinp bx bcos b.’EeSinF bx eb cosp bx esnr bow _ et bz eDF[sinF bz]
/5 F
eCOSF bx b SiDF bretosF bx e—b sing bz e bor — ecr bow eDF [cosp bx]
/5 r

Definition 2.6 Let h be a positive, bounded function on the range 0 < a < b:

multiplicative integral, the F—analogue of the multiplicative integral, may be defined by

*/h(.%)sz :eélnh(w)dpw

and the definition of the definite golden multiplicative integral is

* /a h(.r)dFm _ elfg‘l Inh(z)dr(z)- [ lnh(:z:)dp(m).
b

2.4. The Operation Properties of Golden Multiplicative Integral

If f and g are F—integrable on [a,b], we can then simply demonstrate the following rules of

F—-integral:

o xJy f@) = [T f (@) [0 f ()P,

’“fba(f(af)k)d‘”C = *fba(f(a:)d”)k (Constant rule),

b<c<a.

The proofs of the rules are shown as follows:

168
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e The proof of the constant rule is

a a k
o [yt < e I

Ef2In f(z)dpz

_ (61{; lnf(ac)dpw)k

=« [y,
e The proof of the product rule is

‘ T “1n 2)a(z))drx
*fb (F(x)g(x))?r™ = ey MU @9@)dr
= fbaln-f($)dF$+fba1ng($)dFa:

_ [ Inf(x)drz [ Ing(z)drx
€r €r

o [Tr@yte [T gyt

e The proof of the quotient rule is

‘ o _ Ji m(f@)g(@)dra
o [T @ glayyter = ey I

_ efba In f(z)dpz-[," Ing(z)drz

F

efb“ In f(z)drx
F

T [fIng(z)drz
€F

o [T @ [T gy,

a a _rb n T T
*‘/b f(z)dpz :84;0 1nf(I)dF93 fol f( )dF

_ 6{;0'6 In f(J))dFJ)—be In f(w)dpw+f0"' In f(x)dpa:—foC In f(z)drx

_ S mf(@)dpa+ [ In f(@)dre

_eF

= [ @t [yt
b c

Example 2.7 Let f(x) = G?SF(M), where X\ is a constant. Then Golden multiplicative integral
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of f(x) is obtained by

" (6COSF(A$))dFI _ ef lne(;:sF(/\z)dpr
F - YF
_ e[ cosp(Ax)drx
Y
_ ef cosp(Ax)drx
Y

1
__xsinp(\x)
= eF .

Example 2.8 Let f(x) = e}®, where X\ € Z*. Then Golden multiplicative integral of f(x) is

obtained by
. /(eé‘x)dlm’ _ e{;‘lne;‘:“ndpl‘

_ f Axdpx
a3

In the Table 2, we compare the classical integral, multiplicative integral, Golden integral, and

Golden multiplicative integral of of an arbitrary function.

Table 2: Some Golden Multiplicative Integral

[(@) | [I@)da | [ [@)" | [f(@)dpz | * ] [(@)?*
1 x e x en
t tx e°t” tx eqt®
e’ na? e’ ng”
et — efe 2 £ ebe 2
0 0 FeF
eCOST _ eCeSinT _ e%esFl‘nac
ST _ eCe—CosT _ ecFe;_vcosm

3. Conclusion

In conclusion, our paper introduces and establishes the ¢-multiplicative calculus, a novel mathe-
matical framework that extends fundamental concepts in multiplicative calculus by incorporating
the Golden ratio (¢) as a key parameter. We have successfully demonstrated the essential the-
orems pertaining to derivatives, integrals, and operational properties within the ¢-multiplicative
calculus. This work contributes significantly to the academic discourse by providing a compre-
hensive exploration of this specialized mathematical domain, thereby laying a solid foundation for

future research and investigations in the field.
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