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INTRODUCTION

ABSTRACT

Along with the developing technology, obesity and diabetes are increasing rapidly among peo-
ple. The identification of diabetes diseases, modeling, predicting their behavior, conducting
simulations, studying control and treatment methods using mathematical methods has be-
come of great importance. In this paper, we have obtained numerical solutions by considering
the glucose-insulin fractional model. This model consists of three compartments: the blood
glucose concentration (G), the blood insulin concentration (I) and the ready-to-absorb glu-
cose concentration (D) in the small intestine. The fractional derivative is used in the sense of
Caputo. By performing mathematical analyzes for the Glucose-Insulin fractional mathemati-
cal model, numerical results were obtained with the help of the Euler method and graphs were
drawn.

Cite this article as: Oztiirk Z, Bilgil H, Sorgun S. A new application of fractional glucose-in-
sulin model and numerical solutions. Sigma J Eng Nat Sci 2024;42(2):407-413.

energy source of the body, and if the amount of glucose is
more than the body needs fuel, it is stored in the liver in the

Most of the food we eat, especially the food that con-
tains carbohydrates, is converted into glucose to be used
for energy in the body. Pancreas, an organ built into the
back of the stomach, produces a hormone called insulin,
which allows our muscles and other tissues to take glycose
from the blood and use it as energy. Glucose, which passes
through nutrients to blood, enters the cells through insulin
hormones. Cells use glucose as fuel. Glucose is the main
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fat tissue [1].

Insulin is a hormonal release in beta cells in the pan-
creas, an organ in the back of the stomach in our body. It
separates the sugar in the blood from the blood, allowing it
to enter the cell. So the sugar level in the blood is reduced.
All body cells need glucose for energy, but some of them
(brain, red blood cells and reproductive organs) can only
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meet energy needs with glucose. To do this, the blood glu-
cose level must always be sufficient. The blood sugar level
is controlled by hormones released from a pancreas called
insulin and glukagon. The rise of blood sugar and the fall
are dangerous to the body [2].

The main purpose of mathematical modeling is to
explain the process by mathematically articating real life
problems. However, it is also important that the modeled
process can be controlled. Mathematical models have been
developed to help explain a system, examine the effects of
its various components and make predictions about their
behavior [3].

Models with fractional derivatives deliver better results
than models from integer steps in the theory of control
of various physical and biological processes and dynamic
systems. It is a convenient approach to use fractional
operators to explain the memory and quality character-
istics of many substances and processes, as such features
are ignored from the whole step to the derivative. In pop-
ulation models, the future state of a population depends
on its past status. It’s called the memory effect. The mem-
ory effect of the population can be examined by adding
a latency term or by using a fractional derivative in the
model [5,6].

The mathematical problems including fractional dif-
ferential equations play a significant role in analysis and
modelling of various scientific processes such as damping
laws, electrical circuits, fluid mechanics, and relaxation
processes since fractional derivative is nonlocal opera-
tor. Fractional mathematical problems attract a growing
attention of numerous scientist from diverse branches
of science [16-19]. The adversity of fractional differen-
tial equations is that solving them analytically is hard
or impossible. Therefore, numerous numerical methods
such as reduced differential transform method, Adomian
decomposition method, homotopy perturbation method,
variational iteration method, homotopy analysis method ,
fractional difference method, Euler Method, Runge-Kutta
Method and new iterative method have been developed
to establish numerical solution in series form [20-22].
Different from the numerical solutions, numerous analyt-
ical solutions of fractional models can be seen in literature
[23-27].

This paper consists of five parts. The first chapter
provides information on the importance of fractional
mathematical modeling, application of fractional differ-
ential equations, analytical solutions and glucose-insu-
lin mechanism. In the second part, the formation of a
fractional Glucose-Insulin model and the Generalized
Euler Method were given. In the third part, a new appli-
cation of the fractional Glucose-Insulin model was made
to obtain numerical results and graph them. The fourth
chapter included the discussion. In the fifth part, the
results were given.

MATERIALS AND METHODS

Fractional Derivation and Fractional Glucose-Insulin
Model

The most commonly used definitions of the fractional
derivative are Riemann-Liouville, Caputo, Atangana-
Baleanu and the Conformable derivative. In this study,
because the classical initial conditions are easily applicable
and provide ease of calculation, the Caputo derivative oper-
ator was preferred and modeling was created. The defini-
tion of the Caputo fractional derivative is given below.

Definition. [4] Let f(t) be a function that can be contin-
uously differentiable n times. The value of the function f(¢)
for the value of « that satisfies the condition n - 1 < & < n.
The Caputo fractional derivative of « th order f(#) is defined
by cpt* = ﬁ [t =) () dx.

