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ABSTRACT. In this paper, we introduce spliced double sequences and give the summability of this new
notion by using four dimensional matrices. Note that there are some examples which show the effective-
ness of spliced double sequences in summability theory.
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1. PRELIMINARIES

The concept of spliced sequences has been introduced by Osikiewicz [6]. The motivation behind the
introduction of these sequences is to give alternative proof that there exist at least bounded sequences
that a regular matrix cannot sum. Spliced sequences have been studied by many authors in different
manners [1L2L[ITHI4]. A spliced sequence is the combination of convergent sequences by using partitions.
Yurdakadim and Unver [14] have generalized this notion by using bounded sequences instead of convergent
sequences. On the other hand, Bartoszewicz et al. [1] have generalized this concept by introducing the
density of points.

In this paper, we describe spliced double sequences and give the summability of this new notion by
using four dimensional matrices. Note that there are some examples which show the effectiveness of
spliced double sequences in summability theory.

Let us firstly give a number of elemantary notions and definitions that will be required along the paper.

Definition 1. [9] A double sequence [x] = (x1) is said to be Pringsheim convergent to L (denoted by
P —limx = L) if for every e > 0 there exists N € N such that |z — L| < € for every j,k > N. In this
case, L is called the Pringsheim limit of [x] and the space of such sequences is denoted by c(?).

Definition 2. [§] A double sequence (x;1) is said to be bounded in the sense of Pringsheim if there exists
a positive number H such that |x;i| < H for each j,k € N. The norm of [x] is ||z[| o (o) = sup|z;x|.
: .S

)

Definition 3. [j] Let A = (a%") be a four dimensional summability matriz and [x] = (z,;) be a double
sequence. If [Ax| := {(Ax),,,} is Pringsheim convergent to L then [x] is said to be A-summable to L
where
(Az),.,, = Zaﬂ”x]—k, for any m,n € N.
Jik
A four dimensional matrix A is said to be RH-regular if it transforms every bounded Pringsheim
convergent sequence into a Pringsheim convergent sequence with the same Pringsheim limit [4].
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Let F be a subset of N x N and A be an RH-regular matrix. If the limit

P — lim g a
m,n
(4,k)eEE

exists, we say that E has A-density and this is denoted by 6Ef (E).
On the other hand, four dimensional Cesaro matrix (C,1,1) = ( %") is defined by

omn ﬁ , j<mand k<n
Gk = 0o , otherwise.

In the definition of A-density, if we take A = (C,1,1), the natural density of E is obtained. This is
denoted by 6 (E) [5)].

2. FINITE SPLICED SEQUENCES

In this section, we examine summability properties of M-spliced double sequences by using four di-
mensional matrices.

Definition 4. {Ey, Es, ..., Eyp } is said to be an M-partition of Nx N if By UEy;U...UE)y = NxN
and E; N Es = @ fori# s and By = {(vi (j),py (k))}53211 is a subset of N x N and v, p are injective
onN forl=1,2,.... M.

)

0,00

Definition 5. Let v be a Pringsheim convergent double sequence such that v = ('yglk))] 1.1 and
P — 111]1217% =TW forl =1,2,...M. By the M-partition {Ey, Fso,...,Ep }, if (r,s) € E; such that
Js

(r,s) = (v (§) , py (k) for some j, k, then [x] := (Trs) with Trs = Toy(j),u, (k) = 'yyk) is called M -spliced
double sequence of the sequences vV, ...,y

Theorem 1. Let A be a nonnegative RH-reqular matriz and {E1, Es, ..., Epr }ois a fized M -partition. If
5542) (E) ) exists for everyl = 1,2, ..., M, then the matriz A has the splicing property over {E1, Ea, ..., Ep },

i.e.,
M

P —lim (Az),,, = >_ 6% (B )T®
" =1

holds for every M -splice over {E1, Ea,...,En }.
Proof. Let (5542) (E; ) exist for any I = 1,2, ..., M and [z] be an M-splice. Then one can write the following;:

00,00 M
= Z a;—r;cnl'jk: E E (l;»r;cn.%'jk
7,k=1,1 =1 (4,k)EE,;
M 00,00
J— mn .
- Z Gy (3,0 (k) For ()11 ()
1=1 \j,k=1,1
M 00,00
_ mn ()
=2 2 el
1=1 \j,k=1,1
M
_ mn (1)
=3 e
1=1 \j,k=1,1

It is easy to see that B(l) = (b}}"(1)) = (a’”?) s (k)) is multiplicative with multiplier 6( ) (E; ) according
to [8] for each I = 1,2, ..., M. That is, for every sequence [z] € ¢, P—lim(Bx), = 5532)(El).P7hm( )
holds. Therefore ’ ’

00,00

M
Pt (40), = Pt (3 a0
’ = j,k=1,1



SUMMABILITY OF SPLICED DOUBLE SEQUENCES 193

M=

Il
N

o 0
P—lim > aiit) e
jh=11

5@ (B )T,

M=

N
Il
i

M

That is, [z] is A-summable to ) (5542) (E; )TW. Hence A has splicing property over {Ej, Es, ..., Eas }.
=1

This completes the proof. O

Theorem 2. Let A be an RH —regular matriz. For any M > 2, there exists an M -partition {E1, Es, ...,
Eyr } such that A does not have the splicing property over {Ey, Ea, ..., Enr }.

