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Abstract. In this paper, we introduce spliced double sequences and give the summability of this new
notion by using four dimensional matrices. Note that there are some examples which show the effective-

ness of spliced double sequences in summability theory.

2020 Mathematics Subject Classification. Primary 54A20; Secondary 40J05, 40A05, 40A35, 40G10,

40C15.

Keywords. Pringsheim convergence, double sequences, A-statistical convergence, spliced sequences.

1. Preliminaries

The concept of spliced sequences has been introduced by Osikiewicz [6]. The motivation behind the
introduction of these sequences is to give alternative proof that there exist at least bounded sequences
that a regular matrix cannot sum. Spliced sequences have been studied by many authors in different
manners [1,2,11–14]. A spliced sequence is the combination of convergent sequences by using partitions.

Yurdakadim and Ünver [14] have generalized this notion by using bounded sequences instead of convergent
sequences. On the other hand, Bartoszewicz et al. [1] have generalized this concept by introducing the
density of points.

In this paper, we describe spliced double sequences and give the summability of this new notion by
using four dimensional matrices. Note that there are some examples which show the effectiveness of
spliced double sequences in summability theory.

Let us firstly give a number of elemantary notions and definitions that will be required along the paper.

Definition 1. [9] A double sequence [x] = (xjk) is said to be Pringsheim convergent to L (denoted by
P − limx = L) if for every ϵ > 0 there exists N ∈ N such that |xjk − L| < ϵ for every j, k > N . In this

case, L is called the Pringsheim limit of [x] and the space of such sequences is denoted by c(2).

Definition 2. [8] A double sequence (xjk) is said to be bounded in the sense of Pringsheim if there exists
a positive number H such that |xjk| < H for each j, k ∈ N. The norm of [x] is ∥x∥∞,(2) = sup

j,k
|xjk|.

Definition 3. [4] Let A =
(
amn
jk

)
be a four dimensional summability matrix and [x] = (xjk) be a double

sequence. If [Ax] := {(Ax)mn} is Pringsheim convergent to L then [x] is said to be A-summable to L
where

(Ax)mn :=
∑
j,k

amn
jk xjk, for any m,n ∈ N.

A four dimensional matrix A is said to be RH-regular if it transforms every bounded Pringsheim
convergent sequence into a Pringsheim convergent sequence with the same Pringsheim limit [4].
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Let E be a subset of N× N and A be an RH-regular matrix. If the limit

P − lim
m,n

∑
(j,k)∈E

amn
jk

exists, we say that E has A-density and this is denoted by δ
(2)
A (E).

On the other hand, four dimensional Cesàro matrix (C, 1, 1) =
(
cmn
jk

)
is defined by

cmn
jk =

{
1

mn , j ≤ m and k ≤ n
0 , otherwise.

In the definition of A-density, if we take A = (C, 1, 1), the natural density of E is obtained. This is

denoted by δ(2) (E) [5].

2. Finite Spliced Sequences

In this section, we examine summability properties of M -spliced double sequences by using four di-
mensional matrices.

Definition 4. {E1, E2, ..., EM } is said to be an M -partition of N × N if E1 ∪ E2 ∪ ... ∪ EM = N × N
and Ei ∩ Es = ∅ for i ̸= s and El = {(vl (j) , µl (k))}

∞,∞
j,k=1,1 is a subset of N× N and vl, µl are injective

on N for l = 1, 2, ...,M .

Definition 5. Let γ(l) be a Pringsheim convergent double sequence such that γ(l) = (γ
(l)
jk )

∞,∞
j,k=1,1 and

P − lim
j,k

γ
(l)
jk = Γ(l) for l = 1, 2, ...,M . By the M -partition {E1, E2, ..., EM }, if (r, s) ∈ El such that

(r, s) = (vl (j) , µl (k)) for some j, k, then [x] := (xrs) with xrs = xvl(j),µl(k)
= γ

(l)
jk is called M -spliced

double sequence of the sequences γ(1), ..., γ(M).

