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Age-Sex-Structured Population Model with an Infinite
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Abstract

A mathematical model based on a discrete newborn set is proposed to describe the evolution of a sex-age-
structured population, taking into account the temporary pair of sexes, infinite ranges of reproductive age of
sexes, and maternal care of offspring. Pair formation is modeled by a weighted harmonic mean type function.
The model is based on the concept of density of families composed of mothers with their newborns. All individuals
are divided into the pre-reproductive and reproductive age groups. Individuals of the pre-reproductive class are
divided into the newborn and teenager groups. Newborns are under maternal care while the teenagers can live
without maternal care but cannot mate. Females of the reproductive age group are divided into singles and those
who care for their offspring. The model is composed of a coupled system of integro-partial differential equations.
Sufficient conditions for the existence of a one-parameter class of separable solutions of this model are found in
the case of stationary vital rates.
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1. Introduction

The purpose of this work is to analyze a mathematical model for a spatially homogeneous population structured by age
and sex taking into account temporary (only for the mating period) pairs of sexes, infinite reproductive age ranges of sexes, a
discrete set of offspring, and maternal care of them.

In mathematical biology, the Sharpe-Lotka-McKendrick [1], Fredrickson [2], Hoppensteadt-Staroverov [3], [4], and Hadeler
[5] models are well known. The first of them is usually used for the evolution description of the age-structured asexual
populations. The model [2] describes two-sex age-structured populations with temporary pairs of sexes. The Hoppensteadt—
Staroverov model and its Hadeler modification including a maturation period describe the evolution of age-structured two-sex
populations with permanent pairs of sexes. The existence of the separable solutions to model [3], [4], [5] is studied in [6]
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and [7].

But, all these models do not address the child care phenomenon which is native to many species of mammals and birds.
Birds and some species of mammals care for their offspring in pairs. In populations of some species of mammals and fishes
only the mother cares for her offspring. Several models (see [8]-[12] and literature there) were proposed for description of
child care in two-sex populations with temporary and permanent pairs of sexes. In the first case ([9]), only the mother cares for
her offspring. In the second case ([8], [10]-[12]), both parents take care of offspring. Models [8], [10], and[11] are based on the
idea of the newborn density which is described by a corresponding PDE. However, a problem arises when describing spatially
distributed populations using models of this type, because the equations describing the movement of newborns do not guarantee
that they follow the mother or both parents. To overcome this problem, some models have been proposed based on a discrete
set of newborns and density of the family (mother-newborns [9] or both parents-newborns [12]). In addition to child care, work
[9] takes into account the pregnancy of females. It is also assumed that the reproductive age intervals of males and females in
model [9] are finite. To the best of our knowledge, there has been no work in the last decade that has examined the dynamics of
the caregiver population.

In the present paper, we revise model [9] by dropping the Environmental pressure and female’s pregnancy and contrary
to model [9] assume that the age reproductive intervals of both parents are infinite. This is the novelty of the model under
consideration. As in [9], all individuals are divided into pre-reproductive and reproductive age groups. Individuals of pre-
reproductive class are divided into the newborn and teenager groups. Newborns are under maternal care while the teenagers can
live without maternal care but cannot mate. Individuals of the reproductive age class are divided into singles and those who
care for their offspring. The goal of this paper is to find sufficient conditions for the existence of separable solutions of the
proposed model in the case of stationary vital rates.

The plan of this work is the following: In Section 2, the basic notions are given. In Section 3, we describe the model.
Separable solutions are studied in section 4. Some concluding remarks in section 5 conclude the paper.

