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ABSTRACT

In this study, properties of the two modal operator (O, ¢) defined on intuitionistic fuzzy sets were
investigated. Afterwards, some intuitionistic fuzzy operations (—, @, U, N,3$,#,*) were researched with

modal operators (O, ¢ ) . New equalities were obtained and proved.
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1. INTRODUCTION

The notion of fuzzy logic was firstly defined
by L.A.Zadeh in 1965. Then, intuitionistic fuzzy
sets (shortly ifs) were defined by K.Atanassov in
1986. Intuitionistic  fuzzy sets form a
generalization of the notion of fuzzy set. In
intuitionistic fuzzy set theory, sum of the
membership function and the non-membership
function is a value between 0 and 1. The
intuitionistic fuzzy set theory is useful in various
application areas, such as algebraic structures,
robotics, control systems, agriculture areas,
computer, irrigation, economy and various
engineering fields. The knowledge and semantic
representation of intuitionistic fuzzy set become
more meaningful, resourceful and applicable
since it include the membership degree, the non-
membership degree and the hesitation margin.

The notion of Intuitionistic Fuzzy
Operator (IFO) was defined firstly by
K.Atanassov[3]. Several operators are defined in
Intuitionistic Fuzzy Sets Theory.They are
classified in three groups: modal, topological and
level operators.K.Atanassov defined some first
type modal operator (H,XI) on intuitionistic
fuzzy sets [3]. HH, and X ,0perators were defined
by K.Dencheva in 2004[5]. H,s and
X poperators were defined by K.Atanassov in
2006[6]. Hqp, and Xgp,0perators which are
expansion offH,;z and [X,zoperators respectively
were defined K.Atanassov[7]. G.Cuvalcioglu was
defined E,z operator which is expansion of
Hqand X operators [8]. K.Atanassov produced
that it created a diagram of first type modal
operators in  2008. K.Atanassov defined
[la,py.8.6-0perator in 2009 and he produced that
this operator is most general form of operators in

the diagram. Zz'eoperator was defined Dby
G.Cuvalcioglu in 2010 [9]. This operator is
expansion ofE.p, H,s and X,z operators.
Thisoperator settled in the diagram and expanded
on the diagram [9]. G.Cuvalcioglu defined Z“;f'[?
operator which is expansion onf;fﬁ,EElaﬁ and
X poperators in 2012 [10]. So, the diagram took
its final state when this operator was defined.
Some properties of first type modal operators
were researched by many researchers[7][11][12].
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Modal operators (0,0) defined over the set of all
IFS’s transform every IFS into a FS. They are
similar to the operators ‘necessity’ and
‘possibility’ defined in some modal logics. The
notion of modal operator (o,0) introduced on
intuitionistic  fuzzy sets were defined by
K.Atanassov in 1986 [2].

The aim of this paper is to obtain new equalities
by means of modal operators (0,0) and some
intuitionistic fuzzy operations. These equalities
make it easy application areas of operators.
Shorter equalities have obtained using features of
some intuitionistic fuzzy operations with modal
operators. In this paper; for every IFS M,N in

X, we get M= {(um(x),vm(X))} instead of
M = {, um(X), vmOO) X € X} and

N = {{un(X), vn (X))} instead of
N = {6 an0), vnOI X € X} for simplicity

in proofs. Some basic definitions that we build on
our work are given as follow.

2. PRELIMINARIES

Definition 1 [1] Let X be a nonempty set, a fuzzy
set Adrawn from X is defined as

A={(X, 1,(X))| xe X} ,where
Ua(X): X —[0,1] is the membership function of
the fuzzy set A.

Definition 2 [2],[3] Let X be a nonempty set, an
intuitionistic fuzzy set A in X is an object
having the form

A= 0% 1, (0,v, 000 [ x € X,

where the function

1, (), (X): X > [0,1]

define respectively, the degree of membership
and degree of nonmembership of the element
X e X, to the set A, which is a subset of X , and

for every element xe X,

0< (X)) +v,(x) <1

Furthermore, we have

70 (X) =1 41, (X) =4 (¥)

called the intuitionistic fuzzy set index or
hesitation on margin of x in A. z,(X) is degree
of indeterminacy of xe X to the IFS A and
7,(X)e[0,1] i.e., 7, : X —[0,1]

for every xe X . m,(X) expresses the lack of

knowledge of whether x belongs to IFS A or
not.

1525



"Mehmet Citil, Feride Tugrul
Some new equalities on the intuitionistic fuzzy modal operators..."

