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Abstract

This paper evaluates the existence of a periodic limit cycle oscillation in a system with backlash
nonlinearity in the presence of time delay. An armature voltage-controlled DC motor system is studied in
this regard whose output signifies accuracy in position control. An analytical solution for the limit cycle
based on the Describing Function (DF) method is obtained whose authenticity is verified with the Nyquist
contour-based graphical method and the digital simulations. The effect of parametric changes on the

magnitude and frequency of the limit cycle is examined in this article. Integer and non-integer order g;schd 22.04.2024
proportional-integral-derivative (PID) controllers are designed to eliminate these undesirable periodic ~ Revised ~ 01.09.2024
oscillations present in the system. Multiple optimization techniques considering error-based, time domain Accepted  11.09.2024
specification-based objective functions are scrutinized through statistical tests towards the parameter

estimation of the applied controllers. Observations reveal that while the Moth flame optimizer (MFO) with

Integral time absolute error (ITAE) produces superior results for the PID controller, the MFO with the

Integral time square error (ITSE) provides better results for the FOPID controller. Further, the gain and

phase margin-based loop shaping method is also used for an analytical calculation of the controller

parameters. Out of the five loop shaping constraints, superior results are obtained by considering  yntact

robustness towards gain variation constraint as an objective function, and the rest as nonlinear constraints.
Simulation studies suggest the efficiency of the utilized controllers in quenching the periodic limit cycle
oscillations. The superiority of the FOPID controller over the PID controller is validated by considering
suitable performance-based comparisons. The effectiveness of the designed controllers is also tested
against the variations in system parameters. Further, the physical realizations of the integer and fractional
order PID controllers are performed through Oustaloup recursive filter approximation.
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1. Introduction

Periodic sustained oscillations having constant magnitude
and frequency exhibited by Nonlinear systems are called limit
cycles. Although a nonlinear system shows a variety of
phenomena like jump resonance, chaos, subharmonic
oscillations, etc., the stability of the control system consisting of
nonlinearities is commonly measured by the evaluation of limit
cycle oscillation. Physical dynamical systems comprising
various memory or non-memory type nonlinearities such as
relay, saturation, dead zone, backlash, hysteresis etc., usually
oscillate with a fixed amplitude and frequency regardless of any
specific initial condition or zero initial condition. These limit
cycles can sometimes be stable, semi-stable, or unstable. Being
a periodic oscillation, limit cycles create problems in system

control and obtaining desired system performance. Therefore,
the problem of prediction and elimination of limit cycle is vital
in the studies of nonlinear dynamical systems. The DF based
approach is an efficient method used for the evaluation of
nonlinear dynamical systems and thereby the analysis of
periodic oscillations.

The input-output relationship-based DF method along with
the Nyquist contour is used for the evaluation of the limit cycle
in a linear time-delay system with backlash nonlinearity [1,2].
The DF-based procedure along with the Nyquist plot is been
followed for the evaluation of the periodic oscillations in the
case of Single Input Single Output (SISO) integer-order systems
with backlash nonlinearity [3]. Similar observations regarding
limit cycles using the Nyquist plots are also reported in [4,5]. An
input-dependent Nyquist plot for the investigation of periodic
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oscillations in a system with multiple nonlinearities is described
in [6]. The use of dual input describing function (DIDF) for the
prediction of the limit cycle is presented in [7]. Extension of the
above concepts toward the presence of a limit cycle in the non-
integer (fractional) order systems is also reported in the
literature. Periodic oscillations in fractional order systems with
relay nonlinearity are provided in [8] by using the DF method
along with digital simulations. Similarly, the evaluation of the
limit cycle through Tsypkin’s locus and DF method is
mentioned in [9]. A novel A-locus method accompanying DF
for the analysis of periodic oscillations is reported in [10,11].
The evaluation of the limit cycle in a fractional system with
different static as well as dynamic nonlinearities is presented in
[12]. An extension of this DF concept along with a graphical
phasor diagram method towards the Two Input Two Output
(TITO) system is provided in [13,14]. Although reasonable
work has been done in the field of prediction of limit cycle in
the case of both integer and fractional order systems as well as
for various nonlinear elements; a very scant literature talks about
periodic oscillations in MIMO nonlinear systems [15,16].
Elimination of these periodic limit cycle oscillations in
nonlinear systems is a major challenge. Very few methods like
the application of dither signal by considering Dual Input
Describing Function (DIDF) for limit cycle suppression are
discussed in the literature [7,13]. The PID controller is simpler

and provides an efficient solution to real-world control problems.

It effectively addresses both transients as well as the steady-state
performances of the system. Due to the design simplicity,
robustness, and near-optimal performance of PID, these are
widely used in academic and industrial sectors [19-23]. Again,
for the advancement in computational techniques, research on
fractional calculus is in progress [24,25] and fractional PID
(FOPID) controllers are found to outplay their integer
counterparts [26]. To have a physical realization of the fractional
elements various methods like the Oustaloup filter [27], and
continued fractional expansion (CFE) are also reported [28,29].
The use of integer and non-integer order controllers for the
elimination of periodic oscillations is demonstrated in [3,4,5,
and 6]. State feedback-based pole placement techniques for the
quenching of the limit cycle are shown in [14]. The research gap
and motivation behind this study is the lack of proposed
strategies for the quenching of the limit cycle oscillations.
Parameter estimation methods for the PID and FOPID
controllers are demonstrated in many pieces of literature.
Ziegler-Nichol’s method, Pole placement method, Loop shaping
method, and optimization techniques are some of the commonly
used methods for the estimation of optimal parameters of these
controllers [30,31]. The parameter estimation of non-integral
order controllers is demonstrated by the minimization of square
error in [32], sine-based auto-tuning methods [33], and the gain
and phase margin-based loop shaping method [34-37], and the
time-domain-based objective functions minimization in [38-41]
respectively. The application of integer and non-integer order
controllers for eliminating limit cycle, as well as frequency

domain-based tuning strategy for obtaining desired performance
in terms of relative stability, bandwidth, steady-state accuracy,
robustness to parameter variations, and suppression of noise and
disturbances, is the novelty of this research article.

The prime objective of this article is to predict and eliminate
the periodic oscillations in the presence of backlash nonlinearity
by applying PID and FOPID controllers. In this current work,
the prediction of the limit cycle is carried out by an analytical
method which was verified by graphical phasor diagrams as well
as digital simulations. Integer and non-integer-order PID
controllers are designed considering several optimization
techniques like Whale Optimization Algorithm (WOA) [42],
Particle Swarm Optimization (PSO) [43], Ant Lion
Optimization (ALO) [44], Grey Wolf Optimization (GWO) [45],
and Moth Flame Optimization (MFO) [46] and multiple
objective functions such as Integral Time Absolute Error (ITAE),
Integral of Absolute Error (IAE), Integral Time Square Error
(ITSE). A statistical analysis is carried out here to evaluate the
best possible solution. The frequency domain-based loop-
shaping method considering the results obtained from various
optimization techniques as an initial guess is used for the
analytical evaluation of proposed controller parameters. Finally,
the robustness of the proposed controllers towards parametric
changes in the system is studied and the practical realization of
the controllers is analyzed.

The major contribution of this research article is:

i Estimation and elimination of limit cycle for a system
comprising time delays and memory type nonlinearity.

ii. Optimization methods work on minimal error indices for
the parameter evaluation of PID and FOPID controllers.

iii. Gain margin and phase margin-based loop shaping method
for controller parameter estimation and achieving desired
system performance.

iv. Physical realization of non-integer order controllers using
Oustaloup recursive filter approximation.

The orientation of this article is as follows: The basic
information regarding the fractional-order system is given in
section 2. The control problem is mentioned in detail in section
3. The presence of periodic oscillations is examined in section 4.
The elimination of the periodic oscillations by using the
controllers is presented in section 5. The tests of the robustness
of the system towards parameter variations are presented in
section 6. While the physical realization of controllers is
mentioned in section 7, section 8 includes the final concluding
remarks.