2. Notations

The following notions are used in this paper:

T, 7;,: child care and maturation period, respectively (i = 1 for males, i = 2 for females);

u;(t,7;): density at time ¢ of individuals of age 7; (7; € (T, ;) for juveniles, T; € (T, 00) for adult individuals, i = 1 for
males, i = 2 for females);

U2k, ky (t,71,T2, 73): density at time 7 of females aged 1, who take care of k; sons and k; daughters of age 73, born from
fathers of age 71;

vi(t, 7;): mortality at time 7 of individuals aged 7; (i = 1 for males, i = 2 for females);

Vo, (2, T1, T2, 73): mortality at moment # of mothers aged 7, caring for k| sons and k, daughters of age 73, born from
fathers of age 71;

Vokiko:s15 (¢t,71, 72, 73): mortality at time 7 of k; — s1 sons and k, — s, daughters of age 73, born from fathers of age 7; and
who are under care of mothers aged 7,;

pi(t, T)u;(t, 7;); density of individuals of age T; who wish to mate at time ¢ (i = 1 for males, i = 2 for females);

u?(r,-): initial density of individuals aged 7; (i = 1 for males, i = 2 for females);

”gkl % (11, T2, 73): initial density of females aged 7, who take care of k| sons and k, daughters aged 73;

n n—1 n—ky
|k| = ki +ka, |s| = s1 + 52 with integer valued ki, kz,s1,52 where |k|,[s| =0,1,....n; ¥ arp, = L ¥ aiiy
k=1 ki =0ky=1

p(t,T1,72) 0k i, (,T1, T2 )dt: probability to produce k; sons and k, daughters in the time interval [t,7 +dt| by a temporal
pair formed of a male aged 7;and female of age 1»;

Pkiky = P1D2 P Ok ky-

[u2(2,7)]: jump discontinuity of function u, at line 7, = 7.

3. The Model

In this section, we present a deterministic model to describe the evolution of a population structured by sex and age. We
take into account temporary pairs of sexes, a discrete set of offspring, and maternal care for them. By temporary pairs, we mean
pairs that exist during the mating period, duration of which is not taken into account. We use a weighted harmonic mean pair
formation function and assume that when a mother dies all offspring under her care die. Using the balance law, we derive the
following equations for the dynamic description of a population with a discrete set of offspring:
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iy +(9‘;]M1 +viup =0 in (0,00) X (T,OO),

oo n
Ulg=r = [dn [ ¥ kit |n=rdt in|0,00), 3.1
Tlx TZ*+T ‘klil

M1|,=0 = u(l) in [T,OO)7

diur + 3r2142 +Vouy = 527

oo

u2| =1 = f dt; [ ): katok, iy |rs=7 dT2  in [0,00),
Tis T +T |k|=1 3.2)

[u2(2,7)] =0 in [0,00), T = Tos, Tos + T,

’42k1k2 |T3:0 = P

M2|,:() = ug in [T,OO)

0 in (0700) X (T7 TZ*)v

n o T — T«
g Z f T ( | Vak ky:00U2k ky T3 — ’42k1k2|7:30> in (0,00) X (724, Tx + T),
2 =9 k=0 0
n T .
‘ |Z [ dn (fVZklkz;OOUZk]kz dT3 + Uk ky | ry=1 — u2k1k2|r3=0> in (0,00) X (Tpy + T, 00),
k|=071« 0

k|1

2
O ok, ke, + Zl Ir; Uy ky + (Vzklkz + Y Vakko: rlsz)u2k1k2 Sk, 10 (0,00) X [T1s,00) X (Tos + T3,00) X (0,7),
=

Is|=0

Phyky U1U2 .
S e in(0,00) X [T1,00) X (T4, 0), (3.3)

Y. [ pju;dz;

J=17js

u2k1k2|l:0 = ugklkz in [’L'l*,oo) X [Tz* + 173,00) X [O,T]

0, |k| =n,

u _ n

2k L VagspkikaU2sysps k| =n—1,n-2,...,1
Is|=[k|+1

We add to this system the following compatibility conditions:

5= T—/dfl / Z ku2k1k2|13 rdn, i=1,2,

T Tox +T ‘k| 1

0.0
P2k ks li=0U7 Uy

”(2)k1k2|f3:0 = in [714,00) X [T, 00).