Definition 3 [2],[3] Let X be a nonempty set for
every IFS M, N in X. For every two IFS’s M and
N the following operations and relations are
valid.

= {6 M), vmOO) x € X}
Me = {&X,vm00), umOO) X € X3}

_ AM+HUNG) M )+VNK)
M@N = { == ") xeX}

M = N = {0, max(vmn(x), (), min(eam (0), v )| x € X
MAN = {0 min(un (%), un (X)), max(vm (X), va ()))| x € X}
MUN = {{x, max(um (x), (X)), min(vm (x), v (X)))| X € X}
MeN = {&X um(x) + un(x) = pmX). n(x), v (X). va () x € X}

M@N = {X, um(x). an (), vm(X) + vn(X) = v (X). vn ()| x € X}

MSN = {x, JEm00 an00), 700 () X € X}

3 2um (). un(X)  2vm(X)-vn(X)
M = (G < X

pm(X) + us(X) vm(X) +ve(X)
"2(umOus(x) + 1) 2(vm(X)ve(x) +1)

MxN = {x Ix € X}

Definition 4 [2],[3] Let X be a nonempty set, for
every IFS M, N inX. oand ¢ modal operators
are defined as;

OM = {0 am00) x € X} = {06 (), 1= () x € X}
OM = {(xL- () x € X} = {06 L=y, () x € X p[1]
{(Xl (), OO)] X € X}

= {

X,VM 1 VM |X EX}

Theorem 1 [2],[3] Let X be a nonempty set, for
every IFS M, N in X. The following equalities are
ensured.

@ OOM =0OM
(b) OOM = OM
© ©OM =0OM
d) OOM =OM
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Theorem 2 [2],[3] Let X be a nonempty set, for
every IFSM,N in X. The following equality
could be provided by means of definition of @
operation.

OM@ON = C(M@N)

Theorem 3 [2],[3] Let X be a nonempty set, for
every IFSM,NinX ;

OM@ ON = O(M@N)

3. MAIN RESULTS

In this section, new equalities were obtained and
proved by means of some intuitionistic fuzzy
operations (—, @, U,Nn$,#,*) and modal
operators (O, ¢).

Theorem 4 [4] Let X be a nonempty set, for
every IFSM,N in X;

OMa&ON) @ OM®ON) = OM @ ON

Theorem 5 [4] Let X be a nonempty set, for
every IFSM,N in X;

(OM @ ON) @ (CM® ON) = OM @ ON

Theorem 6 [4] Let X be a nonempty set, for
every IFS M, N in X;

[(OM@ON)$OM#IN)] = OM$ON

Theorem 7 [4] Let X be a nonempty set, for
every IFS M, N in X;

[(OM @ ON) $ (OM#ON)] = OM$ ON

Theorem 8 [4] Let X be a nonempty set, for
every IFS M, N in X;

LM @ ON)*] = [¢(M @ N)]°

Theorem 9 [4] Let X be a nonempty set, for
every IFS M, N in X;

(M@ ON)° @ (M) ® ON)] U (M)¢ = (IM)°©

Theorem 10 Let X be a nonempty set, for every
IFS M, N in X. The following equality is holds
for;
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[(OM @ ON) @ (OM)¢ @ TON)] U (OM) = (OM) Theorem 12 Let X be a nonempty set, for every
IFSM,NinX;

[((OM @ ON)° @ (IM)* @ ON)] N (M) = ([@OMm)°

The above equality is obtained.

Proof.
Proof.
(OM @ ON) = (L= van(x) + (%) = (L = vmn ) (), v (X)L = ()} OM @ON) = {(u(X)(L= v (0),1 - pua(X) + v (X) = (L = s X))}
= {0 = vaa() + () = () + v (X)), v (X) = v () = {un(%) = )00, 1 = g () + () = v (6) + g OO ()
= {{L= 00 + v 0O ), v () = v (X)) X € X} OM @ ON)® =

(OM)*®@ON) = {vmX)un(x), 1 = un(x) + 1= vm(x) = (1 = v ()L - un(x))} (OMY @ ON)
= {rm ) (), L= un(x) + L= vm(¥) = L+ va(%) + pn(x) = v () pn(X))
JuN

{
{
{
{
{
= {rm0)un(x), 1 - v (X (X))}

L= (%) + L= vn () = 14+ () + vin(x) = i ()var(X), s (X)vn )}

{

{

(1= pm(x) + pm (X)vn(x), o () = e (K)vn (X))}
{

(

= {(L= () vn(X), (X))}

(x)

L= g () + L=y () = (1= ()L = vi(X)), v X))}
(x)
(x)