Fractional Glucose-Insulin Model

The fractional Glucose-Insulin model consists of three
compartments. The first is the concentration of glucose
in the blood (G), the second is the concentration of insu-
lin in the blood (I) and the third is the concentration of
ready-for-absorption glucose in the small intestine (D).
It should be fractional differential equation system of the
fractional glucose-insulin model is as follows:

d*I
@ = le - ké[
a%G
m: _k4—(1_1pi) _kzl_k3 +k0D (1)
d*D
qre —k,D

as . . N .
where 2@ S the Caputo fractional derivative with

respect to time fand 0 < a < 1.
Initial values are given as,

1(0) =1y, G(0) = Gy, D(0) = Dy.

Because fractional-order models have a memory feature
in events related to a time variable, they show more realistic
and accurate results than integer-order models. Therefore,
the established model was created as a fractional order
[5-14]. In the system of (1), we reduce the fractional-order
differential equation to a full-order differential equation by
taking a = 1. The compartment and parameters of the spell
are shown in Table 1 and Table 2.

Firstly, since the absorption of glucose in the small
intestine during fasting decreases over time, the equation
should be as follows:

d%D
Tia = —kaD 2)
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Table 1. Variables used in the systems and their meanings

Variables used in the systems Meanings

I(t)
G(t)
D(t)

the concentration of insulin in the blood at time ¢
the concentration of glucose in the blood at time ¢

the concentration of ready-for-absorption glucose in the small intestine at time ¢

Table 2. Parameters and their meanings

Parameters Meanings

o

=

> o A o
= N N )

S

Glucose absorption parameter

—~

=

The rate of insulin passage into the blood

The rate of glucose in the blood at the time of fasting

The rate of insulin secretion from the pancreas

The rate of glucose elevation in tissues due to insulin

The rate of glucose elevation in tissues regardless of insulin

The rate of increase of glucose production in the liver

The change in insulin in the blood, which is due to the changed production of glucose in the liver

Since, with this absorption, the amount of glucose in the
blood during fasting will begin to increase over time, the
equation should be as follows:

asc
2ee = koD 3)

Glucose that enters the blood will eventually pass to
the brain and other organs and reduce the concentration
of glucose due to insulin in organs other than the brain and
regardless of insulin in the brain. On the other hand, since
the liver is the organ responsible for glucose production,
it is necessary to express the effect of the glucose rise rate
due to it on reducing insulin separately. If glucose produc-
tion continues in the liver, accordingly, the concentration
of insulin in the blood will increase over time. If ,; < 0 the
amount of insulin increases and if /,; > 0 the amount of
insulin will decrease, the equation should be as follows:

%G

= —ky(I = L)) — kI — k3 + koD

(4)

Depending on the increase in glucose in the blood, there
will be an increase in the amount of insulin secreted from
the pancreas and over time, depending on this equation, the
amount of insulin passing into the blood will decrease, so
the equation should be as follows:

da

I
ﬁ= le _k61

(5)

it is obtained [10].

Theorem. Vt > 0 I(0) = I, 2 0, G(0) = G, 2 0, D(0) = D,
> 0, the solutions of the system in (1) with initial conditions
(I(1), G(1), D(t)) € R} are not negative [6-8-17].

Generalized Euler Method

In this paper, we use the Generalized Euler method to
solve the initial value problem with the Caputo fractional
derivative. Many of the mathematical models consist of
non-linear systems, and finding solutions to these systems
can be quite difficult. Analytical solutions cannot be found
in most cases and a numerical approach should be consid-
ered for this. One of these approaches is the Generalized
Euler method [15].

Let D*y(t) = f(t, y(1)), ¥(0) =5, 0 <« < 1,0 < t < a be the
initial value problem. Let [0, a] the interval over which we
want to find the solution of the problem. For convenience
subdivide the [0, a] into n sub-intervals [tj, t; +1], whereh=2
j=0,1,...,n-1. Suppose that y(t), D*y(t) and D**y(t) are con-
tinuous in range [0, a] and using the generalized Taylor’s
formula, the following equality is obtained [15].

a

h
y(t) = y(to) + @+ 1) f(to, (o))

This process will be repeated to create an array. Let £;,,

=5+ h tsuch that

a

h
y(tjiz1) = y(t) + @+ 1) f(,y(t)

j =0, 1,..., n-1. the generalized formula in the form is
obtained. For every k = 0, 1,..., n-1 with step size h we get
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a

(k1 G = keI)

ha

Gk +1) = G() + s

(=ka(I = Ipy) — kol — k3 + koD) (6)

hﬂ
ra+1)

D(k+1) =D(k) + (—koD).

