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Abstract

The aim of the study is to obtain new binomial transforms for the k—Narayana sequence. The first
of these is the binomial transform, which is its normal form, and in the first step, after finding the
recurrence relation of this new binomial transform, the generating function and Binet formula were
obtained. Finally, Pascal’s triangle was calculated. In the rest of the article, k—binomial transform
was performed for the k—Narayana sequence and the recurrence relation, generating function, Binet
formula and Pascal’s triangle were examined for the new sequence obtained. Then, by performing
the falling binomial transform and the rising binomial transform, the features listed above were
found again for these sequences.

1. Introduction

Some special sequences of numbers such as Fibonacci, Lucas, Horadam and Narayana have been of great interest to the
scientific world in recent years. Generalizations of these number sequences in various ways abound in the literature, in
particular you can look at [1]. One of the most popular transforms is the binomial transform and it is sufficiently available in

the literature.

Authors [2] presented the k—Fibonacci sequence also the same authors for this sequences of numbers [3] introduced different
binomial transforms, such as falling and rising binomial transforms. Binomial transforms and properties of k—Lucas sequences
are presented in [4]. Spivey and Steil [5] gave various binomial transforms. In [6], they obtained some applications for the
generalized (s,¢) matrix sequences. In [7], authors obtained binomial transforms of Padovan and Perrin numbers from the third

order.

The person who discovered the Narayana sequence is Narayana, an Indian mathematician, and is as follows

where

Ny = Nyt + Nyp_3 with m > 3 (1.1)

No=0,Ni =1, N, =1,

see [8]. The first few terms are 0,1,1,1,2,3,4,6,9,13,19,28,41,60, - --.
The characteric equation of (1.1) is :

w21 =0,
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and roots of the characteristic equation are :

v, = % <§/;(29—3\/%+ i/;(3x@+29)+1>,

1
¥ = - 5(1—1\0 (9 3v93 - 61+\f 3\/93+29
1 1 1 31
¥ o= g0+ +iV3){ (29 3v/93 — < (1—iV3) 3\/93+29
Hence, the Narayana sequence can be obtained by Binet’s formula:
P2 L2 w2
Nm — 1 \Iﬂl + 2 \Pn+ 3 \Pn'
w2 w2 w2

Generating function found for Narayana equation is:

1

—_— = ZNmH‘P’l’,fornZ 1,neZ.
—v—w &

Narayana sequence which has attracted the attention of more mathematicians in recent years and its generalizations. Some of

them are as follows:

Some basic properties of Fibonacci-Narayana numbers are proved in [9]. Bilgici in [10], defined a generalized order k
Fibonacci-Narayana sequence and by using this generalization and some matrix properties, established some identities related
to Fibonacci-Narayana numbers. Soykan studied on Narayana sequence in [11]. Ramirez and Sirvent in [12], introduced the

k—Narayana sequence and found the identities between these numbers.

For any nonzero integer number k , k—Narayana sequence is defined by the following recurrence relation:

Nk,m =kNy_1+Ny_3 withm >3
where
Nio =0, Nyi =1, Np =k,

see [12]. The first few terms are 0, 1,k, k%, k3 + 1,k* + 2k, k> + 3k k® + 4Kk + 1,k7 + S5k* + 3k - -
The characteric equation of (1.2) is :

A —kAr—1=0,

and the roots of characteristic equation are :

PRI PR 2 L3 27423 +3v/81+ 12k°
! 3 27 4213 +3v/81 + 1213 2 ’
1 2 327 4+ 2K3 + 3v/81 + 1263
o = = | k—pk2? PRy it * :
3 27 4 2k3 +3v/81 + 1263 2
no— L kot 1223 2 32742k +3V81 + 1243
3 3 RN v aver e M 2

where U = H"f is the primitive cube root of unity.
The generatmg function of the k—Narayana sequence is
1
1—kA—A3"

Therefore the k—Narayana sequence can be obtained by Binet’s formula:

ln-&—l l"'H )LnJrl

Ny = ‘ - 2 - 3 ,n>0.
ST R —h) | A —A) (A s —A) T

(1.2)

Other recent research ([13],[14],[15]) has also investigated various binomial transforms for various special sequences. These

transforms are valuable because they bring a new approach. For details on the binomial transform, see ([16],[17]).

The focus of this paper is to apply binomial transforms and its generalization (like k—binomial transform, rising transform
and falling transform) to the k—Narayana sequence. In addition to these, the recurrence relation, Binet’s formula, generating

function, Pascal triangle and matrix representation of related transforms were derived.
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2. Binomial transform of k—Narayana sequences

The binomial transform of k—Narayana sequence {Nk)n} is shown as {bk,n }n o Where by 1s dedicated by

neN
" n

bip = Z < .>Nk,i~

i=0 \!