‘Zl pj‘;=0u(j)- de
j=

4. Separable Solutions

In this section, we study system (3.1)—(3.3) with the vital rates p, p1, p2, Vi, V2, Vak ky» Vokkyisisy» %2k k, independent of
time ¢ and look for solutions of the form

u;(t,7) = exp{At}wi(7),
wi(t) = awi(),vi(T)=1, i=1,2,
Wkiky = exp{lt}wz;qkz, “.1)
Wk ky = alaze’“3v1(’cl)vz(12 — B3V k, (T1, T2, 1) /0, k| =1,2,...,n,
a=a [; pvidt+a [; povrdD
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where constants A, a; = wy(T), ao = wa(T'), and functions v;, va,x, are to be determined. Set:
- n -
yi=ai/a, ||vi||= [vidt,i=1,2, y= I\Z Py P= [ yvidr,
Tix k=1 T

[k|—1
b= vy +A+Y1P, bk, = Vakiky +| ‘Z Vakikyisisys (Kl =1,...,m,
s|=0

n e n oo
r= Y Vaklu=r R= [rvidt, g= ¥ Vak:00Vokky» Q= [ gvid7i,
k=1 T, k=1 Tie

=

n
ﬁi(x) = f Vl(Tl)l ‘Z kiVZklkz(T],x+T,T)d11, i=1,2.
k|=1

Tix

Substituting functions (4.1) into system (3.1)—(3.3) and performing calculations, we get the following equations:

Vi+(Vi+A)vi =01in (T,), vi(T) =1,

. “4.2)
1 :yge”” J va(x)Bi(x)dx,
T
Vlz—i- (Vz—‘rl)\/z = S;, Vz(T) =1, [MQ(T)] =0, T="7T, T+ T,
°<j “4.3)
1 :yle_” J va(x)Ba(x) dx,
T2
where
0 in (T7 Tz*),
T2 —Tox 1
v __ )V f V2(‘L'2—T3)Q(72,T3)€7 &l dT3—V2(Tz)P(‘L’2) in (T2*7T2*+T),
S = 0 4.4
T
¥ <[ Vz(Tz — T3)Q(”L'2, T3)€7}”T3 dt —|-67}”TV2(TQ — T)R(Tz) — Vz(TQ)P(Tz)) in (Tz* + T,OO),
0
3 lk|—1 _
Z af,-VZklkz + (V2k1k2 + Z V2k1k2;s1s2)v2klk2 = S§k1k2 mn [11*700) X (T2* + T3)°°) X (07T)
= =0 “45)
Vakyky l13=0 = P2kyky 1D [T14,00) X [T2y,00),
where
0, |k| =n,
Derky = =
12 v2S1S2;k1k2v2S1S27 |k| :n_lvn_zv"'71'
Is|=[k|+1
We also have the equation for A,
yillpvil[+y2|[pava|| = 1. (4.6)

Integrating Eqs. (4.2); and (4.3)1, we get w;(7;) = w;(T)v;(t;) where

T

v (n) = exp{ —/(v] +7L)ds} in [T,o0),

T

(7]

v (1) exp{ /(V2+7L)ds} in [T, ..
T
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Now we transform Eq. (4.3) with a given positive y; into a set of Volterra’s type integral equations. To do this, we change
variables on the right hand side of Eq. (4.4), then integrate Eq. (4.3)1, and after then change the order of integration. As a result,

we have

)
n(n) =f(n)+ / G(t,y)v2(y)dy in [Tax + jT, T + (j+ 1)T]
Ty +JjT
with j =0,1,2,..., where
(%) T
G(12,) —yl/eXP{ /lz(S)dsl(zy)}Q(z,zy)dz,
z

y

T
Vz(Tz*)eXp{ — f lzds} in [Tz*,fz* + T],
T2«

(73 T +JjT

f(m) = V2(T2*+1T)CXP{ / 12d5}+y1 ?GXP{}ledS}dz< [ m()0(z,z—y)e e dy

T +JT T +JT =T

+va(z— T)R(z)e_“> in [T + jT, T + (j+ 1T,

with j=1,2,... and

T,
va(T2) :exp{ _/(vzm)ds}.
T
Define:

Vi = inf v;, v/ = sup v;, pi = inf p;, pi = sup p;,
[Tix 1) [Tjx,0) Tiss) [Tix o)
Vakikyx = inf Vokikys Px = inf P

[T14,00) X [T2s+T3,00) X [0,T] [T1%,00) X [T2,00)
Vakiky = sup Vakikp» P+ = SUup  p,
[T1:,90) X [ 725+ 73,00) X [0,T] [T1%,00) X [T2.,00)
Vakikssiso% = inf Vokikaisy s
[T1,90) X [T25+73,00) X [0,T]
Vokykyisysox = sup Vokikyssysao
[T14,90) X [T24+T3,00) X [0,T]
00k iy = inf Cokikys Oy iy = sup 00k, ky »
[T14,90) X [T2%,00) [T14,00) X [T2%,00)
|k|—1 [k|—1

Dokykyx = Vakygx + ):0 Vokky:s15p%> l;klkz = v;klkz + Z() v;klkz;slsz’
S= S=|

n
HZ Phkikyss Vs = Min(Viy, Vay),
k=1

by = Vo + A+ Y], I3 = V3 + A +7"[|n]].
Consider two functions:

n
v= Ik\z1p§klk2’ w=

p;klkz exp{—bukm}, |kl =n,

Vorky (T3) = B B
1 z( ) pﬁklkzexp{*lzklkz*B}Jrgexp{*(n *Z)lzlqkz*}‘ | %I lvfslsz;klkzvzklkz(z)dz, k|=n—1,n—2,...
5| =|k|+
and
Pakikgr eXp{—L3 1, 13}, k[ =n,
Vokk, (T3) = ¥

Is|=Ikl+1

3
DP2kykyx exp{_lgklkz T3} + {exp{—(n _Z)liklkz} )» Vasisaikikyx Yok, ky (z)dz, |k|=n—1,n-2,...

A7)

(4.8)
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(4.9)

in [0, T]. Functions vy x, and vy g, for [k =n—1,n—2,... 1 can be found recurrently starting from |k| = n — 1 since vy,
and vy, i, for |k| = n are known.

Lemma 4.1. Let v, +A > 0 be a given positive constant. Assume that functions Vog,k, and Vo, iy:s, s, lie in coLl ([T14,00) X
(TZ* +T3,°°) X (O’T)) ﬂC([Tl*,M) X [12* +T37°°) X [07 T])’ Q2ky ey € Co’l([’vl*voo) X (T2*7°°)) ﬂC([Tl*,M)X]Tz*,OO)), D2kiky €
CO ([T14,0) X (T2x,20)) NC([T14,%0) X [T24,00)) and let they be nonnegative bounded functions in domains of their definition.
Then problem (4.5) has a unique nonnegative solution vy i, € COV1([T1,,00) X (Tax + T3,0) X (0,T)) NC([T14,%0) X [Tas +
73,00) X [0,T]) such that vy, < Vakyky < Vakjky i [T, ) X [Tax + T3,00) X [0,T] where Vop,x, and vy y, € c'([o,T)) are

determined by formulas (4.8) and (4.9), respectively.

Proof. Conditions of this lemma let us to solve linear equation (4.5) to have
3

P2k, (T15 ’523)CXP{ — [ by (T1,5 4 T3, 5) ds}7 k| = n,
0

3
P2k, (T1,T23) GXP{ — [ by (1,5 + T3, 9) ds}
Vakiky (T1, T2, T3) = 0 (4.10)

3 T3
+feXP{ — [ biyiy (T1,5 + 13,5) ds} ‘ Z‘ Vas saikiky (T1 24 T22,2)Var k, (T1,2 + T3, 2) d2,
0 z s|=|k|+1

kl=n—1,n—2,...,1,

in [Ty4,00) X [T2« + T3,00) X [0,T], where T3 = T, — 3.