2. Preliminary Information
2.1. Non-integral (fractional) calculus

Fractional calculus comprises non-integer order integration
and differentiation. The continuous-time integrodifferential
operator is demonstrated as [18]:
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dB
dtf’

L f:dt_ﬁ, B<O

Here, o and t are the limits of operation, and { is the order
of operation. Usually while B € R, but can also be a complex
number. The most frequently used definitions for the fractional
differential integral operator are as follows: the Griinwald-
Letnikov (GL), the Riemann-Liouville (RL), and Caputo
expressions. The GL definition of the fractional order derivative
of a function g(t) is presented as follows [18]:

B>0

B=0 (1)

5
1 |
oPeg(t) = lim Z; (—1) (?) g(t — jh) 2)
j=

Here (—1) (‘f) is the binomial coefficient, cj(ﬁ)and hare the

differentiation length. The RL definition is expressed as:

DB " g™
)= —— — | ———d
o tg(t) Tn—p) o), (= opnt T (3)
Here I'(.) is the Euler’s Gamma function and n is the order of
differentiation. The Caputo definition of fractional order
derivatives can be written as:
t n
Doy~ _ 1 g"(™)
o8O T J o @
Where n—1 < f <n. The Laplace transform method is
routinely used for the solution of the engineering problems. The
Laplace transform of the RL fractional order derivative is:

£{oPg(0} = sG(s) - Z s [0 g0 ©)
k=0

Similarly, the Laplace transform of Caputo’s fractional order
derivative is:

n-1
£{o™g®} = sPa(s) - Z sPTILFM(0) ()

k=0

Now, for zero initial condition (i.e. the assumption generally
considered to obtain the transfer function of any systems), the
Laplace transform of the fractional order derivative of the order
B in GL, RL, and Caputo is reduced to:

L {ngg(t)} =sBG(s) (7)

2.2. Non-integer (fractional) order system

The expression of a non-integral order control system
considering the non-integral differential equation is given as
follows [18,26]:

a,D%c(t) + a,_, D -1c(t) + - + agD%c(t) = 8
by DPmu(t) + by,_;DBm-1u(t) + -+ + byDPou(t) ®)

8

Here the operator DY = oPt represents the GL or the RL or
Caputo's  non-integral differentiation. The  above
integrodifferential equation is presented in the Laplace domain
as:

m-1 i
qn —
() o], o

Therefore, with zero initial condition, the non-integer order
transfer function is expressed as:

G(s)

_C(s) _ bysPm+by,_;sPm-14..4bsB1+bysPo
u(s) aps®n+ap_1s*n-1+...4a,5% +ays%*0

(10)

In the above expression a;(a=0, 1,2, ...,n), B;(in=0,1, 2,
..., m) are real and can be structured as o, > a,_; > =+ > A,
and Bm > Bm—l > > BO'

2.3. Realization of non-integer (fractional) order system

The physical realization of the non-integer (fractional) order
controllers having non-integer (fractional) order integrators and
differentiators is difficult due to infinite memory requirements.
Hence some approximations like the Oustaloup method [27],
and continued fractional expansion [24,25] are needed during
these implementations. The most common approach is the
Oustaloup recursive filter approximation method that
approximates the fractional order system in the s-domain over a
selected lower and upper-frequency range [wp, wp].

Within the frequency range w € [wy, wy], the Oustaloup
filter is expressed as [27]:

N
s + wj
Gr(s) =sP =K 1_[
i=-N

S+(A)i

(11)

Here, the zero wj, the pole w;, and the gain K of the system
can be evaluated from the following expressions.

i+N+0.5(1—p)

of =ap (1) (12)
i+N+0.5(1+p)

oy = ooy (:_:) 2N+1 (13)

K=o (14)
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While g isthe order of fractional differentiation (8 > 0), N
is the order of the approximation, and 2N+1 is the order of the
Oustaloup filter. Here w, is the lower limit and w, is the
upper limit of the frequency. Usually, w,.w, = 1. In this
article, the Oustaloup 11™ order filter approximation N=5 in the
frequency range of [10%, 10°] rad/s is considered. The
FOMCON toolbox in MATLAB [19,20] along with the function
oustafod (B, N, wy, wy) is considered for the above realization
procedure.

2.4. Describing function (DF) method

The DF method is a frequency domain-based method used to
analyze nonlinear systems. It is classified as the ratio of the
fundamental output of the system to the applied input sinusoid
[1,2]. Numerical values of the DF depend upon the magnitude
of input sinusoid X and frequency w of the nonlinear dynamical
system. Consider a SISO autonomous nonlinear feedback
control process as presented in Figure 1 having u(t) =0,
describing function N(X, w), and the process transfer function
G(s).

The steady-state existence of the possible limit cycle is
characterized by:

1+ N(X, w)G(S)lsajm =0 (15)

i. The Nyquist criterion for the persistence of limit cycle
oscillations [1]:

= |G(j(‘))|m:mo

-1
| (16

N(X, u))|X=X0

Here, X, and w,are the corresponding magnitude and
frequency of the oscillations. Thereby, the frequency at the
intersection of the Nyquist curve of G(s) and negative inverse
curve of [-1/N(X)] corresponds the presence of the limit

cycle. The behavior of the limit cycle should be stable for a
periodic oscillation of constant magnitude and frequency.

ii. The Tsypkin’s criterion for a stable limit cycle oscillation [1]:
The critical points of [—1/N(X)] plot lie to the left side of the
polar plot curve of G(jw).

2.5. Concept of backlash nonlinearity

The backlash or gear play is usually found in the mechanical
system consisting of gear trains. Although the gear meshes are
manufactured for very minimal backlash; but due to friction
among the gear teeth, the backlash increases and thereby
decreases the system efficiency. Very large value of backlash
will produce inappropriate system operation. Backlash can
cause undesirable oscillations in the feedback control loop. The
DF method can be used to analyze the effect of backlash
nonlinearity in the nonlinear control system. The DF expression
of backlash nonlinearity is presented as [2,3]:

0, X<H

N) = { E[(g +B+05 sin(zﬁ)) - iCOSZB] xzH (A7)

—ain-1(1 _2H
Where = sin (1 x)'
Let us consider the backlash parameterstobe k =1 and H =
0.05. By separating the real and imaginary terms, the above
equation can be presented in its magnitude and phase angle form
as follows:

INX)| = % J (g +B+05 sin(2[3))2 + cos*B (18)

cos?B

NX) = —tan™"
ZN(X) tan g+g+0.551n(2[3)

(19)

Now, the analytical calculation of limit cycle parameters can
be carried out by using (18) and (19) as described below.

3. Control Problem Formulation

u(t)y=0 x(t)
+

[TT |Y® o «n

Reference ¢ — 'EI_O_IH System’
Input Output
Backlash Plant
Nonlinearity

Fig. 1. A feedback control system with backlash nonlinearity

A nonlinear feedback control system presented in Figure 1
includes a DC motor plant and memory-type backlash
nonlinearity. The existence of a periodic oscillation is examined
for the given system in the presence of a delay time. The plant
in Figure 1 is a DC motor servo utilized for position control
applications [2,3]. Here the contacting gears of the gear train
produce backlash nonlinearity in the system.

The transfer function of the plant in Figure 2 can be found by
considering the shaft angular displacement 6, (s) as output
variable and applied armature voltage E,(s) as the input
variable and converting the feedback gain as unity [2,3] as
mentioned in Figure 3. The effect of gear ratio, backlash, and
time delay is also taken into consideration during the estimation
of the transfer function.

0.(s)
EA(s)

G(s) = (20)

_ nKAKpoKT e_LS
~ s[s2(JLa) + s(BLa + JR4) + (BRa + K1Kp)]
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Fig. 2. An armature voltage-controlled DC servo motor
Table 1. Parameter values of the system [2,3]
Parameters Representation Value Unit
Armature Winding
Ra Resistance 10 Ohm
Armature Winding
La Inductance 0.1 Henry
Amplification
Ka Gain ! )
Kg ngﬁsf;\r’]'f 1 Volt/(rad/s)
Ky Motor rordue 08 | Volt(radss)
Potentiometer
Kpo Sensitivity 15 Volt/rad
J C'(;‘rfsrg?] t 2025 | N-mi(radis2)
Viscous frictional
B Coefficient 0.0025 N-m/(rad/s)
n Gear Ratio 0.5 -
Disturbance Torque
Ty(s)
Tn(s) Eals) 1A(S) Ty (s) wfs)__Bu(s)
1 . 1 1
persy ’.‘L O ey “T

ar Time

Controller Power ™~ [p Gear
Amplifier Ea(s) Ratio BaCKIash popy

Epols)

Kp [
Back EMF
Constant

Patentiometer
Sensitivity

Fig. 3. Block Diagram of the DC motor with Backlash

By using values of the parameters from Table 1 along with a
time delay of L=0.01 s, the equation (20) could be simplified as:

0.6
s[s2(0.2025) + 5(20.2522) + 1.0250]

—0.01s

G(s) =

(21)

Assuming s = jw for the analysis in the frequency domain,
the function G(jw) can be presented as mentioned below.

G(jw)
0.6 e~001G®)

() [(0)2(0.2025) + (jw)(20.2522) + 1.0250]

(22)

The above equation can be simplified and separated into
magnitude and phase angle parts as follows:

. _ 0.6

GGl = V(20.2522002)2+(0.202503-1.025w)? )
i) = — tan-1 (220259 -10250) _

£G(jo) = —tan ( 20.252202 ) (0.01w) @

The performance above the DC motor model in the presence
of backlash and time delays is evaluated in this article. The
above system with backlash nonlinearity is checked for any
possible existence of limit cycle oscillations as presented in the
next section.