Numerical Simulation of the Fractional Glucose-Insulin
Model

In this section, numerical simulation and graphs of the
fractional Glucose-Insulin model will be shown. Now let’s
get a numerical simulation of the fractional Glucose-Insulin
model using the Generalized Euler method. It is also pos-
sible to change the value of the parameters and to control
changes in exploration.Taking into account the past stud-
ies on the glucose and insulin system, the fractional state
of the model created by Mercedes Lamborte in 2013 was
considered and numerical results were obtained using the
Generalized Euler method [10]. Consider the parameters
ko =0.01, k, = 0.7, k, = 0.0005, ky = 1, k, = 0.05, ky = 0.5 k,
=0.15, [, = 800 according to the data in [10].

G =150, = 90, D = 50 to be arbitrary let’s take size of
step h = 0,01. Using the Euler method, the following table
is obtained.

In Table 3, Table 4 and Table 5, the changes of I, G and
D are observed for different states of a. According to the
results obtained, if the a parameter is changed, the values of
the I, G and D compartments become different. According
to the initial conditions and parameters taken, it is seen that
the change in compartments I, G and D is different for = 1,
a=09and a=0.8

Although the difference in the values obtained may
seem small, in fact, these differences may have important

Table 3. The values of I, G and D at the moment ¢ for « = 1

t I(t) G(f) D(t)
0 90 150 50

1 90,95 150,55 49,88
2 91,9 151,1 49,76
3 92,84 151,65 49,64
4 93,79 152,21 49,52
5 94,74 152,76 49,4
6 95,68 153,31 49,29
7 96,62 153,86 49,17
8 97,56 154,41 49,05
9 98,5 154,95 48,94
10 99,44 155,5 48,82
11 100,38 156,05 48,7
12 101,32 156,59 48,59
13 102,25 157,14 48,47
14 103,18 157,68 48,36

Table 4. The values of I, G and D at the moment ¢ for « = 0.9

t I(t) G(t) D(t)

0 90,00 150,00 50,00
1 90,98 150,57 49,87
2 91,97 151,15 49,59
3 92,96 151,72 49,39
4 93,94 152,29 49,19
5 94,92 152,87 48,99
6 95,9 153,44 48,79
7 96,88 154,01 48,6

8 97,86 154,58 48,4

9 98,84 155,15 48,2

10 99,82 155,72 48,01
11 100,79 156,29 47,81
12 101,76 156,85 47,62
13 102,73 157,42 47,43
14 103,7 157,98 47,24

Table 5. The values of I, G and D at the moment ¢ for « = 0.8

t I(t) G(t) D(t)

0 90,00 150,00 50,00
1 91,61 150,94 49,79
2 93,23 151,88 49,59
3 94,84 152,82 49,39
4 96,44 153,75 49,19
5 98,05 154,69 48,99
6 99,64 155,62 48,79
7 101,24 156,55 48,6

8 102,83 157,47 48,4

9 104,41 158,4 48,2

10 106 159,32 48,01
11 107,58 160,24 47,81
12 109,15 161,16 47,62
13 110,72 162,08 47,43
14 112,29 162,99 47,24

medical consequences. Graphs of the data in table 3, table
4 and table 5 were shown in figure-1, figure-2 and figure-3.

By the above figures, we observe the following highlights:

* It is observed that the concentration of insulin in the
blood will increase over time (see Figure 1).

* It is observed that the concentration of glucose in the
blood will increase over time for a = 1, a = 0.9 and it will
rise faster for a = 0.8 (Figure 2).

* It is observed that the concentration of ready-for-ab-
sorption glucose in the small intestine will decrease over time
for a =1, a = 0.9 and decrease faster for « = 0.8 (Figure 3).
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Figure 3. The graph of change of the D compartment model.

RESULTS AND DISCUSSION

One of the shortcomings of the model is that the effects
of glucagon may not be investigated at various differ-
ent glucose and insulin concentrations, since the effects
of glucagon are implicit, hidden in the effects of insulin
on liver glucose production. Second, this model adopts
the rodent f-cell model, albeit modified for the human

insulin secretion pattern. There is also a lot of room for
improvements in the detailed description of plasma insulin
extraction, in Deciphering the complex network of interac-
tions between glucose regulatory components, for example,
in refining the assumption of three-stage insulin effects on
liver glucose production.

Despite these shortcomings, whole-body glucose regu-
lation models are generally useful for understanding glucose
homeostasis. In particular, they have raised the possibility
of predicting blood glucose changes under insulin secretion
defects or insulin resistance, which could generate the ele-
vation of blood glucose or abnormal oscillation patterns of
plasma glucose and insulin.