Function (4.10) for |k| =n—1,n—2,...,1 can be found recurrently starting from |k| = n — 1 since vy, for |k| = n is
known. Note that function vy, is independent of parameters y; and A. Direct comparison of Eq. (4.8) with (4.10) and Eq.
(4.9) with (4.10) proves the inequality vy r, < Varik, < Vi, i [T1x,90) X [T2x + T3,0) X [0, T]. Differentiability of vy, x, and

Vor,k, 10 [0, 77 follows from Eqgs.(4.8) with (4.9). O

Let
n

n
Gx = Y Vakjky,00«sMinvy o, q* = Y V3 max vy, i, »
* ot 1k2, *[O,T] 2kyky . 2k k,00 0.7] 1k2

n n
r= Y Vi (T), re= ¥ Vo, (T)
k=1 k=1
Then Y% ||vi|| < P <y ||vills g«lvil] £ O < g*[|vil], relvil] S R < ¥ .

Consider two following systems:

T~ T«
yilill f WAn-1)e?Bdngt in (Tu, T+ T), V(%) =exp{— (T2 — T)(Vas + 1)},
0 4.11)
0

V’2+12*V2 = T
V1 ||V1 H (fVQ(TQ — ‘L'3)€7}LT3 dts q* —‘rVg(Tz — T)elTr*> in (Tz* + T,<>0)7 [Vz(fz* + T)]
0

and

T2 — T2«
yilill [ w(m—15)e?Bdng. in(t, e +T), (1) =exp{—(7. —T)(v; +1)},
Yo+ by, = 9 (4.12)

T
il <fv2(1'2 — T3)€7)”3 At g, +v,(12 — T)elTr*> in (1 +7T,), [v(n~+T)]=0.
0

Applying the argument used to construct Eq. (4.7), Egs. (4.11) and (4.12) on each interval [To, + jT, Tox + (j+ 1)T],
j=0,1,..., can be transformed to Volterra integral equations having unique positive solutions.

Lemma 4.2. Assume that function v, € C([Tax,0)) and parameter y; are positive and let conditions of Lemma 4.1 be fulfilled.
Then Eq. (4.7) has a unique positive solution vy € C'((T,0)) NC([T1x,0)). Moreover;, v, < vy < ¥y in [Ty, o) where v, and
v, are unique positive solutions of Eqs. (4.11) and (4.12), respectively.
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Proof. The proof of the existence and uniqueness of the solution is based on the existence and uniqueness theorem of the
Volterra linear integral equation. It remains to prove the inequality v, < vy <V,. Set Z = v — v,. Subtracting Eq. (4.3); from
Eq. (4.11) we get the equation

T — T«

Z'+hZ=y | Z(nn— T3)dT3Q(T2,T3)€7113 dti+ f(n) in (T, T +T),
012.* T2
) =exp{ = [+ 2)ds}—exp{ = [ (va+2)ds}
T T

with a known nonnegative term

T~ T«

fe) = (a=hpatn [ va(m=mn)(q -0 m))e " dn.
0

This equation can be easily transformed into the Volterra integral equation with a nonnegative kernel and nonnegative known
term. Hence it has a unique nonnegative solution v, — vy in [Tas, To. + T'] and therefore vy < ¥,. Similarly, we prove that v, < v,
in [T2«, T2« + T]. Subtracting (4.12) from Eq. (4.3); and arguing similarly as above, we prove the inequality v, < v, <7, in
[TZ* + Ta oo) . O

It is well known that a solution to the linear Volterra integral equation with a parameter that has a continuous kernel and a
continuous known term with respect to the (argument, parameter) variable is also continuous with respect to the same variable.
Hence, functions vy, v, and v, are continuous with respect to (72, y1,4).