4. Limit Cycle Prediction

An analytical evaluation of the periodic limit cycle
oscillations can also be carried out by using (15) as:
N(X, 0)G(8)]s=jeo = —1 = 14m (25)
It emphasizes the following relationships:
i. The closed-loop amplitude gain criterion:
IN(Xo, wo)G(jwo)| =1 (26)
ii. The closed-loop phase angle criterion:
£N(Xo, wo) + £G(jw,) = T (27)

Analytical solutions of (26) and (27) produces particulars
about the limit cycle magnitude X, and the frequency w,.

4.1. Analytical method

The analytical evaluation procedure involves the solution of
the closed-loop magnitude and phase angle condition for the
prediction of periodic limit cycle oscillations. The closed-loop
gain condition (26) leads to the following equation:

(%) [+ + 055w +cos'

_ (28)
J(20.252202)2 + (0.2025w3 — 1.025w)?
This gives:
0.6\° 2
<—) {(E + B+ 0.5 sin(ZB)) + cos4B}
T 2 (29)
= (20.252202)?2
+ (0.2025w3 — 1.025w)?
The above equation can be simplified as:
0.36 (/T , 2
— {(E +B+05 sm(ZB)) + cos‘*B} 30)

—{(20.2522w?)?
+ (0.2025w? — 1.025w)?} = 0

The close loop phase condition (22) produces:
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tan-1 (0.2025m3—1.025m)
20.252202
-1 cos?p
§+B+o.s sin(2B)

(31)
tan ) —00lwo=m

This provides:

3_
tan-1 (0.20250) 1.025w)+ tan‘l( (32)

20.2522w2
—n —0.01lw

cos?pB ) _
Z+B+0.55in(2p) -

As,

tan"!(x) + tan"!(y) = tan~! (x+y)

1-xy

(33)

The above expression is simplified as:

- (34

(g+8+0.5 sin(ZB))(o.zoz5m3—1.025m)+coszB(zo.zszzmz)
(3+B+0.55in(2p) ) (20.25222)—c0s2B(0.202503~1.0250)
— tan(0.01w)

As the equations (30), and (34) are nonlinear, these could be
solved by using the MATLAB fsolve() function assuming an
initial guess of [1,1]. The solution thus obtained is X, = 0.1794
and w, = 0.1512 rad/s and is provided in Table 2 for further
comparison with alternate methods.

4.2. Graphical method

A graphical evaluation of the periodic oscillations could be
obtained using the superimposed Nyquist plot of G(s) along with
the negative inverse plot of [—1/N(X)] . The possible
intersection of both curves suggests the presence of periodic
oscillations. The behavior of the limit cycle must be stable to
have a sustained periodic oscillation of constant amplitude and
frequency. It could similarly be derived from (16) as follows:

-1
FRTZvey = |G(w)lw= 35
[Nl =609 oso, (35)
Nyquist Diagram
-1/N(X)
1 Giju)

N

I

\

\

/ :

’ System] G(jw)
~ Real -1

- 17

~-..} Imag: -0.39

Frequenc

] / y{'\
- -6

{mry e e
4 /r LRE={=ir-)-{v) v n

-2.5 -2 -1.5 -1 -0.5 0 0.5 1
Real Axis

&
in

=

Imaginary Axis

\
N

Fig. 4. Superimposed Nyquist plot of G(jo) with negative inverse plot
of N(X) for backlash.

The overlapped Nyquist plot and the negative inverse graph
of [—1/N(X)] are presented in Figure 4, which signifies the
possible solutions and the existence of limit cycle. The value of
oscillation frequency w, = 0.152 rad/s is interpreted from the
intersection point and the oscillation amplitude is obtained from
(35) as per the following procedure.

It is evident from Figure 4 that:

G(jw,) = —1.17 —j0.39 (36)
= [G(jw)| = /(1.17)% + (0.39)2 = 1.2332 @37
Again, as per close loop gain condition (26):
|G(we)NX )| =1
1 1
= INKI = 550 = 12332 = 08108 (38)

By considering the value of |N(X,)| from equation (18) in
the above equation, we get:

%\/(g +B+05 sin(2[3))2 +cos*p=0.8108 (39)

As, p=1-2,

Assuming an initial guess of X, = 0.1, the above equation
(39) can be simplified using the fsolve() function of MATLAB
that evaluates the value of X, = 0.1774 as mentioned in Table
2. The above results of the limit cycle can be examined by
performing simulations.

4.3. Digital simulations

The simulation output for the nonlinear system in Figure 1 is
presented in Figure 5 which validates the presence of periodic
oscillations. Observations from Table 2 indicate that the
amplitude and frequency of the oscillations are similar in all the
methods.

0.2

015 ‘ ‘

0.1

#(t) (in radian)

0 100 200 300 400 500
Time (in seconds)

Fig. 5. Zero input response of a plant with backlash
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Table 2. Comparison of Limit cycle parameters obtained by different

methods
Limit Cycle Limit Cycle
Backlash Nonlinearity Amplitude Frequency
X, w, (radls)
Analytical Method 0.1794 0.1512
Graphical Method 0.1774 0.1520
Digital Simulation 0.1770 0.1510

Although the evaluation of the limit cycle is done with the
zero-input response, its effect can also be noticed in the step
response of the plant as seen in Fig. 6. The output response of
the system exhibiting a limit cycle can be presented
mathematically as follows:

c(t) = —e(t) = =X, sin[w, (t — L)] (40)
This gives:
c(t) = —0.1770 sin(0.1510t — 0.0151) (41)

4.4, Effect of parameter variations

The variations in magnitude and frequency of periodic
oscillations due to the parameter variations such as changes in
delay times and backlash magnitudes are discussed as follows.

Step Response |
§1AAAAAAAAAAA
: /VVVVyvvvvv
z | VoA WAVl

3 WARVALVAR

Time (in seconds)
Fig. 6. Step response of the plant with backlash
4.4.1. Variations in Delay Time

Physical dynamical systems commonly encounter time delays
whose magnitude increases with enhancement in the complexity
of the system. The existence of a large delay time is a prime
cause of loss of stability and deviations in system performance.

Table 3. Limit cycle parameters under different time delays

p Time Delay L (in seconds)
arameters L=0.01s | L=01s | L=0.5s
Amplitude
of Limit Cycle 0.1770 0.1830 0.2500
Oscillation X,
Frequency
of Limit Cycle 0.1510 0.1511 0.1563
Oscillation
w, (rad/s)

0.4 .= 0.01 sec
L =10.1scc
0.3 L =0.5 sec
oz A Ap A
: | AR
E
g o
=
=
= 0
£
= 0 N , y ”
-0.2 LR V| U U
-0.3
0 100 200 300 400 500

Time (in seconds)
Fig. 7. Zero input response of the system with various time delays

Nyquist Diagram

0.5

-1/N(X)

G(jw) (L. = 0.5 see)
= G(jw) (L = 0.1 sec)
G(jw) (L = 0.01 sec)

==

Real: -1.16
| — Imag:-0.366
w:0.154 rad/s

Real: -1.17
— Imag:-0.391
w:0.152 rad/s

Real: -1.10

0 Tmae-—- 26
THRAE vzt

w:0.159 rad/s

Imaginary Axis

\Y/,

o
1
=]
th
<

-1.5 -
Real Axis

Fig. 8. Superimposed Nyquist plot of G(jo) and negative inverse plot
of N(X) under variations in time delays

3
1.5 L=1.0 sec
L=0.1 sec
25 1 L=0.01 sec

900 1000
Enlarged Section

I

#(t) (in radian)

i

0 200 400 600 800 1000
Time (in seconds)

Fig. 9. Step response of the system under variations in time delays

Let the plant in Figure 1 have different time delays. Studies
from Table 3 reveal an increment in oscillation magnitude with
a corresponding increase in time delays whereas the frequency
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mostly remains unaltered as shown in Figure 7. Its similar
phasor diagram-based interpretation is provided in Figure 8. The
step response of the system of Figurel under various time delays
is shown in Figure 9.

4.4.2. Variations in backlash amplitude

The existence of backlash in mechanical systems causes
sustained periodic oscillations. These limit cycle oscillations
will aggregate the mechanical wear of the system and thereby
further enhance the backlash. Variations in the backlash
amplitude may vary the oscillation behavior of the nonlinear
system. The information from Table 4 suggests an increase in
oscillation amplitude for an increase in the dead band, even if
the oscillation frequency remains the same as found in Figure
10. Its similar phasor diagram-based analysis is shown in Figure
11. Likewise, the step response of the system mentioned in
Figure 1 under different backlash amplitudes is shown in Figure
12.