(OM & CN) @ ((OM)F © CIN)] { LY. L2 >>} [OM @ ON)* @ (OM)° & ON)] { () }
(M & ON) @ (M) ® )] U (OM) = {ex (”” KUY (EM 6 " (T ON)] {<”"”2“M = ), X, )}
i 0 22vM< ) o : ?(DlM n(X), (X))}
-ty (M 8 ON)E @ (M8 ON) 1 MY = M

=OM
[(OM & ON) @ ((OM)* @ DIN)] U (OM) = (OM)

Theorem 13 Let X be a nonempty set, for every

IFS M in X. We get;
Theorem 11 Let X be a nonempty set, for every 9

IFS M, N in X. We get the following equality; M e XM @ M ® OM) =M@ OM
(M @ [IN)* @ ((OM)° @ LIN)] U (OM)¢ = (OM)®
Proof. Proof.

M & OM) = {<HM(X) v (X) = ()L = vu(x))), (L = i (x))v (X))}
= {um(X) + L= vum(X) = () + i Cvan (x), vm(x) = )y ()
= (L= v () + (XY vm(X), v () = (X)vma (X))}

= (1= vaa (0 (), ym(X)(L = (X))
= () + vy un(X), v (%) = v (X))}
(), v (%) = ym(X)pn(x)));
ym(X) = Va0 (), L= van (%) + vaa (€) s ()
(OM @ OM) = o (L= vag(x)), L= () + vaa(x) = (v ()1 - p())))}
{eam (%) = i (K)vm(x), 1 = () + vaa(x) = vmn(x) + paa (KJvm (X))}
{

() = i (X)vag ), 1 = g (%) + e (K)vma (X))}

((OM)* @ ON) = {{rm(0(x),

= {0000, 1= ) + L= ) = L ) + ) = a0 O @ OM) @ (CM © OM) = {(1‘VM(X;+”M(X), 1+VM(X;‘”M(X) )
= {rm (X)), L = v un(x)} oM@ M
OM & OM)@ [@OM © OM) =M@ OM
(OM SN @ (M) 9TV - {1 )
[(OM @& ON)® @ ((OM)* ® DN)] U (OM)® = {{max(vi (x), “522), min(1 - vy (), 1 - 24}
= 1-
] ({ga)(f) ool Theorem 14 Let X be a nonempty set, for every
B IFS M, N in X. We obtain the following equality;
[(OM @ ON)* @ (M) @ TIN)] U (OM)¢ = (OM)®

OM @& ON)@ (OM ® ON) = OM @ ON
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Proof.
The proof is similar to proof of the Theorem 13.

(M @ ON) = {{um(x) + 1= vn(x) = (m()(L = vn(x))), (1 = i (X))vn ()}
= {(um (%) + 1= v (%) = %) + )y (x), () = ana (K)vn ()
= {{1=vn(x) + pmvn(x), vn(x) = s (K)va(6))}

(M ® ON) = {{um(Xx)(L = vn(x)), L = s (x) + vi(x) = (rnO) (L = paa (X))}

= {{na(¥) = ) vn ), 1= saa () + v (x) = vai(x) + s (K)vn ()
= {(um(x) X)VN(X),l—HM( )+ am(vn (X))t

OM @ ON)@ (OM ® ON) = {<1-VN<X;+uM(x>’ 1+vN<x§ -

=M@ ON

@M @ ON)@ OM ® ON) =M@ ON

Theorem 15 Let X be a nonempty set, for every
IFS M in X;

OMmu oM@ COM N OM) =M@ OM
The above equality is holds for.

Proof.
M U ON) = {(max(um(x), 1 = vn(x)), min(L - um(x), vn(X)))}
(M N ON) = {(min(um (), 1 = v(x)), max(l - um(x), va (X))}

MaX (1 (X), L= vy (00) +MiN (g (X), L= vy (9)

MU ON) @ (OM N ON) = {( 2

min(1- Hipg (), vy (X)) +MBX (L~ gy, (), vy (X )>}
! 2
_ {<uM(X)+;—VN(X), 1_#M(X;+VN(X)>}

~OM@ ON
@MU ON)@ (@M 0 ON) =0OM@ ON

Theorem 17 Let X be a nonempty set, for every

)>} IFS M in X. We get the following equality;

M@ M) $ COM#OM) =M $OM
Proof.