Proof. According to Theorem 3.1 in [7], we know that there exists at least bounded double sequence [x]
consisting of only 0's and 1’s which is not A-summable. For M > 2, consider the partition {E1, Es, ...,
En } where By = {(j,k) : xjr = 1} and Es, Es, ..., Ep can be constructed such that they are disjoint,

M
infinite, and |J F; = (N x N)\E;. Then [z] is an M — spliced double sequence over the partition
1=2

{E1, Ea, ..., Epr } of sequences 75‘}2 =1 and ﬂyglk) =0 for [ = 2,...,M. Therefore since [z] is not A —

summable, A has not the splicing property over {Ey, Es, ..., Ear}. O
A four dimensional matrix A is said to be RH-preserving zero limit matrix if it transforms any bounded
Pringsheim convergent sequence to zero into a bounded Pringsheim convergent sequence to zero.

We express a fact on four dimensional matrix which is RH-preserving zero limit in a lemma. The
concept has been studied in 3] but the following Lemma can not be deduced from Theorem 2.3 in [3].

Lemma 1. Four dimensional matrix A = (a%”) preserves zero limit if and only if

(a) P —lim ajy =0 for any j and k,
m,n

(0) > |agy"

Jik

has Pringsheim limit for any m and n,

(¢) P—1lim ) ‘a;-’}c" =0 for any k,
mn "

(d) P—lm3}_ |a"| =0 for any j,
m,n L

(e) > |afy| < H for any m and n.

J.k

Proof. Sufficiency: Let [z] = (z;i) be a bounded Pringsheim convergent sequence to 0. We show that
[Az] is also a bounded Pringsheim convergent to zero by using (a) — (e). We can write

00,00
[Ymn| = Z aﬂnxjk
7.k

pPq P, 0,9 00,00
mn mn mn mn
< E Qi Tik| + E @i Tjk| + E @y Tjk| + E @ Tk -
j=1,k=1 j=1,k=q+1 j=p+1,k=1 J=p+1k=q+1

For € > 0, we can find p and ¢ so large that |z;.| < ;5 for j > p, k > ¢. Let L be the greatest of the
numbers |z;| for each j and k. Using conditions (a), (¢), (d) we can find two integers T' and N such
that whenever m > T, n > N,

p,q

mn €
j}k::l a5 dpqL

Z |a§7€n’ < ZIP%L’ (J = 1,2,37...7p)
k=1
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S Jamr| < 4(1%, (k=1,2,3,...q).
=1

Therefore, for m > T, n > N we have,

——Lpq + —Lp + —Lq +-SH

[Ymn| < 4L ALp iLq 1H

which means that
P — limy,,, = 0.
m,n
Necessity: To see (a), define a sequence (2, ) as follows:
. _{1 , m=pandn=gq
mrel 0o, otherwise.

Here Y, = ap,*. Hence condition (a) is necessary.

00,00
(b) It is well known that if Z Umn 18 Not absolutely convergent, then one can choose a bounded
=1,n=1
m n o0
double sequence s, such that P — lim 8,,,, = 0 and > umpSmn diverges to +o0o [10]. By using this
m,n m,n=1,1

’"LTL

corollary, one can choose any fixed m and n and suppose the series Z diverges. In this case there is

a bounded sequence ), such that [z] has zero limit, and > a7} xjk dlverges This contradicts with our

7,
hypothesis. Therefore (b) holds. The proofs of (¢), (d), (e) has same way in page 61, Theorem 2 in [10]
(d) — (f), respectively. O

Theorem 3. Let a four dimensional matrix A be an RH -preserving zero limit matriz. If v € c(z)\cgf)
is an A-summable bounded double sequence to L, then A is multiplicative with multiplier L/T" with P —
lji}lglvjk =T #0.

Proof. From Lemma 1|and Theorem 2.3. in [8], since A is four dimensional matrix which is RH -preserving
zero limit in order to show that L/I-multiplicative, it is enough to show that P — hmZa = L/T.