1.5
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—H = 0.05
H=10.25
1
A A
=
= A
5 0.5
[+
1S
=
S
0
c \/
>
-0.5 U V
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Fig. 10. Zero input response of the system under variations in
backlash magnitude
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Fig. 11. Superimposed Nyquist plot of G(jo) and negative inverse plot
of N(X) under variations in backlash

Table 4. Limit cycle under different backlash amplitudes

=l

Parameters Dead Band Width (H)
H = 0.005 H=0.05 H=0.25
Amplitude
of Limit Cycle
Oscillation 0.0180 0.1770 0.8730

X

Frgqgency
OfOL'”."t Cycle 0.1456 0.1510 0.1513

scillation

w, (rad/s)

[ N
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Fig. 12. Step response of the system under variations in backlash
magnitude

5. Limit Cycle Elimination

The periodic oscillations present in the system of Figure 1 due
to backlash nonlinearity create inaccuracy in the required
position control problems.

[ [T |v® o0
Ge(s) <o T G(s) >
Reference I _’ System
Input Output
Controller Backlash Plant
Nonlinearity

Fig. 13. A feedback control system with controller and backlash

Controllers are designed to address the transient and steady-
state inaccuracy inherited in the system dynamics. The plant of
Figure 1 with a desired controller is presented in Figure 13 for
further analysis. A classical integer order PID controller is
expressed by the below-mentioned transfer function:

K;
Ge(s) =Kp + < + Kps (42)

Here, Kp denotes the proportional gain, K; denotes the
integration coefficient, and Kp denotes the derivative
coefficient. Optimal values of Kp, K;,Kp could provide
desired control efforts based on reference tracking and rejecting
disturbances. Substituting s =jw for the analysis in the
frequency domain, the transfer function G¢ pp(jw) can be
expressed as follows.
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. Ki o . . K
Gc(jw) =Kp + ]_01) +jKpw = Kp +j (KDco - ;I) (43)

The amplitude and phase of the PID controller is given as:

K 2
[DIE ﬁ@ﬁr@%m—ﬁ) (44)
2 _
£Gc(jw) = tan™? (I%(:)—KPKI> (45)

Further, the FOPID controller is presented in the Laplace
domain as mentioned below.
K

Ge(s) =Kp + S—; + Kps*, Ap>0 (46)

While, A denotes the integrator order, and p is the

differentiator order. The similarity between the PID and FOPID

is established when A=1 and p=1. Further, substituting s = jw
for analysis in the frequency domain, we have:

K
Ge(j) = Kp +— 7 + Kpwhj* (47)
HA
FOPD FOPID
(A=0, A, pe(0-2)
p=2)
PD PID
(2=0, (=1,
p=1) p=1)
P PI FOPI 'A
(A=0,u=0) (A=1,p=0) (A=2,1=0)
Fig. 14. 2-D plane representation of PI*D* Controllers [38]
Now using De-Moivre’s theorem, we get [31]:
()™ = |z|™(cosnb + jsinnb) (48)
For, z=j = |Z|=1,6=§.
Hence, we find:
= cos'T 4 i sin®™ and i = cos T — jsin AT
j# = cos— +jsin= and j = cos— —jsin=— (49)

Therefore, the above equation becomes:

) K; AT AT
Gc(jw) =Kp +w—(cos——]sm—)

I
2

A 2 2
+K u( M i uﬂ) 0
pw" | cos > j sin >
Now separating the magnitude and phase part we have:
2
(Kp + %cos%11 + Kpw* cos ?) +

1Gc(w)| = ; (51)

KpoH sin = — ﬁsin)‘—“)

( D 2 orT 2

Kp ot sinkT— XL 5ipAT

£Gc(jw) = tan™? ( u 2 A" 2 ) (52)

Kp+% cos}‘Tn+KDmFl cos
The optimal tuning of integer and fractional order controllers
for the quenching of limit cycle is discussed below. There exist
various methods for the evaluation of parameters of controllers.
While some of them are stochastic optimization-based
procedures, others are deterministic approaches. Both possess
their own advantages and disadvantages as mentioned below.

5.1. Optimization techniques for parameter tuning

Metaheuristic algorithms operate on an approximate
structural model and hence could provide befitting solutions to
real-world problems [38-41]. Varieties of optimization
techniques are present in literature classified as Evolutionary
algorithms, Swarm based algorithms, Physics-based algorithms,
and some other population-based algorithms, etc. Hence, it is
difficult to adopt a specific algorithm for the solution of a
specific problem. Therefore, a comparison is been made
between some recent optimization techniques like ALO, PSO,
GWO, WOA, and MFO based on the minimization of error
indices to find the optimal parameters of the controllers. Let the
error function be e(t), and the time variable is t; then, some of
the common cost functions are provided below [38-41].

i. The ISE objective function

J = f o2 dr (53)
ii. The I,Z\E objective function

]=L%ﬁdwlﬂ (54)
iii. The ITSE objective function

J = j e dt (55)
iv. The I'I?AE objective function

J=LM2MQth (56)

Along with the above error-based cost functions, this paper
also tests a time specification-based objective function (ZLG) as
proposed by Zwe-Lee Gaing [47]. Here, 3 is the weighting factor
whose usual values lie within [0.7-1.5]. Further, M, denotes
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the peak overshoot, Esg¢ denotes the error at steady state, Tg
denotes the rise time, and Ts denotes the settling time
respectively. It is worth mentioning here that while g > 0.7
suppresses the overshoot and steady-state error; B < 0.7
decreases the T, and Ts. In this article, the best system
response is found for g = 1.5.

v. The ZLG objective function

J=(1-eP).(Mp + Ess) + (e7P).(Ts — Tg) (57)

The above objective functions can be used alone or in
combination to debug the optimal values of the controller.

Table 5. Parametric values for optimization methods

Optimization

Techniques Parameter Settings

Maximum lterations = 100
No of Search Agents = PID (30),
PIADu (30)

ALO

Maximum lterations = 100
Total Population = PID (30), PIADp (30)
Inertial weight = 1
Damping Ratio =0.99
Learning Index (personal) = 1.5
Learning Index (global) = 2.0
Maximum lterations = 100
No of Search Agents = PID (30),
PIADp (30)

Maximum lterations = 100
No of Search Agents = PID (30),
PIADp (30)

Maximum lterations = 100
No of Search Agents = PID (30),
PIADp (30)

PSO

GWO

WOA

MFO

The parametric settings for the optimization techniques
during this error function minimization procedure are mentioned
in Table. 5. In any optimization process, the search region,
number of search agents, and number of iterations are vital to
draw a precise conclusion. The choice of the search range is
usually a hit-and-trial procedure. Simulations usually encounter
problems like not a number (NAN), saturation to upper limit etc.
during this procedure. Further, the choices for the number of
iterations and the number of search agents are usually a trade-
off between preciseness and simulation time.

5.1.1. Parameter estimation of PID controllers

The nonlinear feedback loop of Figure 13 considering a PID
controller is optimized using different optimization methods
within the parameter range Kp € [0,75], Kp € [0,75], and
Kp € [0,75] . This article considers the above objective
functions and carries out a statistical study emphasizing least
value of the mean, standard deviation, maximum, and minimum
values of cost functions.

The cost function that produces the least mean value is
considered the best-performing objective function under
specified system parameters. The statistical analysis is carried
out with techniques like ALO, PSO, GWO, WOA, and MFO
considering the parameters as mentioned in Table 5. The values
of different cost functions are obtained by engaging 30 search
agents for 100 iterations with 10-time repetitions and are
presented in Table 6. As the optimization algorithms are
stochastic, therefore an appropriate statistical study can lead to
a proper performance-oriented conclusion.