To find the recurrence relation of {bk,n}, we first need a Lemma.

Lemma 2.1. Let n is a positive integer greater than 1, then {bkﬂ} contents the next equation

n

n
bini1 =Y, <l> (Nii+Niit1)-

i=0
Proof. We have,
" n
bin= Z <l.)Nk,i-
i=0

If we bear in mind summation feature of binomial numbers ("Tl) = ()4 ("), also (,,},) = 0 for the proof. Then we find

1
n+1
n+1
brpi1 = Z( .

i=0

n+1

= Nk0+2
i=1

Also thanks to the operations performed on the sums

Nko+rf< )Nkz+ril( )Nk,i = Nko+z< )Nk1+2< >Nkz+l

i=1

O
The next theorem presents recurrence relation for {bk’,, }
Theorem 2.2. The recurrence relation obtained for {bk)n} is as follows:
binysz = (k4 3)bg 2 — (2k+3)bi 1 + (k+2) by (2.1)

where bk70 =0,bp1 =1, and bk72 =k+2.

Proof. To find the coefficients in (2.1)

biny3 = A1by o +Adsby 1 +Asbi .

If we take n = 0, 1 and 2, we have the system

bis = Aibea+Asbey +Asbio =k +3k+3
bia Arbys +Agbry +Asbyy = K+ 42 + 6k +5
brs = Aibga+Ashis+Ashiy =k 45k + 10k + 12k + 10.

By Cramer rule for the system, we get
Ay =k+3, Ay =—-2k—3, and A3 = k+2.

So which is completed the proof . O
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The characteristic equation of sequences by , in (2.1) is

o — (k+3)o? + (2k+3)a— (k+2) =0,

whose solutions are

k+3
a = T+S+%
v _ Tv=1) Sl k+3
S 2 2 3
o S(wfl)_T(w+1)+k+3
T 2 2 3
where
k3 f 3
T = — A
(7+3)
1
k3 3
s = (=-va
(5-8)
A = k—3+1 w=iV3
T ot TN

Next we derive the Binet formula for {5y, }.

Theorem 2.3. The Binet formula for the k—Narayana sequence is as follows:

b — prog P20y n p3oy
T (o —o)(a—a)  (m—an)(m—o3) (03 —on)(0n—as)
where
p1 = bro—(C+03)b +0o3bro=k+2— (00 +03),
P2 = bro— (o +03)bg+oiogbro=k+2— (o +a3),
p3 = bo— (o + )b +aobry=k+2— (o + o).

Proof. To obtain Binet formula let us write

bk,n :Bl(XfUrBzOél +B3O€§'

If we take n = 0, 1 and 2, we have the system

byo = Bi+By+B3=0
by = Bioy+Byap+Byoz=1
bk72 = B1a12+B2a22+33a32:k—|—2

By Cramer rule for the system, we get

bro — (0 + 03)by | + 003Dy

B =
1 (a1 — ) (o) — a3)
B, — by — (o + a3)by 1 + 0 by o
(0 —ou)(on—as)
B, — bro — (o + )by 1 + o1 02by o
(o3 —au)(0n —03)
So which is completed the proof . O

Now let’s obtain the generating function for the k—Narayana binomial transform.
Theorem 2.4. The generating function of {bk,n} is:

(1 —kx — 3+ 2kx? +3x%) by o + (x — kx? — 3x%) by +x°by 2

bilx) = = (k+3)x— (2k+3)2% — (k+2)2°
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Proof. We have, by(x) = by o+ by 1x+ bk72x2 + bk_y3x3 + -+ by ux" +--- . After doing simple operations we obtain

be(x) = bro+brixtbgox® +bgax’ 4+
—(k+3)xbi(x) = —brolk+3)x—bpy(k+3)x* —bra(k+3)x> +--
—(2k+3)%b(x) = —bro(2k+3)x* — by 1 (2k+3)x} — b3 (2k+3)x* 4
—(k+2)xbi(x) —bio(k+2)x° = by (k+2)x* = b3 (k+2)0 +---.