Since P — hm vx =1 # 0, it can be expressed as 7, = I'ejx + €;; where all terms of the sequence (ejk)

is1 and P — 111]? €jr = 0. Then, for a given m and n, we obtain
7
ZaJk Tik = Za%" (Tejn +€jk)
- rzaﬂc +zaﬂc

Since v is A-summable to L and A preserves zero hmlts we also have

L =P = lim(Ay)py =TP - hmZa +P— hmZa]k o

7k Ik
=TP-1i m
%%Za]k + 0,
3,k
since A preserves zero limits and P — lim(A%),,,, = L. That is, P — hmz ajyt = L. Hence A is
m,n m.n i
T . . T L
multiplicative with multiplier &. O

Now we use the following notation to give a new result.
Consider a four dimensional matrix A = (a’ﬁ") and a subset F = {(v (T),u(s))}fzz’l of N x N.

Then define APl = (bﬂ") by 07" = ay(}y k) For a double sequence [z], we write

(A[E]x) =D MR = YAl ik
sk gk
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Theorem 4. Let A be a nonnegative RH-regular matriz and E C N x N be an infinite set. If 5(? (E)
exists, then AP! is RH-multiplicative with multiplier 6542) (E) and conversely, if AF! is multiplicative

with the constant t, then (5(A2) (E) exists and equals to t.

Proof. For every m and n, we have

( )mn Zav(a)u(k) (Z a

j,k)EE

If J(Az) (E) exists, by Theorem |3, AlF! is RH-multiplicative with multiplier 5f42) (E). Conversely, if APl is
RH-multiplicative with multiplier ¢, then we have

t=P—tm (AFle) = P—lim 3 = (5).

(3,k)EE

where all terms of the sequence (e;i) is 1. O

Theorem 5. Let [x] be a 2-splice of bounded double sequences YY) and v over {Ey, By} withT™M) # T3,

If A is a nonnegative RH-regular matriz which sums [x] to the value L, then 6542) (E1) and (5542) (Es ) exist
with
re_r L—1TM

) _ =L (2) - -
o4 (B = w04 (B2) = wo -

Proof. Let [x] be a 2—splice of the bounded double sequences v() and 4(?) over {E1, Ey} with T(}) £ (),
such that [z] is A-summable to L. APt = ‘ vz(j),m(k)) matrices with Ey = {(vi (5), g (K)) = (j, k) € N x N}7
i

(I =1,2) fulfill the conditions of Lemma [1| that is, they preserve zero limits. For any given m and n, we
have

(A (m - F(l)))mn = %a;’}f (Jijk - I‘(l))

I A(Vﬁ) F(1))+ 4 (vﬁ) 1“<1))

v1(4),p1 (k) v (), 12 (k)
Jsk Jik

— (A[El] (Wu) _ 1"(1))) n (A[Ez] (7@) _ 1"(1))) .

Since v — T ¢ 082), we have

(A[Ez] (7@) _ p(l))) — (A (x _ I‘(l)))mn _ (A[El] <7<1> _ I‘(l)))mn

:L—F(1)+o(1).

Thus, v® —T'® is AE2]_summable to L — ') Since 42 —TM) ¢ ¢ \c 2) Lemmalmphes that AlF2]
is multiplicative with multiplier (L F(l)) / (I’(Q) F(l)) Then, Theoremllmphes that

(1)
@ L-T
oa (B2) = r® _rm
and
L—-1® r—_r

(2) _ (2) _ =
0a (Br)=1-04 (B2) =1~ roy—t@m = Ty 70"

3. INFINITE SPLICED SEQUENCES

In this section, we examine summability properties of co-spliced double sequences by using four di-
mensional matrices. co-partition of N x N is similarly defined as in Definition [
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Definition 6. Let {E;} be a fived oo — partition of N x N. For 1 € N, let ) = (fy%“)j/;:n be

convergent double sequences with P — 11%1 7§'l3c =TW. Then the oo — splice of the sequences YV, 1 € N
gk

over the co—partition {E}} is the sequence [x] defined as follows: if (r,s) € Ey, then (r,s) = (v; (§) , p; (k))
for some j, k € N and z, s = Ty, (j),u, (k) = 'yjlk.

Definition 7. Let A be an RH — regular matriz and consider a fized oo — partition {E;}. If A sums

every bounded double oo — spliced sequences over the oo — partition {E;}, then A is said to have the

splicing property over {E;}.