Table 6. Statistical analysis considering PID controllers

Cost Optimization Methods
Functions ALO PSO GWO | WOA | MFO
Mean | 0.6074 | 0.6074 | 0.6074 | 0.6799 | 0.6073
Std. 7.53 5.72 1.03 8.5 5.52
ISE Dev. E-06 E-06 E-05 2E-06 E-06
Max. | 0.6074 | 0.6074 | 0.6074 | 0.6799 | 0.6074
Min. | 0.6074 | 0.6074 | 0.6074 | 0.6799 | 0.6074
Mean | 0.9816 | 1.3475 | 0.9909 | 0.9908 | 0.9885
Std.
IAE Dev. 0.0016 | 0.2761 | 0.0023 | 0.0008 | 0.0037
Max. | 0.9853 | 1.5475 | 0.9922 | 0.9914 | 0.9912
Min. | 0.9792 | 0.9799 | 0.9812 | 0.9882 | 0.9797
Mean | 0.8735 | 0.8735 | 0.8735 | 0.8735 | 0.8734
Std. 2.47 4.70 2.52 2.55 1.84
ITSE | Dev. E-05 E-05 E-05 E-05 E-05
Max. | 0.8735 | 0.8736 | 0.8736 | 0.8735 | 0.8735
Min. | 0.8734 | 0.8735 | 0.8735 | 0.8734 | 0.8734
Mean | 1.8937 | 5.2995 | 2.0771 | 2.0671 | 2.2065
Std.
ITAE | Dev. 0.0858 | 0.0343 | 0.1092 | 0.1455 | 0.0809
Max. | 2.2304 | 5.3487 | 2.2431 | 2.2573 | 2.3024
Min. | 1.8172 | 5.2469 | 1.9077 | 1.785 | 2.0053
Mean | 0.2154 | 0.7773 | 0.1993 | 0.1997 | 0.1991
Std. 2.75
7LG | Dev. 0.0237 | 0.4871 | 0.0001 | 0.0013 E-05
Max. | 0.2632 | 1.1547 | 0.1996 | 0.2033 | 0.1991
Min. | 0.1991 | 0.1992 | 0.1992 | 0.1991 | 0.1991

Table 7. PID parameters obtained against best cost functions

Cost
Functions

ISE [0.6074| 75 0

Kp | Ky | Kp | TR | Ts | Mp | Egs

56.228|1.175|3.885 11.285|0.00036

IAE |0.9792(74.916|0.019|69.097(1.402|3.930 | 4.446 |0.00037

ITSE |0.8734| 75 0 ]60.409|1.240|3.934 | 8.698 |-0.00067
ITAE |1.8172| 7269 | 0 |74.997|1.584|3.446| 2.026 (-0.00005
ZLG |0.1991)| 7256 | O 75 |1.587|3.447 | 2.022 | 0.00002

It is noticed from Table 6 that the least mean values of
objective functions are obtained for ISE with MFO, IAE with
ALO, ITSE with MFO, and ITAE with ALO. For the minimum
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values of the cost functions, the corresponding values of PID are
presented in Table 7. A comparison of zero input response and
step response for the above plant is provided in Figure 15 and
Figure 16 respectively. The result thus obtained by adopting a
minimal ITAE index shows better transient performance. It is
obvious that due to the existence of periodic oscillations, the
controller cannot have an integral component as an integrator
emphasizes oscillations in the plant.

0.7 SE

TAE
0.6 . ITSE
\ ITAE
ZLG
0.5

A(t) (in radians)
s = = =
— (=] ) =
"H-._-—._____L_._-.

—
="

: N

NTF

0 2 4 6 8 10
Time (in seconds)

-0.1

Fig. 15. Zero input response with PID and backlash nonlinearity
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e

/e

)
%

6(t) (in radian)

1SE
AL
ITSE
ITAE
71.G

0 2 4 6 8 10
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0.2

Fig. 16. Step response with PID and backlash nonlinearity

Therefore, the required PID controller towards the
elimination of the limit cycle is a PD controller and is expressed
as:

Ge(s) = 72.69 + 74.997 s (58)

5.1.2. Parameter estimation of PI*D* Controllers

The DC motor system of Figure 13 with a PI*D* is optimized
considering various integral and absolute errors within the same
parametric range Kp € [0,75], K; € [0,75], and Ky € [0,75].
Here the values of the fractional exponents are varied over the
ranges A € [0,1], and p € [0,1], as well as A € [0,2], and p €
[0,2]. A similar statistical test is performed with the algorithms

ALO, PSO, GWO, WOA, and MFO adopting the same parameters
as mentioned in Table 5. The solutions thus obtained by engaging
30 search agents with 100 iterations and 10-time such repetitions
are provided in Table 8 and Table 9. The optimal values of FOPID
controllers selected based on performances are presented in Table
10. The zero and step input responses of the system are compared
against various objective functions shown in Figure 17 and Figure
18 respectively indicating superior transient performance for the
ITSE index within the range A € [0,1], and p € [0,1].

It is observed from Figure 17 and Figure 18 that the
parametric setting of A € [0,2], and p € [0,2] show poor transient
characteristics in terms of Me and marginal Ts than the
parametric setting of A € [0,1], and p € [0,1]. Therefore,
considering the minimal ISTE cost function within a parametric
range A € [0,1], and p € [0,1], the required FOPID controller
for the quenching of the limit cycle is expressed as:

0.6937
— 0.9998
Ge(s) = 3.8581 + e +75 5

(59)

Table 8. Statistical analysis considering FOPID controllers

Fuggggns PI*D* Controller (A € [0,1],p € [0,1])

o) ALO | Pso | Gwo | woa | MmFo
Mean | 0.23203 | 0.23250 | 0.23253 | 0.23268 | 0.23250

< |5t Dev. | 0.00073 | 0.00010 21925 1 0.00060 | 53370
Max. | 0.2347 | 0.2327 | 02326 | 023518 | 0.23255

Min. | 0.23247 | 0.2324 | 023248 | 0.23223 | 0.23223

Mean | 0.61229 | 0.61173 | 0.60968 | 0.60853 | 0.60443

Std. Dev. | 0.00725 | 0.00541 | 0.00676 | 0.00670 | 0.00129

A TMax. [ 062477 | 06243 | 0.62315 | 0.62175 | 0.60631
Min. | 0.60523 | 0.6045 | 0.60398 | 0.60192 | 0.60163

Mean | 0.32443 | 0.32279 | 0.31013 | 0.31335 | 0.30479

Std. Dev. | 0.00196 | 0.00082 | 0.01529 | 0.01383 | 0.01586
T Vx| 032066 | 0.3234 | 0.32344 | 0.32324 | 032324
Min. | 0.32258 | 0.3207 | 0.28845 | 0.28864 | 0.28844

Mean | 1.7071 | 1.89208 | 1.69853 | 1.71911 | 1.60809

Std. Dev. | 0.11917 | 0.21919 | 0.10666 | 0.20317 | 0.10461
AR x| 20083 | 22039 | 18389 | 2165 | 17671
Min. | 15592 | 13471 | 1.5221 | 1.4136 | 14375

Mean | 0.55189 | 0.60352 | 0.15844 | 0.27093 | 0.09789

Std. Dev. | 0.23883 | 0.17702 | 0.17470 | 0.26908 | 0.00554
L8 T Vax. | 067583 | 0.6747 | 0.65552 | 0.67199 | 010352
Min. |0.09594 | 01 | 009207 |0.10169 | 0.09006