(DM@OM) {(/’lM(X)+1 VM(X) 1- #M(X)+VM(X)>}

’ 2
= e

Zup QA =vy () 20—y v )

OM# OM) 100+ 1=y 00" 1=y 0 + vy )

OM@ OM)$ M #OM) = {<\/#M(X)+1—VM(X) 2uy () -vy (X))

Proof. 2 fipg () + 1= vy (%)’
Ji—uM(x>+vM(x) 2(}—HM(X))VM(X) "
(OM U OM) = {(max(um(x), 1 - vaa (<)), Min(L = g (<), vaa ()} 2 e
(M 1 OM) = {minGuny (), L - vag ), Max(L - g (), v (O))) = (GO =), JL= b))y
=M $OM
OM@ OM) $ OM#OM) =0OM$OM

i IMAX (s (), = vy (6)) -+ (%), 1= vy ()
2 )
() +MaX (1 -y (%), vy (X)) )
2

(OM U OM) @ (OM ) OM) =

MIN(L- 1y (%), vy

a0 1=y (0 L=y 09+ vy(0)
- {< 2 ' 2 >}

-OM@ oM
COM U OM)@ CM 0 OM) =M@ OM

Theorem 16 Let X be a nonempty set, for every
IFSM,NinX :

M UON)@CIM N ON) =M@ ON
It is easily seen similar to Theorem 15.

Sakarya University Journal of Science, 22 (6), 1524-1531, 2018.

Theorem 18 Let X be a nonempty set, for every
IFS M, N in X;

M@ ON)$([COM#ON) =LCOM$ON
It is easily seen similar to Theorem 17.

Proof.
COM@ ON) — (1) +21 —vn(0) 1- um(xz) )
OM#ON) = (2mOA=vu(0) 20— m(Ovu(X)

() + L=y () " 1= (x) + vn(x)
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L (™ Ty ®) 2y (O vy (0)
OM@ ON) $ OM#ON) = {<‘/ . T

s

= {( i@ vy 00), [Ty KDy
=OM$ON
@M@ ON)$ @OM#ON) = OM$ ON

T g )+ V) 20— iy )V ()
2 T g )+ V&)

Theorem 19 Let X be a nonempty set, for every
IFS M, N in X. The equality is obtained.

(COM U ON) « QM N ON) = OM «ON

Proof.

OM U ON) = {(max(um(x), un(x)), min(L — um(x), L = pn (X))}
OM N ON) = {(min(um(x), (), max(L — um(x), 1 — un (X))

max(pm (X), (X)) + min(um(x), (X))

(OM U ON) + @M n ON) = 2(um () (X) + 1)

min(l - HM(X), 1- .uN(X)) + max(l - .uM(X)! 1- AuN(X)) >}

' 2((1= ()L - n(x)) +1)
= pm(X) + () , 1- (%) +1-py(x)
2 () un () +1) " 2((1 = e ($))(L = pn(x)
=0OM 0N
(OM U ON) + (OM N0 ON) =0OM «ON

+1) W

Theorem 20 Let X be a nonempty set, for every
IFS M, N in X We get the following equalities;

(M U ON) x (OM N ON) = [M x CIN
M x N) @ (LM = [IN) = [M * LIN
M x OON) $ (M x [IN) = [M * LN

Conclusion 1
This conclusion is easy to see from Theorem 20.

OM U ON)« (OM N ON) = ([@OM * ON) @ (M x [N)
= ([OM x OON) $ (M x [IN)
=[M x CIN

Theorem 21 Let X be a nonempty set, for every
IFS M, N in X. We obtain;

(OM U ON) % (OM N ON) = OM x ON

Sakarya University Journal of Science, 22 (6), 1524-1531, 2018.

Proof.

(OM U ON) = {(max(1 - v (x)), (1 - vn(x)), min(vi(x), vn(X)))}
(OM 1 ON) = {(min(1 - vm(x)), (1 = vn(x)), max(v (), vn(X)))}

-vy(X)) +min(1—vM(X),1—vN(X))
=n0)L-vy(x) +1)
min ),y (X))
Ay vy )+
T+
= 2(Ty, () AW (X
=OMx ON

(OM U ON) % (OM ) ON) = OM * ON

(OM U ON) % (OM 0 ON) = {(

vm(X)+v,,(X) >}
1) " 2(v,, (v ()+1)

Theorem 22 Let X be a nonempty set, for every
IFS M, N in X. The following equalities are hold
for.

(OM U ON) % (OM N ON) = OM % ON

(OM % ON)$ (OM * ON) = OM * ON
(OM % ON) @ (OM * ON) = OM * ON

Conclusion 2
This conclusion is easy to see from Theorem 22.