Theorem 1. Let A be a nonnegative RH-regular matrix and {E1, E2, ..., EM } is a fixed M -partition. If

δ
(2)
A (El ) exists for every l = 1, 2, ...,M , then the matrix A has the splicing property over {E1, E2, ..., EM },
i.e.,

P − lim
m,n

(Ax)mn =

M∑
l=1

δ
(2)
A (El ) Γ

(l)

holds for every M -splice over {E1, E2, ..., EM }.

Proof. Let δ
(2)
A (El ) exist for any l = 1, 2, ...,M and [x] be an M -splice. Then one can write the following:

(Ax)mn =

∞,∞∑
j,k=1,1

amn
jk xjk =

M∑
l=1

 ∑
(j,k)∈El

amn
jk xjk


=

M∑
l=1

 ∞,∞∑
j,k=1,1

amn
vl(j),µl(k)

xvl(j),µl(k)


=

M∑
l=1

 ∞,∞∑
j,k=1,1

amn
vl(j),µl(k)

γ
(l)
jk


=

M∑
l=1

 ∞,∞∑
j,k=1,1

bmn
jk γ

(l)
jk

 .

It is easy to see that B(l) = (bmn
jk (l)) =

(
amn
vl(j),µl(k)

)
is multiplicative with multiplier δ

(2)
A (El ) according

to [8] for each l = 1, 2, ...,M . That is, for every sequence [x] ∈ c(2), P−lim
m,n

(Bx)mn = δ
(2)
B (El).P−lim

m,n
(x)mn

holds. Therefore

P − lim
m,n

(Ax)mn = P − lim
m,n

M∑
l=1

 ∞,∞∑
j,k=1,1

amn
vl(j),µl(k)

γ
(l)
jk


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=

M∑
l=1

P − lim
m,n

∞,∞∑
j,k=1,1

amn
vl(j),µl(k)

γ
(l)
jk


=

M∑
l=1

δ
(2)
A (El ) Γ

(l).

That is, [x] is A-summable to
M∑
l=1

δ
(2)
A (El ) Γ

(l). Hence A has splicing property over {E1, E2, ..., EM }.

This completes the proof. □

Theorem 2. Let A be an RH−regular matrix. For any M ≥ 2, there exists an M -partition {E1, E2, ...,
EM } such that A does not have the splicing property over {E1, E2, ..., EM }.

Proof. According to Theorem 3.1 in [7], we know that there exists at least bounded double sequence [x]
consisting of only 0′s and 1′s which is not A-summable. For M ≥ 2, consider the partition {E1, E2, ...,
EM } where E1 = {(j, k) : xjk = 1} and E2, E3, ..., EM can be constructed such that they are disjoint,

infinite, and
M⋃
l=2

El = (N × N)\E1. Then [x] is an M − spliced double sequence over the partition

{E1, E2, ..., EM } of sequences γ
(1)
jk = 1 and γ

(l)
jk = 0 for l = 2, ...,M . Therefore since [x] is not A −

summable, A has not the splicing property over {E1, E2, ..., EM}. □

A four dimensional matrix A is said to be RH-preserving zero limit matrix if it transforms any bounded
Pringsheim convergent sequence to zero into a bounded Pringsheim convergent sequence to zero.

We express a fact on four dimensional matrix which is RH-preserving zero limit in a lemma. The
concept has been studied in [3] but the following Lemma can not be deduced from Theorem 2.3 in [3].

Lemma 1. Four dimensional matrix A =
(
amn
jk

)
preserves zero limit if and only if

(a) P − lim
m,n

amn
jk = 0 for any j and k,

(b)
∑
j,k

∣∣∣amn
jk

∣∣∣ has Pringsheim limit for any m and n,

(c) P − lim
m,n

∑
j

∣∣∣amn
jk

∣∣∣ = 0 for any k,

(d) P − lim
m,n

∑
k

∣∣∣amn
jk

∣∣∣ = 0 for any j,

(e)
∑
j,k

∣∣∣amn
j,k

∣∣∣ ≤ H for any m and n.