From these equations and (2.1), we get
[1—(k+3)x— (2k+3)x* — (k+2)x°] bi(x) = (1 — kx — 3x+2kx* + 3x%) by g + (x — kx* — 3x%) by | + X2 by
So the generating function for the binomial transform of the k—Narayana sequence is

be(x) (1 —kx — 3x+2kx? + 3x% )by o + (x — kx? — 3x%) by +x%by o
k= 1= (k+3)x— (2k+3)22 — (k+2)x3 '

Let’s give a new triangle {bk’n} for each k to help with the next rules:

1. The part forming the left corner of the triangle consists of the elements of k— Narayana numbers,

2. When we take any number and think that it is chosen outside the left diagonal, it is considered to be the sum of the
number to the left of this number and also the number above its diagonal on the left side.

3. On the right diagonal is {b, }.

The next triangle is an example of the 1 —Narayana sequence:

Figure 1: 1—Narayana sequence

3. The k—Binomial transform of the k—Narayana sequence

The k—binomial transform of the k—Narayana sequence {Nk’n} is denoted by {wk’n }n oy Where

neN

" n
Wk,n = Z (i)ank’i-

i=0

Lemma 3.1. Let n is an integer greater than and equal to 1, and k—binomial transform of k—Narayana sequence satisfies the
following relation

" /n
Wit = Y <i>kn+l(Nk,i+Nk,i+l)~
i=0
Proof. We know that

" /n
Win = Z (i>Nk,i~

i=0
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If we take n 4+ 1 instead of n and consider the binomial properties then we have

n+1
n+1
Wintl = Z( . )Nhi
i=0 \ !
1
A +n+ <n—’__l)k"+1N,
i=1
n+1 n
= e E () ()
i=1
n+1 n n+1
= kn+lNko+ () < 1>Nk,i
i=1
n+1 o (1 Sl AW
= k Nk0+z K" Nkz""Z K™ N i1
i=1

So we get

-

n
<i>kn+1(Nk,i+Nk,i+1)~

Wicn =
i=0
O
The next theorem will provides the recurrence relation for {wkm }
Theorem 3.2. The recurrence relation obtained for {wk’n} is as follows:
Winss = (K4 3k)Wenia — (22 4+ 3K Wi g1 + (K 4263 ) wy . (3.1)
Proof. From the recurrence relation of the corresponding transform, there is a general solution as follows
Wint3 = Ciwkpi2 + CoWiny1 + C3wip.
If n =0,1 and 2, the following system is obtained
Wi 3 Ciwea +Cowpy + Cawgo = K +3k* + 3k
wia = Ciwgs+Cowgo +Cawyy =k +4k° + 6k + 5k*
wis = Ciwga+Cowis +Ciwgp = K 4 5k8 +10k” + 12k° 4- 106°
By Cramer rule for the system, we get
C) = k> 43k, Cy = —2k> —3k?, and C3 = k* 4 2k°.
so that the evidence is completed. O
The characteristic equation of sequences wy , in (3.1) is
B* — (kK +3k)B* + (2K +3k*)B — (k* +2k°) = 0,

whose solutions are 1, 3>, and B.
Now we construct the Binet formula for {wy., }.

Theorem 3.3. Whichever term of {wk,n} can be computed using the Binet formula. It is indicated by

- 1By n 723 n 3B3
T Bi=B)Bi—B3)  (Bo=B1)(B—B3)  (Bs—PB1)(B—B3)
where
a1 = wiz— (Ba+Bs)wit + BoPswio = k [k +2k — (B2 + B3)]
@ = wia—(Bi+Bs)wir +BiBswio =k [k +2k— (B +Bs)]
a3 = wia—(Bi+B2)wii+BiBawio = k [k +2k— (B + B2)]
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0
1 2
2 6 16
4 12 36 104
9 26 76 224 656

Figure 2: 2—Narayana sequence

Proof. To obtain Binet formula let us write
win =Diaj +Dyo + D305

If we take n = 0, land 2, we have the system

wio = Di+Dr+D3=0
w1 = Dipi+Dyfr+D3f3=k
wea = DiBf+Daf3+Dsfs =k 42k

By Cramer rule for the system, we get

D, — M= (B2 + B3)wk,1 + B2 Bswio
(Bi = B2)(B1 = B3) ’
p, — M2= (B1 + B3)wi,1 + Bi1Bswio
(B2 = B1)(B2— B3) ’
D, wi2 — (B1 + B2)wi1 + Bi Bawio .
(B3 = B1)(B2— B3)
So which is completed the proof . O

Theorem 3.4. The generating function of {wky,,} is:

(1= k%x — 3k + 2/3x% + 3k2x2)wy o + (x — K2x% — 3kx?)wy | + x2 Wia
1 — k2x — 3kx 4 2k3x% + 3k2x2 — k*x3 — 2k3x3