(OM U ON) % (OM 0 ON) = (OM = ON)$ (OM * ON)
= (OM % ON) @ (OM * ON)
= OM * ON

Theorem 23 Let X be a nonempty set, for every
IFS M, N in X. We get;

(M ON)U (OMSONT@IIOMSONI N (OMSONY] = (OMSONI@IOMS N

Proof.

(OM$ON) = {(JL = vmOO)L ~ V(X)) Jvm)vn(x) )y
(OM S ON)® = {(frm)vn(x), (L = vm ()L = vn()) )}

[(OM$ON) U (OM$ ON)°] = {(max( [(L-vyy cNA-vy(9), rmtvy(9),
min( J=vy0NA=vy &), Jrmivy0)))}

[(OM$ON) N (OM $ ON)E] = {(min( [(L- v, () L=y, JrmEvy®)),
max( [(L=vyy CDAL-vy09), Jrm)vy()))}
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[(OM$ON) U (OM$ ON)E@[(OM$ ON) 1 (OM $ ON)]
mx (ST G)Av100)  Jomown) )+ min ([T 3 fr @)

~{ 2

max (TG0 Jown0) )+ min ( JT7 @) EG0) 5 oGO0

2 )

Ja=rme)An(0) Hfrmeovn®)  JA-vu@)A-vne) T ruEvaG)

7 , ) h

={

Theorem 24 Let X be a nonempty set, for every
IFS M, N in X. The equality is obtained,;

(OM$ON) U OMSONEI@IOMSTN) N [MSCNY] = COMSON)@CMSIN)®

Proof. The proof is similar to proof of the
Theorem 23.

Theorem 25 Let X be a nonempty set, for every
IFS M, N in X. We get the following equality;

[CMUDN) # CMNON) ] $[OMUDN) @ @MNON) ] = (OM$DN)

Proof.
(EMUDN) = {(max(um(x), (), min(1 = uw(x)), 1 = (X))}
EMADEN) = {(min(um(x), un (X)), Max(L - um(x)), 1 - un (X))}

2MaX (p1yy (X), 11y (X)) MIN (2 (), 115 (X))
MaX (tty (X), g () +MIN (g1 (), 2y (X))’
28X~y () ML= 1y ()
MaX (1 () +MIN(L— (X))
_ << Z#M(X)ﬂN(X) 2(1*NM(X))(1*,UN(X))

[(OMUDN)#@MNON) ] =

MaX (pyy (x),fyy () + N Gy (%), 1y (X))
5 :
Max (L -y (x)) +Min(L- puy(x))

- )

[(OMUON) @ @MNON)] =

=

) + iy (X)) " (L= ppy (%)) + (L= py ()

P )+ ) (L= (X)) +(1— py (X))
2 ' 2

>}

Proof. The proof is similar to proof of the
Theorem 25.

Theorem 27 Let X be a nonempty set, for every
IFSM,N in X.

[(OMOONY -+ (OM$ON)) - (CM@LN) » (OMSON)*)] n[OMSCN] =OM$ON

The above equality is obtained.
Proof.

EMGDN)" — (OMSTNY = (1) + )~ O, /1= ) = ) + ().
(OMQDN) — (IMSIN)) = 4 i hn(x), 1 - g )0}

Theorem 28 Let X be a nonempty set, for every
IFS M, N in X. We obtain the following equality;

(Mg ONF = (GMSONY) » (oM@ ON) -+ (CMSEN)') [ OMSON] = Mo

Proof. The proof is similar to proof of the
Theorem 27.

4. CONCLUSION

In this paper, properties of modal operators
defined on intuitionistic fuzzy sets have been
investigated. Then, some intuitionistic fuzzy
operations have been researched with modal
operators. New equalities have been obtained.

» These equalities make it easy application areas of

operators. Shorter equalities have been obtained
using features of some intuitionistic fuzzy
operations with modal operators. These equalities
are more useful because they are shorter and
more practical. These equalities could be made
use of in many application areas of operators and

[OMUDN)# @MNDON) [$[OMUDN) @ @MNDN) ] = {{ Wiy, JT-m -1y

= (OM$ON)
[OMUDN)#(OMNON) | $[OMUDN) @ CMNDN) | = (OMSON)

Theorem 26 Let X be a nonempty set, for every

IFS M, N in X. The following equality is holds
for;

[(OMUON) #(OMNON) ] $ [ (OMUON) @ (OMNON) ] = (

Sakarya University Journal of Science, 22 (6), 1524-1531, 2018.

(X))thesg offgr more practicgl solutions as they
Browde simplicity. Robotic, economy, control
systems, computer and algebraic structures are
some of these application areas.
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