Proof. Sufficiency: Let [x] = (xjk) be a bounded Pringsheim convergent sequence to 0. We show that
[Ax] is also a bounded Pringsheim convergent to zero by using (a)− (e). We can write

|ymn| =

∣∣∣∣∣∣
∞,∞∑
j,k

amn
jk xjk

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
p,q∑

j=1,k=1

amn
jk xjk

∣∣∣∣∣∣+
∣∣∣∣∣∣

p,∞∑
j=1,k=q+1

amn
jk xjk

∣∣∣∣∣∣+
∣∣∣∣∣∣

∞,q∑
j=p+1,k=1

amn
jk xjk

∣∣∣∣∣∣+
∣∣∣∣∣∣

∞,∞∑
j=p+1,k=q+1

amn
jk xjk

∣∣∣∣∣∣ .
For ϵ > 0, we can find p and q so large that |xjk| ≤ ϵ

4H for j > p, k > q. Let L be the greatest of the
numbers |xjk| for each j and k. Using conditions (a) , (c) , (d) we can find two integers T and N such
that whenever m ≥ T , n ≥ N,

p,q∑
j=1,k=1

∣∣amn
jk

∣∣ < ϵ

4pqL

∞∑
k=1

∣∣amn
jk

∣∣ < ϵ

4pL
, (j = 1, 2, 3, ..., p)
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∞∑
j=1

∣∣amn
jk

∣∣ < ϵ

4qL
, (k = 1, 2, 3, ..., q) .

Therefore, for m ≥ T , n ≥ N we have,

|ymn| ≤
ϵ

4Lpq
Lpq +

ϵ

4Lp
Lp+

ϵ

4Lq
Lq +

ϵ

4H
H

which means that
P − lim

m,n
ymn = 0.

Necessity: To see (a) , define a sequence (xmn) as follows:

xmn =

{
1 , m = p and n = q
0 , otherwise.

Here ymn = amn
pq . Hence condition (a) is necessary.

(b) It is well known that if
∞,∞∑

m=1,n=1
umn is not absolutely convergent, then one can choose a bounded

double sequence smn such that P − lim
m,n

smn = 0 and
∞,∞∑

m,n=1,1
umnsmn diverges to +∞ [10]. By using this

corollary, one can choose any fixed m and n and suppose the series
∑
j,k

∣∣∣amn
jk

∣∣∣ diverges. In this case there is

a bounded sequence xjk such that [x] has zero limit, and
∑
j,k

amn
jk xjk diverges. This contradicts with our

hypothesis. Therefore (b) holds. The proofs of (c), (d), (e) has same way in page 61, Theorem 2 in [10]
(d)− (f), respectively. □

Theorem 3. Let a four dimensional matrix A be an RH-preserving zero limit matrix. If γ ∈ c(2)\c(2)0

is an A-summable bounded double sequence to L, then A is multiplicative with multiplier L/Γ with P −
lim
j,k

γjk = Γ ̸= 0.

Proof. From Lemma 1 and Theorem 2.3. in [8], since A is four dimensional matrix which is RH-preserving
zero limit in order to show that L/Γ-multiplicative, it is enough to show that P − lim

m,n

∑
j,k

amn
jk = L/Γ.

Since P − lim
j,k

γjk = Γ ̸= 0, it can be expressed as γjk = Γejk + ϵjk where all terms of the sequence (ejk)

is 1 and P − lim
j,k

ϵjk = 0. Then, for a given m and n, we obtain

(Aγ)mn =
∑
j,k

amn
jk γjk =

∑
j,k

amn
jk (Γejk + ϵjk)

= Γ
∑
j,k

amn
jk ejk +

∑
j,k

amn
jk ϵjk.

Since γ is A-summable to L and A preserves zero limits, we also have

L = P − lim
m,n

(Aγ)mn = ΓP − lim
m,n

∑
j,k

amn
jk + P − lim

m,n

∑
j,k

amn
jk ϵjk

= ΓP − lim
m,n

∑
j,k

amn
jk + 0,

since A preserves zero limits and P − lim
m,n

(Aγ)mn = L. That is, P − lim
m,n

∑
j,k

amn
jk = L

Γ . Hence A is

multiplicative with multiplier L
Γ . □

Now we use the following notation to give a new result.