Further, a comparative analysis is done between the optimal
PID and optimal FOPID and is presented in Figure 19. It can be
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noticed that the fractional controllers perform better in 14
comparison with their integer counterparts.
1.2
Table 9. Statistical analysis considering FOPID controllers
1 —
Cost PI*D* Controller (A € [0,2],p € [0,2]) - =
Functions 2
Yoin) ALO | PSO | GWO | WOA | MFO S 08— #f
min £ 105 x
Mean 0.16229 | 0.15814 | 0.16050 | 0.16326 | 0.15440 g 0.6 Y 1SE-1
223 s 1A~ J At
Std. Dev. | 0.00611 | 0.00662 | 0.00740 | 0.00709 ' =3 §
ISE E-06 0.4 i —— // N\ ‘ o)
Max. 0.17278 | 0.16933 | 0.16942 | 0.1695 | 0.15441 / gy :;Z‘;ZI
0.2 .
Min. | 0.15438 | 0.15441 | 0.15438 | 0.15441 | 0.1544 1 2 4 5 e
Enlarged Section 2LG-2
Mean | 0.57858 | 0.58235 | 0.56347 | 0.58294 | 0.56499 “0 ) 4 p s 10
IAE Std. Dev. | 0.02604 | 0.01699 | 0.03909 | 0.01962 | 0.00025 Time (in seconds)
Max. | 0.62044 | 0.61536 | 0.60658 | 0.60865 | 0.56535 Fig. 18. Step response with FOPID and backlash nonlinearity
Min. 0.48457 | 057152 | 0.56531 | 0.56484 | 0.56465 Table 10. FOPID parameters obtained against best cost functions
Mean 0.27204 | 0.26788 | 0.26465 | 0.27260 | 0.26090
Yomi Kp | K| K Al pn | TR | Ts |Mp| E
Std. Dev. | 0.01034 | 0.01038 | 0.00853 | 0.01139 | 228 min i e ol I R B
ITSE E-05
Max. 0.2969 | 0.28456 | 0.28457 | 0.28752 | 0.26092 ISE-1
- A€[0,1],/13.32| 0 | 75 [0.604|0.999|0.816(6.578(4.006| 0.011
Min. 0.26088 | 0.26088 | 0.2609 | 0.26092 | 0.26087 we[0,1]
Mean | 1.34348 | 1.33042 | 1.28139 | 1.3729 | 1.24172 ISE-2
Std. Dev. | 0.07395 | 0.05918 | 0.05315 | 0.19165 | 0.00824 ~ A€ [0:2L] 75 175 ) 75 | 0 11512]0.639)7.54919.65| 0.007
ITAE pe[02]
Max. 1.4605 | 1.4329 1.427 2.1237 | 1.2528 IAE-1
Min. 1.2239 | 1.2446 | 1.2397 | 1.2361 | 1.2216 A€[0,1],|73.68| 75 |74.95| O 1 (0.419|3.435|28.94|0.0003
€[0,1
Mean | 0.50446 | 0.66605 | 0.38165 | 0.33646 | 0.09875 HIAI[E . ]
. Std. Dev. | 0.27579 | 0.01057 | 0.29417 | 0.29478 | 0.00656 A €[0,2],]74.69| 75 |74.99] 0 |1.172|0.460|4.137(22.27 é_75
Max. |0.71097 | 0.6845 |0.67198 | 0.72077 | 0.1035 w € [0,2]
. ITSE-1
Min. ] 009615 | 0.6548 | 0.09575 | 0.1011 | 0.08901  ,'c 611 | 385 [0.69| 75 |0.005]0.999]0.924/1.614]0.246| 0.001
ue [0,1]
1.4 .
—ISE-1 ITSE-2 431
12 o A€[02], 75 | 75| 75 | [°5|1.332|0.530|4.914|19.48|0.0005
——IAE2 € [0,2]
1 82 )
11 e ITAE-1
08 ) TAP A€ [0,1],|73.09|74.5/74.97| 0 | 1 |0.420|3.442|28.81|0.0003
g B B4 v ITAE-2 ne [0,1]
- ! 0.8 || ZLG-1
B 0.6 HpH
£ i 0.4 0z h ZLG-2 ITAE-2
2 oall— .5 1 i x A f‘ ] 5 A€[0,2],|67.64| 75 | 75 0 |1.047(0.438|3.630|25.85|/0.0001
:’; M nlarged Sect /I'*;n'lar;.ud Section LE [0'2]
= 0.2 N 3 ZLG-1
o ! . A€ef0,1],]1.11| O | 75 [0.993|0.886(0.830{2.022(2.024(0.0049
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Fig. 17. Zero input response with FOPID and backlash nonlinearity
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Zero Input Response Step Response d )
! PID 1.2 PID — (Arg[T(jw)]) =0
— FOPID FOPID dw W=0c (62)
0.8 1 . d . .
I e < (ArglG(@)GeGINCOD| =0
w W=W¢
= 06 Z08
g E
K 0.4 E 0.6 I iv. Rejection of high frequency noise: The robustness of a system
£ \ =} ' to high frequency noise can be attended if the close loop
T o2 S04 frequency response P(jw) satisfies the following low pass
filtering requirements.
0 0.2
|P(jw)lagg <An dB, ¥V o = o
-0.2 0
0 5 10 15 20 0 5 10 15 20 G(jm)Gc(jm)N(X) (63)

Time (in seconds) Time (in seconds)

Fig. 129. Comparison of responses of PID and FOPID controller

Although the optimization techniques following some
stochastic parameter estimation procedures are easy to
implement, they need the initial information regarding the
search region. This itself is a problem and is solved by the trial-
and-error procedure as the region in which the solution exists is
usually unknown. This leads to the need for a deterministic
procedure for the evaluation of parameters. This article also
examines the loop-shaping method for the tuning of controllers
as discussed below.

5.2. Frequency domain loop shaping technique for

parameter estimation

The loop transfer function T(s) consisting of the plant G(s),
the nonlinear element N(X), and the controller G¢(s) as seen
in Figure 9 must satisfy the following frequency-domain design
specifications to achieve a better system performance [30].

i. Phase margin specification: The phase margin is associated
with the damping and is thereby considered as an index for the

system performance. The preceding condition must be satisfied.

Arg[T(jwc)] = —T + ¢y

i.e. (60)

Arg[G(joc)Ge(ioc)NX)] = -t + by
Where, w. is the gain cross over frequency, and ¢, is the
required phase margin.
ii. Gain cross over frequency specifications: It is the means of the
stability of the system.

ITGoc)las = 1G(wc)Ge(jwc)NX)[qgg =0 dB (61)
Le |Tjo)l = [Gjwc)Ge(jwo)NX)| =1

iii. Robustness to gain variations: The robustness of a system
towards the gain variation needs the phase angle difference
with respect to the frequency to be zero.

= AN dB

1+ G(0)Ge(j0INX)| 4 w=wr

Where, Ay is the desired noise attenuation value for the cut-
off frequency w = w, rad/s.

v. Rejection of output disturbance: Good disturbance rejection
characteristics require fulfillment of the following condition
for sensitivity function S(jw).

ISGw)lqs < Bp dB,
1
1+ G(jw)Gc(jw)N(X) dBl =

V 0 < wg

(64)

i.e.

= BD dB

Where, B is the desired sensitivity function value for the
cut-off frequency w < wg rad/s.

The above-formulated optimization problem (60-64) is
nonconvex and therefore its analytical solution is difficult. Due
to the presence of local minima, it is necessary to carry out this
problem with several initial guesses. MATLAB optimization
toolbox fmincon() with the interior-point algorithm can be
utilized to solve this constraint nonlinear optimization problem
and gather the optimal. Therefore, with the above constraints
considering the robustness to gain variation (62) as the objective
function, the modelling of integer and fractional order PID is
explained below.

5.2.1. Design of integer-order PID controllers

The phase margin specification (60) reveals the following:

—tan-! (0.20250)(;3—1.0250)(;) + tan-! (Kchz—KI) _

20.2522wc?2 wcKp
(65)
tan~! (

cos?B
Z+B+0.5sin(2B)

) —0.01lwc = -1+ ¢y

The above equation can be expressed as:

{3+B+055in(2p) }{(wcKp)P—(Kpwc?-K)Q}
+(cos2B)[(wcKp)Q+(Kpwc?-Ki)P]
{3+B+0.5sin(2B) {{(wcKp)Q+(Kpwc? KNP}
—(cos?B){(wcKp)P—(Kpwc?-KDQ}

{tan(¢py, + 0.01wc)} =0

(66)

518



Dakua and Pati / International Journal of Automotive Science and Technology 8 (4): 506-526, 2024

PARAPY .o o000 ™
v. "" ALTOMONVE ENGINEERS

Where, P = 0.2025w¢3 — 1.025w¢, and Q = 20.2522w?
respectively. Again, the gain crossover frequency constraint
(61) can be derived as:

0.6

Kp +(KDmc—ﬁ)2 \/(g+8+0.5 sin(2 B))2+cos4ﬁ]

“c (67)
V(20.25220¢2)2+(0.2025w¢3-1.025w¢)?2
It could further be expressed as:
Ky \? . 2
0.36 Kp2+(KDu)c—m—(I:) [(g+ﬁ+0.5 sm(ZB)) +cos4B] _, (68)

m2,/(20.25220¢2)2+(0.20250¢3-1.025w()2

Similarly, the constraint (62) for the robustness of the system
provides:

d 0.2025wc3-1.025w¢
K[ (e 2522007 )|+
d KD(.\)C —K[ _
KI: ( wcKp ) ] (69)
[, cosB _ 4 _
dw [ (2+B+0.Ssm(28))] dwc [0.0100¢] = 0
As the factor i[tan‘1 <7C°S B )] , the above
doc Z1B+0.5sin(2p)
equation could be further simplified as follows.
4.1011wc* + 20.7585w2
(20.2522mc2)2 + (0.2025wc3 — 1.025m¢ )2 (70)

—{ we KeKp + Kply }+ 0.01=0
(wcKp)? + (Kpwc? — Kj)?

In this paper instead of random initial guesses, the results
obtained from optimization techniques are used as initial guess
values assuming (70) as the objective function and (66,68) as the
nonlinear equality constraints.

Assuming gain cross-over frequency wc =1 rad/s, phase
margins ¢, = 60°65%and 70° , optimization by the
fmincon() solver within the parameter range Kp €[0,75], K; €
[0,75], and K € [0,75] provide results as shown in Table 11-
13 respectively. It should be noted here that considering (66) or
(68) as objective functions did not give optimal results for the
controllers toward the quenching of the limit cycle. Hence, that
aspect is not included in this article.