Now we prove that ||vz|| is continuous with respect to parameters y; and A. We integrate Eq. (4.3); to have

I in (T4, T2 +T),
W2 (0) = (s exp{ /lz*dS} in (72, 7 +T) 4.13)
L+5L+1in (1o, +T,o0)

T2

where
T =T« T — Ty T 7
I = yl/exp{ /lz*ds}dz / vz(z—r3)e*“3dr3q*||v1||:y1 / e B / vz(z—73)exp{—/lz*ds}dzq*|v1||,
2 0 0 T3+ T z
T +T Z— Ty T T +T T
L=y / exp{ /lz*ds}dz / vz(z—’L’3)e*“3dT3q*||v1H=y1/e*“3d13 / vz(z—r3)exp{—/lz*ds}dzq*||v1|,
T2 0 0 T3+ Tox z
) (] T T (2} T
L=y / exp{—/lz*ds}dz/vz 7—T3)e “3df3q*||vl||=y1/e*“3d’r3 / vz(z—rg)exp{—/lg*ds}dzq*||v1|,
T +T z 0 0 T+, b4
T T
Li=n / exp{ —/lz*ds}e_”vz(z—T)dzr*||v1|.
T +T b4
Observe that
T: T Tg
L+L =y /e’“3d173 / vz(z—rg)exp{ - /lg*ds}dzq*||v1||.
b T3+ T4 Z

Integrating Eq. (4.13) we find

=

T
%] = /vz(Tz*)exp{ —/lz*ds}d72||v1||+J1+Jz+J3,

Tox Tox
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where
T2*+T T — T« T Tg
Ji=n / dmn / e Bty / vz(z—rg)exp{ — /lg*ds}dzq*||v1||,
8 0 T3+ T4 z
o T rz o
D=y / d‘L’z/e*}”ﬁdTg / vz(z—T3)exp{ —/lz*ds}e“3 dzq*|Ivil],
T +T 0 T3+Tx b4

J3 =y / dn / exp{ /lz*ds}e ATs; 2(z=T)dzr"||v1]|.

T +T T t+T

Changing the order of integration we have

T Tt T 7 )
h=y[e*nan [ an [ VZ(Z_T3)GXP{—/IZ*dS}dzq*”VlHa
0 T +T3 T3+Tx b4
T
Jzzyl/ A%, / dn / i) z—rg)exp{ /lg*ds}e “3dzq [vi]],
0 T +T T3+ T4
e oo o
J3:ylelT/vz(x)dx/exp{— / lg*ds}drzr*||v1||
Tos x+T x+T
and then
T oo T )
11+J2:y1/e”113d73 / dn / vﬁz—’@)exp{—/l%ds}dzq*|v1||.
0 T +13 T3+Tox z
Thus

I (7] )
HVQH ZVz(TQ*) f CXp{ f lz*ds}dfz—Fy] fe )LT3dT3 f dn f V2(Z—T3)€Xp{ —flz*ds}dzq*||v1||
z

Tox Tox T +T3 T3+ T2 (4.14)

oo

+y1e T [Ty (x)dx [ exp{— ) lz*ds}d’czr*|v1||.
T« x+T x+T

and after changing the order of integration

o

= o (%)
[[V2]] = V2 (12s) [ exp{ flz*ds}dfz +y1 fe Az dry | vz(z—fg)dzfexp{ —flz*ds}dfzq*||\1]|
z

T T T +T3 Z

(4.15)

—&-yle”lT [ v(x)dx [ exp{— f lz*ds}d’czr*|v1||
T« x+T x+T

If vi+A > 0, then

T

||Vz||12* = exp{ — (Tz* — T)(Vz* +}L)} + (/elf3 dniq* +elTV*> HVQ||||V1||yl.
0

Hence

_—_— _exp{—(m —T)(vas +4)}
||| :== @ (y1,A) = AT A) (4.16)

provided that

A(yl,l):: V1*+l—|—y1||\/1”N()L)>O “4.17)
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where
T A A
N(A):= y*—/ e MBdrygt —e M
0

Observe that condition (4.17) is fulfilled if N(A) > 0 and v, + A > ¢, € > 0. Eq. (4.16) under condition (4.17) shows that
[[v2]| is continuous in (y;,A). This, the positivity and continuity of v, with respect to (72,y1,4) show that ||7,|| converges
uniformly with respect to A € [—v, +¢€,A'] and y; € [0,y}] where A’ < oo, y| < eo. Then Lemma 4.2 shows that ||v,|| converges
uniformly too and the continuity of v, with respect to (72,y1,A) proves the continuity of ||v,|| with respectto A € [—v, + &,1/]
and y; € [0,y}].