Consider a four dimensional matrix A =
(
amn
jk

)
and a subset E = {(v (r) , µ (s))}∞,∞

r,s=1,1 of N × N.

Then define A[E] =
(
bmn
jk

)
by bmn

jk = amn
v(j),µ(k). For a double sequence [x], we write(

A[E]x
)
mn

=
∑
j,k

bmn
jk xjk =

∑
j,k

amn
v(j),µ(k)xjk.
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Theorem 4. Let A be a nonnegative RH-regular matrix and E ⊂ N × N be an infinite set. If δ
(2)
A (E)

exists, then A[E] is RH-multiplicative with multiplier δ
(2)
A (E) and conversely, if A[E] is multiplicative

with the constant t, then δ
(2)
A (E) exists and equals to t.

Proof. For every m and n, we have(
A[E]e

)
mn

=
∑
j,k

amn
v(j),µ(k) =

∑
(j,k)∈E

amn
jk .

If δ
(2)
A (E) exists, by Theorem 3, A[E] is RH-multiplicative with multiplier δ

(2)
A (E). Conversely, if A[E] is

RH-multiplicative with multiplier t, then we have

t = P − lim
m,n

(
A[E]e

)
= P − lim

m,n

∑
(j,k)∈E

amn
jk = δ

(2)
A (E) ,

where all terms of the sequence (ejk) is 1. □

Theorem 5. Let [x] be a 2-splice of bounded double sequences γ(1) and γ(2) over {E1, E2} with Γ(1) ̸= Γ(2).

If A is a nonnegative RH-regular matrix which sums [x] to the value L, then δ
(2)
A (E1) and δ

(2)
A (E2 ) exist

with

δ
(2)
A (E1) =

Γ(2) − L

Γ(2) − Γ(1)
and δ

(2)
A (E2) =

L− Γ(1)

Γ(2) − Γ(1)
.

Proof. Let [x] be a 2−splice of the bounded double sequences γ(1) and γ(2) over {E1, E2} with Γ(1) ̸= Γ(2),

such that [x] isA-summable to L. A[El] =
(
amn
vl(j),µl(k)

)
matrices with El = {(vl (j) , µl (k)) : (j, k) ∈ N× N},

(l = 1, 2) fulfill the conditions of Lemma 1 that is, they preserve zero limits. For any given m and n, we
have (

A
(
x− Γ(1)

))
mn

=
∑
j,k

amn
jk

(
xjk − Γ(1)

)
=

∑
j,k

amn
v1(j),µ1(k)

(
γ
(1)
jk − Γ(1)

)
+

∑
j,k

amn
v2(j),µ2(k)

(
γ
(2)
jk − Γ(1)

)
=

(
A[E1]

(
γ(1) − Γ(1)

))
mn

+
(
A[E2]

(
γ(2) − Γ(1)

))
mn

.

Since γ(1) − Γ(1) ∈ c
(2)
0 , we have(

A[E2]
(
γ(2) − Γ(1)

))
=

(
A
(
x− Γ(1)

))
mn

−
(
A[E1]

(
γ(1) − Γ(1)

))
mn

= L− Γ(1) + o (1) .

Thus, γ(2) −Γ(1) is A[E2]-summable to L−Γ(1). Since γ(2) −Γ(1) ∈ c(2)\c(2)0 , Lemma 1 implies that A[E2]

is multiplicative with multiplier
(
L− Γ(1)

)
/
(
Γ(2) − Γ(1)

)
. Then, Theorem 3 implies that

δ
(2)
A (E2 ) =

L− Γ(1)

Γ(2) − Γ(1)

and

δ
(2)
A (E1 ) = 1− δ

(2)
A (E2 ) = 1− L− Γ(1)

Γ(2) − Γ(1)
=

Γ(2) − L

Γ(2) − Γ(1)
.