Results obtained from the system having a PID controller
with different phase margins are compared and shown in Figure
20 and Figure 21. While PID parameters obtained for higher
values of ¢,, quenches the limit cycle but shows marginal
sluggish behavior. Thus, the desired limit cycle minimizing
controller was obtained for ¢, = 60° is:

+ 74.9992 s

0.0050
Gc(s) = 56.3399 + (71)

Table 11. PID controller parameters obtained for fmincon
optimization technique

Initial Guess Value Converged Value Performance
(From Optimization (From FMINCON) Index
Techniques) ¢ = 60°
Obj.
Kp K Kp Kp Ki Kp FunctJion
75 0 56.22 | 9.5059 |34.4001 75 -0.5276
74.91 | 0.019 | 69.09 |56.3834 0 75 -0.40981
75 0 60.40 | 9.5059 |34.4001 75 -0.5276
72.69 0 74.99 | 9.5059 |34.4001 75 -0.5276
72.56 0 75 |56.3399 | 0.0050 | 74.9992 | -0.40978

Table 12. PID controller parameters obtained for fmincon
optimization technique

Initial Gugss .Val.ue Converged Value Performance
(From Opt'lmlzatlon (From FMINCON) Index
Techniques) ¢, = 65°
Obj.
Kp K Kp Kp K Kp Function
75 0 56.228 | 46.6342 0 75 -0.3779
74.916 | 0.019 | 69.097 | 49.9080 0 75 -0.3907
75 0 | 60.409 | 47.9776 0 75 -0.3834
72.69 0 74.997 | 51.9944 0 75 -0.3977
72.56 0 75 | 50.0958 | 0.0055 | 74.9998 | -0.3914

Table 13. PID controller parameters obtained for fmincon
optimization technique

Initial Guess Value Converged Value
(From Optimization (From FMINCON) Pen;(rJ]rdn;;nce
Techniques) P = 70°
Obyj.
Kp Ki Kp Kp K| Kp Function
75 0 56.228 40.2287 0 | 75| -0.34603
74.916 | 0.019 | 69.097 47.1076 0| 75| -0.3799
75 0 60.409 40.2291 0| 75| -0.34603
72.69 0 74.997 47.8682 0| 75| -0.3830
72.56 0 75 46.1474 0| 75| -0.37581
0.5
_(IJm=ﬁUo
0.4 [\ Enlarged|Section _¢'m:65:
— =70
= 0.3 —
%
E 0.2 b
g 0.1
0
0.1
0 5 10 15 20

Time (in seconds)

Fig. 20. Comparison of zero input response with backlash nonlinearity
and PID controllers
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Fig. 21. Comparison of step input response with backlash nonlinearity
and PI1D controllers

5.2.2. Design of PI*D* controllers

Similarly, the phase margin specification (60) provides the
following relationship:

—tan-! (0.20250)(;3—1.0250)c)
20.2522w¢?

. Ky . &
KpwH* sinEE——Lsin2"
2 oA

- 2
tan ! Ky AT pw |
Kp+—)Lcos—+KDu)”cos—
® 2 2

2
tan™? <7n cos B
5+|3+0.5 sin(2B)

(72)
) —0.01lwc = -1+ ¢y

The above equation can be simplified as:
/{g + B +0.5sin(2p)} (AP — BQ}
+(cos?B){AQ + BP}
{7+ B +05sin(2p)} {AQ + BP}

—(cos?B){AP — BQ}
+ [tan(¢p, + 0.01lwc)] =0

0. 2025wc3 ~1. 025wc L Q = 20.2522wc2,

(73)

Where, P =

A—KP
K

Acos +KDm“cos ,and B = KDw“sm——

—L sm T respectively.

Agaln, the constraint (61) for gain crossover frequency can be
expressed as follows:

0%{\/ A2+BZ}{\/G+B+O.5 sin(2 B))2+cos4 B}

=1 (74)
J(20.25220¢2)2+(0.2025w¢3-1.025w¢)?
It can further be simplified as:
2 2))(T ; 2 4
0.36 {A2+B }{(2+B+0.5 sm(ZB)) +cos B} 1 (75)

m2{(20.2522wc2)%2+(0.2025w3-1.025w() 2}

Likewise, the robustness constraint (62) of the system gives
the following equation.

d _1 {0.2025wc3-1.025w
— [tan 1 (—C C)] +
dw 20.2522w2

1 ( KpwH sinE—K—is'n)‘—1T
tan™ 7 —
LS s
Kp+w)l cos=; +KpwH cos: >
_ cos? d
an~! (—=2F )~ L [0.010¢] =0
5+B+0.5 sin(2B) doc

du)c

(76)

d(.l)C

Being independent of wc,

_1( cos?p )] —0
;+B+0.5 sin(2) o

Hence, the above equation is simplified as:

d
— |tan

dog @

{ 4.1011w¢c*+20.7585w 2 }

(20.25220¢2)2+(0.2025wc3-1.025w()?
AE-BF
AZ 2

(78)
)+001_0

KA
WA+l

Where E = Kppw*! sin% + T and F =

— T[ KA Am
KppowH? cos% - cos =

sm

o respectlvely.

The high-frequency noise reduction constraint (63) makes the
following equation:

0.6/A2 +BZJ@+B+°-5 sin(2 B))2+cos4[3
T/ P2+Q2+0.6\/A2+B2\/(§+[3+0.5 sin(2 B))2+cos4[3
®

(79)

=Wt
AN
1020 =0

The criterion (64) for disturbance rejection reveals:

m/PZ+Q2
T/ P2+Q2+0.6\/A2+B2\/(g+6+0.5 sin(2 B))2+cos46

(80)
W=Wwg
Bp
1020 =0

Likewise, the above-formulated optimization problem is
nonconvex, and therefore its analytical solution is difficult. The
results obtained from optimizations are used as initial guess
values assuming (78) as the objective function and (73, 75, 79,
and 80) as the nonlinear equality constraints. Now, by assuming
the gain cross-over frequency w¢ = 1 rad/s, the phase margins
b, = 60°,65%and 70° , the required noise attenuation
Ay =-10 dB for w = w; =10 rad/s, the value of the
sensitivity function Bp =—-20 dB for w < ws =0.001
rad/s; the cost minimization by the function fmincon() within the
parameter range Kp € [0,75], K; € [0,75], Kp € [0,75], A €
[0,1], and u € [0,1] provide the following results as shown in
Table 14-16 respectively. Again, the results obtained from the
system having an FOPID controller with different phase margins
are compared and presented in Figure 22 and Figure 23
respectively.
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It must be noted here that considering (73) or (75) as the main
cost function and the remaining two as nonlinear constraints, did
not provide optimal performance of the fractional controllers
towards the suppression of the limit cycle. Hence, that aspect of
controller design is not included in this paper. While the FOPID

parameters obtained for ¢, =

Ge(s) = 3.8273 +

60°, 65°, 70° are almost
similar. The desired limit cycle minimizing FOPID controller
thus evaluated for ¢,

70° and is expressed as follows:

50.0001

0.7578
———— +73.9489 %9998

(81)

Table 14. FOPID controller parameters obtained for fmincon
optimization technique

Constrained Nonlinear
Minimization-FMINCON

(Phase Margin ¢,, =

65°)

Objective Function

-0.1428 ]

-1.488

‘ -0.0418 ‘

-1.

5066

Constrained Nonlinear
Minimization-FMINCON

Table 16. FOPID controller parameters obtained for fmincon
optimization technique

Constrained Nonlinear
Minimization-FMINCON

(Phase Margin ¢, = 60°)
Kp | 13.32 | 73.681 | 3.8581 | 73.095
Initial Guess K, 0 75 | 0.6937 | 745
Values
(From Kp 75 74.951 75 74.97
Optimization
Techniques) L | 0.6048 0 0.0058 0
u | 0.9999 1 0.9999 1
Kp | 9.2418 | 73.7956 | 5.9258 | 73.118
Converged K; | 3.0640 | 74.0868 | 4.0862 | 74.541
Values
(From Kp | 58.5145 75 68.521 75
fmincon) L | 0.6153 | 0.8710 | 0.0011 | 0.8724
n 1 1 0.9840 1
Objective Function -0.1505 | -1.4905 | -0.0693 | -1.5092

Table 15. FOPID controller parameters obtained for fmincon
optimization technique

Constrained Nonlinear

Minimization-FMINCON
(Phase Margin ¢,, = 65°)

Kp | 13.32 | 73.681 | 3.8581 | 73.095
Initial Guess K, 0 75 | 06937 | 745
Values
(From Kp| 75 74.951 75 74.97
Optimization
Techniques) A | 0.6048 0 0.0058 0
p | 0.9999 1 0.9999 1
Kp | 16.0553 | 73.7950 | 0.0001 | 73.1178
Converged K; | 0.0949 | 74.0870 | 7.9692 | 74.5411
Values
(From Kp | 720922 | 75 | 701317 | 75
fmincon) A | 0.0011 | 0.8702 | 0.0011 | 0.8716
i 1 1 1 1

Fig.