Theorem 6. Let A be a nonnegative RH — regular matriz and {E;} be a oo — partition of N x N. If

for every l € N, 5E42) (E)) exists and 25542) (E)) =1, for bounded oo — spliced sequences over {E;}, then
1

A has the splicing property over {E;} with

P —lim (Az),,, = > 6% (E)TO.

m,n
=1

Proof. Let 6542) (E)) exists for every l € N, Y 6542) (E;) =1 and let [2] be a bounded oo — spliced sequence
=1
over {E;}. Then for a given m and n, we have

00,00 oo
_ mn,,  _ mn,, .
(Az),.. = E ajy T = g E ajy
jk=1,1 1=1 \ (j,k)EE,

oo

Z a?z?j),m(k)xvz(j),m(k)

I=1 \jk=11

S DI At
ONHORERS

I=1 \jk=11

:Z(BW(”)

l

1

where B = (bﬁ") = (avm;,?j), uz(k))' Define fp,n and g, as follows:

Jmn : N = C by fnn () := (By") and gmn : N — C by gmn (1) := M. (Be)
[#(| o, (2) and all terms of the sequence [e] = (e;y) is 1.

where M =

mn?

Since 5542) (Ey) exists for every [, the matrix B = (b;’}c") is multiplicative with multiplier 653) (E;) and

FQ) = P —lim fop (I) = P — lim (Bw)) =6 () 1O

mn
and

g(l) := P —1im gpmn (I) = P —lim M (Be), = M5 (E)).

mn

If pu represents the counting measure, then we get

m,n 3

P—1lim [ gnn ()dp=P—1lm>» M (Be),,,
N I=

:M.P—gmni > oapr

=1 \(4,k)eE;
00,00
= M.P — lim E a;-’,‘c"
m,n
jik=1,1

=M1
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=M 8% (B)

=1

=/9(l)du-

N

In other words,

m,n

pP- lim/gmn () du = /P — lim g, (1) dpa.
N N

Also for every m and n,

l)
| frnn (1 Z avz(]) (k) T4,k

7,k=1,1

<M Z oy (7,0

7,k=1,1
= M (Be),,, = gmn (1) -

Therefore according to dominated convergence theorem with two parameters,

mn

P— 717111&1 (Az), . =P — limi (B’Y(l)>
1 m,n —

M

P —lim (BW)
mn

m,n

Il
-

6P ()T

M

1

is obtained. Thus x is A-summable to > 6542) (E;)T® and consequently A has the splicing property. [
1

Example 1. There exists a 3-spliced sequence x over a 3-partition {E1, Eo, E3} with r® @ 16 6
distinct, such that x is (C,1,1)-summable to 0, but 62 (Ey), 6 (Ey) and §® (Es) do not exist. In order
to see it, first recall that an RH-reqular matriz can not sum every bounded sequence even if consists of
0’s and 1’s. Therefore there exists a subset Ey = {vl( )1 (R) 35525 1 C Nx N with vy (j) +1 <1 (j + 1)
and pu, (k) +1 < pu (k+1) such that §2 (Ey) = —1lim == {(4,§) : {vi(j), u; (k)} € E1}| does not emist.
Considering the set E5 = (N x N)\ (Fy U E3), {El,Eg, Es} becomes a 3-partition of N x N. If 'yjl) =1,
7(2,2 = —1 and 'y( ) = 0 over {E1, By, E5}, then the obtained 3-spliced sequence x is (C,1,1)-summable
to 0. Actually

1 1 1
(CLY) @ = | 2 @b D Tkt > @

(4,k)EEL (4:k)EE (4,k)EEs
1<j<m 1<j<m 1<j<m
1<k<n 1<k<n 1<k<n

1 w, 1 @, 1 (3)
=l D it > Q2N a— Z Vik
J.k J.k
v (j)<m va(j)=v1 (j)+1<m vs (N
na(k)<n o (k)=p; (k)+1<n ng(k)<n
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1 1 1 1
=— > 1-— > 1<—+4+=—0
mn < mn - m n
gk 7.k
v1(5)<m v1(7)<m—1
na(k)<n pi(k)<n—1
Example 2. Consider an co-partition of N x N as follows
-1 (o, 00,00
E={(27" @2 -1k} o, L€N

According to Mursaleen and Osama [5], for every l, we have

ik 1
@ (EN=P—1 _Jr =
o7 (B ik 2-T(2j 1)k 2

Hence, we obtain 25(2) (E) = 22% =1.
=1 =1

Example 3. Consider the following double sequence [z]:

VL, j=3r—2, k€N,

Tjk = arctanr , j=3r—1, keN,
= , j=3r keN.

This sequence can be expressed a 3-spliced of the sequences vV, v, 43) pper {E1, Es, Es}, where

1 _

(3) _
Vik =

2 )
7;,2 = arctany, Vi =

2j
and

By ={(j-2,k)}755,, E={Gji-1 k)}]k 11 Bs={(80,k)}55
Observe that 5 (Ey) = % for1=1,2,3 and also P — 1}%17 =3, P— hmfy(i) =3, P— 1}5?753? =0.

It is not easy to show directly that such the sequence x is (C,1,1)- summable. But by using Theorem
we easily have that

P—lim{(C,1,1)x Zaw \[+W+,07,(\/§+g),
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