Besides this, it is possible to consider the case of
anorexia or obesity, with the assumption that the amount
of glucose stored in the body is determined by the liver glu-
cose production rate and the peripheral glucose utilization
rate. This model is used to measure the kinetics of glucose
and the effect of insulin on them.

The main disadvantages of the mentioned models lie
in the large number of parameters and the complex met-
abolic studies that should be performed to estimate them.
This compels to work with average values that decrease the
validity of the results and the applicability of the models.

The advantage of this model lies in the possibility of
obtaining all the parameters for each person. In addition,
the parameters are obtained from blood glucose and insulin
levels, common biochemical measurements.

When the pancreatic organ in the human body could
not secrete enough insulin hormones, the glucose in our
body, insulin and glucose change in the intestine were ana-
lyzed using a mathematical model using Caputo fractional
derivative.

The parameters used in this study differ according to
the person used. In order to find these parameters, vari-
ous statistical methods were used and then this model was
expressed in the form of a system of differential equations
in the relevant article. As a result, the model we have exam-
ined has been simplified and its boundaries have been nar-
rowed compared to previous models. This form of models
its study and development will offer solutions for obesity,
which is a disease of the next generation.

CONCLUSION

In this study, a new application was made using the
Generalized Euler method of the fractional glucose-insulin
model and graphs were drawn with the help of numerical
results obtained. In this study, the mathematical modeling
of the diabetic change in the body has been studied. Many
problems in real life are analyzed by the help of fractional
derivative differential equations, resulting in more realis-
tic results. The modeling used in the field of medicine also
contributes significantly to the treatment of these diseases.
In the graphs obtained, the change of insulin concentration
in the blood, glucose concentration in the blood and the
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absorption-ready glucose concentration in the small intes-
tine were examined over time. Glucose-Insulin models are
especially important for diabetics. With this study, a math-
ematical modeling of the change in the amount of glucose
in the body of a person suffering from diabetes, the state of
insulin and the concentration of ready-for-absorption glu-
cose in the small intestine over time was carried out. This
model might be a helpful tool for the experimental design
of diabetes drugs research. Also, it enables the design and
development of mechanisms for the control of glycaemia
in order to improve the quality of life of diabetic patients.

AUTHORSHIP CONTRIBUTIONS

Authors equally contributed to this work.

DATA AVAILABILITY STATEMENT

The authors confirm that the data that supports the
findings of this study are available within the article. Raw
data that support the finding of this study are available from
the corresponding author, upon reasonable request.

CONFLICT OF INTEREST

The author declared no potential conflicts of interest
with respect to the research, authorship, and/or publication
of this article.

ETHICS

There are no ethical issues with the publication of this
manuscript.

REFERENCES

[1] Makroglou A, Li J, Kuang Y. Mathematical models
and software tools for the glucose-insulin regula-
tory system and diabetes: an overview. Appl Numer
Math 2006;56:559—573. [CrossRef]

[2] Huard B, Easton JE Angelova M. Investigation of sta-
bility in a two-delay model of the ultradian oscillations
in glucose-insulin regulation. Commun Nonlinear
Sci Numer Simul 2015;26:211-222. [CrossRef]

[3] Cobelli C, Nucci G, Del Prato S. A physiological
simulation model of the glucose-insulin system in
type I diabetes. Diabetes Nutr Metab 1998;11:78.

[4] Podlubny I. Fractional differential equations. San
Diego CA: Academy Press; 1999.

[5] Bergman RN. The minimal model of glucose regula-
tion: a biography. Adv Exp Med Biol 2003;537:1-19.
[CrossRef]

[6] AllenLJS. An introduction to mathematical biology.
USA: Pearson; 2007. p. 123—127. [CrossRef]

[7] Fabietti PG, Canonico V, Federici MO, Benedetti
MM, Sarti E. Control oriented model of insulin and
glucose dynamics in type 1 diabetics. Med Biol Eng
Comput 2006;44:69—78. [CrossRef]

[8] Hethcote H, Zhien M, Shengbing L. Effects of
quarantine in six endemic models for infectious
diseases. Math Biosci 2002;180:141—160. [CrossRef]

[9] Allen LJ], Brauer F, Van den Driessche P, Wu J.

Mathematical epidemiology. Berlin: Springer; 2008.

[CrossRef]

Lombarte M, Lupo M, Campetelli G, Basualdo

M, Rigalli A. Mathematical model of glucose-in-

sulin homeostasis in healthy rats. Math Biosci

2013;245:269—277. [CrossRef]

Allen LJS. An introduction to mathematical biology.