Wk (x) =

Proof. We have wy(x )—wkg—i-wklx—i-wkzx —|—wk3x WX
Then, if multiplication is done — (k? + 3k)x, (2> + 3k2)x ,and — (k* + 2k3)x3 , we obtain

we(x) = wrot+wrix+ Wk,zx2 + Wk.,33€3 + -
— (K +3k)xwi(x) = —wgo(k* 4 3k)x — w1 (k2 + 3k)x% — w3 (k2 +3k)x° + -
21 +3K5)°wi(x) = wio(2K 4 3K7)x% +wi g (263 4 3K3) w3 (263 + 3K )x 4
—(K* 26 Pwi(x) = —wro(k* +263)x° — wi g (K 4+ 2031t — w3 (kK 2030 + -

from these equations and (3.1), we get
[1— k2x = Bk + 2627 + 3k2x% — k*x — 2022 | wy (x) = (1 = kPx — Bk + 2k + 3K207 ) w o + (x — k2% — 3k )wie 1 +x7wie o
and so the generating function for the k—binomial transform of the k—Narayana sequence is

(1= k%x — 3kx + 2k3x% + 3k2x2)wy o + (x — K2x% — 3kx?)wy | + x2 Wi
1 — k2x — 3kx 4+ 2k3x2 4+ 3k2x2 — k*x3 — 2k3x3

wi(x) =

O

Now, we present a new triangle of the k—binomial transform of the k—Narayana sequence for each k. The next triangle is an
example of the 2—Narayana sequence:
Since the proofs in this section are similar to the proof steps in the previous section, the theorems are given without proofs.
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4. The rising k—binomial transform of the k—Narayana sequence

The rising k—binomial transform of the k—Narayana sequence {Nk,n} is denoted by {rk.,n }n o Where

neN
"o )
Tkn = Z <_)klNk7i.
i=0 \!

Theorem 4.1. The recurrence relation obtained for {Vk,n} is as follows:

Fenss = (K24 3)rnin — (267 +3) g + (K + K+ D). 4.1)
The characteristic equation of {bk’n} in (4.1)1s

Y —(P+3)P+ 2 +3)y— (P +E2+1) =0,

whose solutions are ¥, 7>, and 3.
Next we derive the Binet formula for the rising k—binomial transform of the k—Narayana sequence.

Theorem 4.2. Whichever term of {rkﬂ} can be computed using the Binet formula. It is indicated by

I/l]’)/ll1 uz’)/g u3’)/§l

Tkn = + +
YT - eem -1 B-n)(B-1)
where
uw = k—pk—pk+2k
w = kK —nk—pk+2k
w3 = kK —nk—pk+2k

Theorem 4.3. The generating function of {rk’n} is:

(1—kx? = 34222 +3x%) o + (1 — k%2 = 3x2) 11 + X130
1 —kx2 —34+2k2x2 +3x2 — k323 —k2x3 — 23 ’

ri(x) =

Now, we present a new triangle of { rkyn} for each k. The next triangle is an example of the 2—Narayana sequence:

0
1 2
2 5 12
4 10 25 62
9 22 54 133 328

Figure 3: 2—Narayana sequence and its rising 2—binomial transform

5. The falling k—Binomial transform of the k—Narayana sequence

The falling k—binomial transform of the k—Narayana sequence { Ny, |,y is denoted by { fi.n}, . Where

Jin= Z (n) KN ;.

i=0 \!
Theorem 5.1. The recurrence relation obtained for { fk,n} is as follows:
Jin+3 = 4k ficna =Sk fiper + (26 +1) fi- (5.1)
The characteristic equation of sequences {bk,n} in (5.1)1s
0° —4k6? 4 5k*0 — (2k* +1) =0,

whose solutions are 8, 6,, and 65.
Next we derive the Binet formula for { Jien }
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Theorem 5.2. Whichever term of { fk’,,} can be computed using the Binet formula. It is indicated by

f . t191” tzeg l‘393n
(01— 62) (01— 65) ' (0:—61)(0:—63) ' (65— 61)(6,—65)
where
1 = 3k—6,—065
th = 3k—06;—063
t3 = 3k—0;—6,

Theorem 5.3. The generating function of { fk,n} is:

(1 — dkx + 5k25) fi 0 + (x — 4kx?) fi1 + 22 fi2

fielx) = 1 — 4kx 4 5k2x2 — 2k3x3 — X3

Now, we present a new triangle of { fky,,} for each k. For example following triangle is for 2—Narayana sequence and its
falling 2—binomial transform

0
1 1
2 4 6
4 8 16 28
9 17 33 65 121

Figure 4: 2—Narayana sequence and its falling 2—binomial transform
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