Define

1012 = [ dx,

B4 =T [nBi @
1:2*
Using Lemma 4.1, we can prove that functions g (y;,A) and g»(y1,A) are continuous in A > —v, 4 € and y; > 0. Egs. (4.2),
and (4.3), can be rewritten as follows:

1

N———>—-=0,
! QI(YIIJ) (4.18)
——F=0.
SACWY
Function
1
(y1,A) =y1 — ————
onA)=n gi1(y1,A)

is continuous with respect to (y;,A). Obviously, Z|y1:0 < 0. Eq. (4.3)1 shows that
)

n(3) 2 7(e) = e { - (@) +2)dn (@ - £ a0

for all y; > 0. Define:

=)

Gi(A) = e / 52 (0B () dx, Go(A) = e T / #2(x)Bi1 (x) dx.

N

Then by definition g1 (y1,4) > g1(4) for all y; > 0. Hence, z|y, —1/5,(1) > 0- The continuity of z shows that function z(y;, 1)
has at least one positive root y; (A) € (0,1/g1(A)), which is continuous in A. Then Eq. (4.18), shows that y2(3;(4),4), is also
continuous with respect to A > —v, + € with small € > 0.

Now we find constant A. Set:

n n
hi=Y kv (T), k=Y kv, (T), i=12, BA)=yA)|lpvil|+y2(51 (), 1) pavall.
[|4]]=1 |k|=1
It is evident that
Gi(A) = hie M| [[ ]|, i = 1,2,

Then using Egs. (4.6), (4.16), and (4.18), we get
x AT *« AT

_ )2 1414 — pye
YMlpnll < =l € = H(M)l[p2va|| > = ;
q2 I [[72]] ha|[vi]|
Hence
AT * AT * AT
Hy(h) =225 < B(A) <H,(A) 1= DI P22 (4.19)
ha||vi ]| |22l B[]

provided that condition (4.17) with y; = 1/g;(A) (i.e., A(1/q1(L),A) > 0) is satisfied. Analysis of inequalities (4.19) allows
us to formulate the following assertion:
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Lemma 4.3. Let conditions of Lemmas 4.1 and 4.2 be satisfied. Assume that Ay > —V, + € with a small € > 0 and Ay > Ay are
such that H.(Ay) < 1, H/(A41) > 1, and N(Ay) > 0. Then function B(A) — 1 has at least one real root A;.

The proof of lemma is obvious, since H;, H,, and N are monotonous functions of A.
Based on Lemmas 4.1-4.3, we formulate the following proposition:

Theorem 4.1. Let conditions of Lemmas 4.1-4.3 be satisfied. Then system (3.1)—(3.3) has a one-parametric class of separable
solutions.

5. Conclusion

We proposed a deterministic model for two-sex population with a discrete set of offspring and maternal care assuming that
pairs of sexes exist only during the period of mating, which is disregarded. The Environmental pressure is also neglected in our
model. The reproductive age intervals in model [9] are finite. Contrary to model [9], we let the reproductive age intervals be
infinite. The existence of the separable solutions is proved under some conditions on the model data.

To close the paper, we discuss conditions that led to the existence of the solutions to characteristic equation (4.6) of our
model and equation (4.9) for exponent A of the model [9] in the case of the absence of the Environmental pressure. Equation
(4.9) of model [9] has at least one real solution without any additional restriction on the model data. As shown in Theorem 1 of
our model, the proof of the solvability of characteristic equation (4.6) is based on the proof of the continuity of the norm ||v;||
with respect to parameter A. Knowing this, some robust restrictions on the model data were formulated, that are sufficient for
the existence of the solution to characteristic equation (4.6).
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