USA: Pearson; 2007. p. 348.

Hovorka R, Canonico V, Chassin L], Haueter

U, Massi-Benedetti M, Orsini Federici M, et al.

Nonlinear model predictive control of glucose con-

centration in subjects with type 1 diabetes. Physiol

Meas 2004;25:905-920. [CrossRef]

Oztiirk Z, Sorgun S, Bilgil H. SIQRV model

and numerical application. Eur J Sci Technol

2021;28:573-578. [Turkish]

Kermack WO, McKendrick AG. Contributions to

the mathematical theory of epidemics--1. 1927. Bull

Math Biol 1991;53:33—55. [CrossRef]

Yaro D, Omari-Sasu SK, Harvim P, Saviour AW,

Obeng BA. Generalized Euler method for modeling

measles with fractional differ ential equations. Int ]

Innov Res Dev 2015;4.

Cetinkaya IT, Kocabrytk M, Ongun MY. Stability

analysis of discretized model of glucose-insulin

homeostasis. Celal Bayar Univ] Sci2021;17:369-377.

Braun M, Golubitsky M. Differential Equations

and Their Applications. 1st ed. New York: Springer;

1983. [CrossRef]

Oztiirk Z, Sorgun S, Bilgil H, Erding U. New exact

solutions of conformable time-fractional bad and

good modified boussinesq equations. ] New Theory
2021;37:8—25. [CrossRef]

Oztiirk Z, Bilgil H, Sorgun S. Kesir mertebeden

glikoz-insiilin modeli. In: IV. International Turkic

World Congress on Science and Engineering; 2022

Jun 23-24; Nigde, Turkey. 2022.

Sevindir HK, Cetinkaya S, Demir A. On effects of

a new method for fractional initial value problems.

Adv Math PhYS 2021;2021:1—10. [CrossRef]

Cetinkaya S, Demir A. On the solution of bratu's

initial value problem in the liouville-caputo sense

by ara transform and decomposition method. C R

Acad Bulg Sci 2021;74:1729-1738. [CrossRef]

Cetinkaya S, Demir A, Sevindir HK. Solution of

space-time-fractional problem by Shehu varia-

tional iteration method. Adv Mathl Phys 2021;2021.

[CrossRef]

Abukhaled M, Khuri S, Rabah E Solution of a non-

linear fractional COVID-19 model. Int ] Numer

Method HFF 2022;32. [CrossRef]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]


https://doi.org/10.1016/j.apnum.2005.04.023
https://doi.org/10.1016/j.cnsns.2015.02.017
https://doi.org/10.1007/978-1-4419-9019-8_1
https://doi.org/10.1016/0025-5564(95)90051-9
https://doi.org/10.1007/s11517-005-0012-2
https://doi.org/10.1016/S0025-5564(02)00111-6
https://doi.org/10.1007/978-3-540-78911-6
https://doi.org/10.1016/j.mbs.2013.07.017
https://doi.org/10.1088/0967-3334/25/4/010
https://doi.org/10.1016/S0092-8240(05)80040-0
https://doi.org/10.1007/978-1-4684-0164-6_1
https://doi.org/10.53570/jnt.1018383
https://doi.org/10.1155/2021/7606442
https://doi.org/10.7546/CRABS.2021.12.02
https://doi.org/10.1155/2021/5528928
https://doi.org/10.1108/HFF-01-2022-0042

Sigma J Eng Nat Sci, Vol. 42, No. 2, pp. 407-413, April, 2024

413

(24]

(25]

Yousef A, Bozkurt F, Abdeljawad T, Emreizeeq E. A
mathematical model of COVID-19 and the multi
fears of the community during the epidemiologi-
cal stage. ] Comput Appl Math 2023;419:114624.
[CrossRef]

Oztiirk Z, Bilgil H, Erding U. An optimized continu-
ous fractional grey model for forecasting of the time
dependent real world cases. Hacettepe ] Math Stat
2022;51;308—-326. [CrossRef]

(26]

(27]

Erdinc U, Bilgil H, Ozturk Z. A novel fractional
forecasting model for time dependent real world
cases. Available at: https://revstat.ine.pt/index.php/
REVSTAT/article/view/468/531. Accessed Mar 30,
2024.

Sinan M, Leng ], Anjum M, Fiaz M. Asymptotic
behavior and semi-analytic solution of a novel com-
partmental biological model. Math Model Numer
Sim Appl 2022;2:88-107. [CrossRef]


https://doi.org/10.1016/j.cam.2022.114624
https://doi.org/10.15672/hujms.939543
https://doi.org/10.53391/mmnsa.2022.008