□

3. Infinite Spliced Sequences

In this section, we examine summability properties of ∞-spliced double sequences by using four di-
mensional matrices. ∞-partition of N× N is similarly defined as in Definition 4.
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Definition 6. Let {El} be a fixed ∞ − partition of N × N. For l ∈ N, let γ(l) =
(
γ
(l)
j,k

)∞,∞

j,k=1,1
be

convergent double sequences with P − lim
j,k

γ
(l)
j,k = Γ(l). Then the ∞− splice of the sequences γ(l), l ∈ N

over the ∞−partition {El} is the sequence [x] defined as follows: if (r, s) ∈ El, then (r, s) = (vl (j) , µl (k))

for some j, k ∈ N and xr,s = xvl(j),µl(k)
:= γ

(l)
j,k.

Definition 7. Let A be an RH − regular matrix and consider a fixed ∞− partition {El}. If A sums
every bounded double ∞ − spliced sequences over the ∞ − partition {El}, then A is said to have the
splicing property over {El}.

Theorem 6. Let A be a nonnegative RH − regular matrix and {El} be a ∞− partition of N × N. If

for every l ∈ N, δ(2)A (El) exists and
∑
l

δ
(2)
A (El) = 1, for bounded ∞− spliced sequences over {El}, then

A has the splicing property over {El} with

P − lim
m,n

(Ax)mn =

∞∑
l=1

δ
(2)
A (El) Γ

(l).

Proof. Let δ
(2)
A (El) exists for every l ∈ N,

∞∑
l=1

δ
(2)
A (El) = 1 and let [x] be a bounded ∞−spliced sequence

over {El}. Then for a given m and n, we have

(Ax)mn =

∞,∞∑
j,k=1,1

amn
jk xjk =

∞∑
l=1

 ∑
(j,k)∈El

amn
jk xjk


=

∞∑
l=1

 ∞,∞∑
j,k=1,1

amn
vl(j),µl(k)

xvl(j), µl(k)


=

∞∑
l=1

 ∞,∞∑
j,k=1,1

amn
vl(j),µl(k)

γ
(l)
j,k


=

∞∑
l=1

(
Bγ(l)

)
mn

where B =
(
bmn
jk

)
=

(
amn
vl(j), µl(k)

)
. Define fmn and gmn as follows:

fmn : N −→ C by fmn (l) :=
(
Bγ(l)

)
mn

and gmn : N −→ C by gmn (l) := M. (Be)mn, where M =

∥x∥∞,(2) and all terms of the sequence [e] = (ejk) is 1.

Since δ
(2)
A (El) exists for every l, the matrix B =

(
bmn
jk

)
is multiplicative with multiplier δ

(2)
A (El) and

f (l) := P − lim
m,n

fmn (l) = P − lim
m,n

(
Bγ(l)

)
mn

= δ
(2)
A (El) Γ

(l)

and
g (l) := P − lim

m,n
gmn (l) = P − lim

m,n
M (Be)mn = Mδ

(2)
A (El) .

If µ represents the counting measure, then we get

P − lim
m,n

∫
N

gmn (l) dµ = P − lim
m,n

∞∑
l=1

M (Be)mn

= M.P − lim
m,n

∞∑
l=1

 ∑
(j,k)∈El

amn
jk


= M.P − lim

m,n

∞,∞∑
j,k=1,1

amn
jk

= M.1
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= M

∞∑
l=1

δ
(2)
A (El)

=

∫
N

g (l) dµ.

In other words,

P − lim
m,n

∫
N

gmn (l) dµ =

∫
N

P − lim
m,n

gmn (l) dµ.

Also for every m and n,

|fmn (l)| =

∣∣∣∣∣∣
∞,∞∑

j,k=1,1

amn
vl(j),µl(k)

γ
(l)
j,k

∣∣∣∣∣∣
≤ M

∞,∞∑
j,k=1,1

amn
vl(j),µl(k)

= M (Be)mn = gmn (l) .

Therefore according to dominated convergence theorem with two parameters,

P − lim
m,n

(Ax)mn = P − lim
m,n

∞∑
l=1

(
Bγ(l)

)
mn

=

∞∑
l=1

P − lim
m,n

(
Bγ(l)

)
mn

=

∞∑
l=1

δ
(2)
A (El) Γ

(l)

is obtained. Thus x is A-summable to
∑
l

δ
(2)
A (El) Γ

(l) and consequently A has the splicing property. □

Example 1. There exists a 3-spliced sequence x over a 3-partition {E1, E2, E3} with Γ(1), Γ(2), Γ(3) all

distinct, such that x is (C, 1, 1)-summable to 0, but δ(2) (E1), δ
(2) (E2) and δ(2) (E3) do not exist. In order

to see it, first recall that an RH-regular matrix can not sum every bounded sequence even if consists of
0’s and 1’s. Therefore there exists a subset E1 = {vl(j), µl(k)}

∞,∞
j,k=1,1 ⊂ N×N with v1 (j)+1 < v1 (j + 1)

and µ1 (k) + 1 < µ1 (k + 1) such that δ(2) (E1) = P − lim 1
mn |{(i, j) : {vl(j), µl(k)} ∈ E1}| does not exist.

Considering the set E3 = (N× N) \ (E1 ∪ E2), {E1, E2, E3} becomes a 3-partition of N×N. If γ
(1)
j,k := 1,

γ
(2)
j,k := −1 and γ

(3)
j,k := 0 over {E1, E2, E3}, then the obtained 3-spliced sequence x is (C, 1, 1)-summable

to 0. Actually

((C, 1, 1) (x))mn =

∣∣∣∣∣∣∣∣∣∣
1

mn

∑
(j,k)∈E1

1≤j≤m
1≤k≤n

xjk +
1

mn

∑
(j,k)∈E2

1≤j≤m
1≤k≤n

xjk +
1

mn

∑
(j,k)∈E3

1≤j≤m
1≤k≤n

xjk

∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣
1

mn

∑
j,k

v1(j)≤m
µ1(k)≤n

γ
(1)
j,k +

1

mn

∑
j,k

v2(j)=v1(j)+1≤m
µ2(k)=µ1(k)+1≤n

γ
(2)
j,k +

1

mn

∑
j,k

v3(j)≤m
µ3(k)≤n

γ
(3)
j,k

∣∣∣∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣∣∣
1

mn

∑
j,k

v1(j)≤m
µ1(k)≤n

1− 1

mn

∑
j,k

v1(j)≤m−1
µ1(k)≤n−1

1

∣∣∣∣∣∣∣∣∣∣∣
≤ 1

m
+

1

n
−→ 0.

Example 2. Consider an ∞-partition of N× N as follows

El =
{(

2l−1 (2j − 1) , k
)}∞,∞

j,k=1,1
, l ∈ N.

According to Mursaleen and Osama [5], for every l, we have

δ(2) (El) = P − lim
j,k

j.k

2l−1 (2j − 1) .k
=

1

2l
.

Hence, we obtain

∞∑
l=1

δ(2) (El) =

∞∑
l=1

1
2l

= 1.

Example 3. Consider the following double sequence [x]:

xjk =


√

3r+1
r , j = 3r − 2, k ∈ N,

arctan r , j = 3r − 1, k ∈ N,
1
2r , j = 3r, k ∈ N.

This sequence can be expressed a 3-spliced of the sequences γ(1), γ(2), γ(3) over {E1, E2, E3}, where

γ
(1)
jk =

√
3j + 1

j
, γ

(2)
jk = arctan j, γ

(3)
jk =

1

2j

and

E1 = {(3j − 2, k)}∞,∞
j,k=1,1 , E2 = {(3j − 1, k)}∞,∞

j,k=1,1 , E3 = {(3j, k)}∞,∞
j,k=1,1 .

Observe that δ(2) (El) =
1
3 for l = 1, 2, 3 and also P − lim

j,k
γ
(1)
jk =

√
3, P − lim

j,k
γ
(2)
jk = π

2 , P − lim
j,k

γ
(3)
jk = 0.

It is not easy to show directly that such the sequence x is (C, 1, 1)-summable. But by using Theorem 1,
we easily have that

P − lim
m,n

{(C, 1, 1)x}mn =

3∑
l=1

δ(2) (El) Γ
(l) =

1

3

√
3 +

1

3

π

2
+

1

3
.0 =

1

3

(√
3 +

π

2

)
.
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