(Phase Margin ¢, = 70°)
Kp 13.32 73.681 | 3.8581 | 73.095
Initial Guess | 0 75 069372 | 745
Values
(From Kp 75 74.951 75 74.97
Optimization
Techniques) L | 0.6048 0 0.0058 0
p | 0.9999 1 0.9999 1
Kp | 15.7794 | 73.7941 | 3.8273 | 73.1174
Converged K; | 0.1052 | 74.0872 | 0.7578 | 74.5411
Values
(From Kp | 72.2834 75 73.9489 75
fmincon) A | 0.0009 | 0.8689 | 0.0001 | 0.8703
p | 0.9999 1 0.9998 1
Objective Function | -0.13912 | -1.4842 | 0.0087 | -1.5027
1 — ' \Enlar ed Seclion| _¢m:500
os 11 g-%/\ e
= 06 f 04 \
g 0.5 1 1.5
:g ’ o1 Enlarged Section
= 04
§ \ u.us\\
=y \ 1N
0 Cﬁ” 777777 ~7 3 4 5 6
-0.2
0 5 10 15 20

Time (in seconds)

22. Comparison of zero input response with backlash nonlinearity
and FOPID controllers
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Fig. 23. Comparison of step input response with backlash nonlinearity
and FOPID controllers
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Fig. 24. Comparison of responses of PID and FOPID controllers
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Fig. 25. Superimposed Nyquist plot of G(jo) and Negative inverse
plot of N(X) for Backlash with PID and FOPID controllers

Comparison between zero input and step responses of the
system with PID and FOPID are shown in Figure 24. Although
PI*D* the controller shows a significant peek as compared to
PID controllers but the settling time is marginally small; thereby
proving the superiority of PI*D* controllers over the integer-
order PID controllers. The overlapped Nyquist and negative

inverse figure also confirm no intersection and thereby predict
the complete elimination of limit cycle oscillations as seen in
Figure 25.

Table 17. Time domain specifications with and without controllers

Time I Optimization Loop Shapin
Domain Osrgg:ﬁl |DMethod I\aethog ’
Specifications Y PID | FOPID | PID | FOPID
Rise Time (Tg) 6.8734 | 15855 | 0.9277 | 2.1361 | 0.9415
(in seconds)
Settling Time (Ts) | 49914 | 3.4088 | 1.6244 | 3.4819 | 1.6338
(in seconds)
Percentage
Overshoot Mp(%) 58.03 2.0127 | 0.1912 | 0.1252 | 0.2388
Peak Time (Tp) 1860 | 3.3215 | 34572 | 51100 | 3.4806
(in seconds)
Steady
State Error (Ess) 0.1747 0.0001 | 0.0006 | 0.0006 | 0.0006

The comparison of the time specifications between the PID
and FOPID obtained from both the discussed procedures is
provided in Table 17. As per expectation, the superiority of
fractional controllers can be noticed in terms of rise time and
settling time. The major issue with this procedure is the need for
an initial guess of solutions. This creates a problem as any
random guess might not converge. If the initial guess of the
solution is proper, results will be appropriate, else not. Further,
the solution also depends upon the GM, PM, and gain cross-over
frequency details; which must be obtained by a trial-and-error
procedure. Further, it requires five constraints to simplify and
solve those nonlinear equations usually the nonlinear
optimization toolbox fmincon() is used.

6. Robustness Analysis of the System

The robustness of a control system is usually evaluated
against parameter variation and disturbance rejection. In this
paper, the usefulness of the proposed controllers is examined
based on variations in time delays as well as variations in
backlash amplitude. As the prime aim of this article is to
minimize the effect on the limit cycle, the zero-input plant
response is considered instead of the step output response of the
plant.

6.1. Effect of controllers on variation in delay times

The system of Figure 13 is tested against variations in delay
times which could inherently be present in the system. The
effectiveness of the controller in suppressing the effect of this
parameter variation is shown below. It is noticed in Figure 26
that for a time delay of 0.1 s, both controllers work effectively.
But for a delay time of 0.5 s, the PID is unable to quench the
limit cycle while the FOPID is suppressing the limit cycle
efficiently as seen in Figure 27.
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Fig. 27. Zero input response with different controllers considering a
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6.2. Effect of controllers on variable backlash magnitudes
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Fig. 28. Zero input response with different controllers considering a
backlash amplitude H = 0.005
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Fig. 29. Zero input response with different controllers considering a
backlash amplitude H = 0.25

Likewise, the system of Figure 13 is tested against variations
in the backlash magnitude that may arise in the system due to
the ageing effect.

The effectiveness of the proposed controllers in eliminating
the effect of such variations is demonstrated in Figure 28 and
Figure 29 respectively. For every variation in backlash
amplitude, the PID and FOPID are seen to eliminate the limit
cycle oscillations efficiently. The zero-input response of the
plant signifies the dominance of PI*D* controllers in terms of
robustness to parameter variations against their integer-order
counterparts.

7. Realization of the Controllers

The results of integer and non-integer order controllers
obtained in the previous sections need to be implementable in
real practice. Further, to carry out simulations in MATLAB, the
controllers need to be practically realized as mentioned below.

i. The PID controller calculated during the optimization process
is found to be a PD controller and can be implemented as
follows.

Ge(s) = Kp + Kps = 72.69 + 74.997s (82)

The above improper transfer function can be converted into a
proper transfer function by considering the filter coefficient Ny
[17]. Let N = 1000, and therefore the above PD controller can
be expressed as:

Ng
Gc(S) = Kp + KDS (S n NF) (83)
1000
=72 9975 (——n 84
= Ge(s) 7269+74997s(s+1000) (84)

ii. Likewise, the PI*D* controller evaluated during the
optimization process can be implementable as mentioned
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below. The improper fractional differentiator Kps* can be
made a proper function with a fractional filter Nz = 1000 as
follows:

KI F
- 21 wo(—F
Ge(s) =Kp + " + Kps (s“ n NF> (85)
0.6937

+ 75 SO.9998 < 1000 )

50998 + 1000

Further, using the Oustaloup filter of order N = 5 within the
frequency range [1073,1073] rad/s, the fractional elements
can be realized. The MATLAB function oustafod(8, N, w;, wy)
is used for this purpose.

Therefore, for s%9958 the relevant integer order model is:

500058 —

1.041511+773.9510+1.275e055°+5.631e06s8+6.962e07s7 +
2.44e085°+2.431e085°+6.886€075*+5.529€06s3 +
1.243e055%+748.95+1
s11+748.95s10+1.243e0559+5.529€0658+6.962e07s7 +
2.431e08s°+2.44e08s5+6.962€07s*+5.631e06s3+
1.275€0552+773.9s+1.041

(87)

Likewise, for s%9998 the integer order model is:

509998 —

998.6511+3.977e0551043.511e07s%+ 8.304e0858+5.5e09s7 +
1.033e10s%+5.511e095%+8.363e085%43.597€07s3 +
4.333e0552+1398s+1
$1141398s10+4.333e0559+3.597e07s8+8.363€08s7 +
5.511€09s6+1.033e10s5+5.5e095%+8.304e08s3 +
3.511e0752+3.977e055+998.6

(88)

Further, the fractional element s%°°1 can be realized as:

500001 —

1.001s'1+746.7 €05510+1.235€055%+ 5.472e06s%+
6.79e07s7 +2.388e085°+2.388€085°+6.789e07s%+5.47€0653 +
1.234€05524746.25+1
s114746.2s10+1.234e€0552+5.47e0658+6.789e07s7 +
2.388e08s°+2.388e08s5+6.79€07s%*+5.472€06s3+
1.235e0552+746.7s+1.001

(89)

After realization, further analysis or simulation of the
fractional elements can be carried out by considering the above
model.

8. Conclusion

In this paper, the limit cycle prediction is carried out fora DC
servo plant with time delay and backlash nonlinearity. An
analytical method based on the DF analysis followed by a
Nyquist contour-based graphical procedure and further digital
simulations is carried out for the investigation of the possible
limit cycle oscillations. The effect of parameter variation on the

limit cycle is examined by applying multiple time delays and
various backlash magnitudes. Results reveal an increment of
oscillation amplitude with a corresponding enhancement in
system parameters whereas the frequency of oscillation almost
remains the same. PID and FOPID controllers with optimal
parametric values are considered for the suppression of these
limit cycle oscillations. Parameter estimation of the controller is
carried out using optimization methods by minimizing
performance indices as well as by adopting a frequency domain-
based loop shaping approach.

In the optimization-based procedure, statistical studies reveal
the superiority of MFO over other applied algorithms towards
the minimization of the cost functions and providing desired
system performance in terms of suppression of limit cycle
oscillations. While the superiority of MFO-tuned ITAE is
noticed for PID controllers, the MFO-tuned ITSE provides
superior performance for FOPID controllers. In the analytical
procedure, out of the five applied loop shaping constraints, the
robustness to gain variations condition provided better results
being an objective function and the other four as nonlinear
constraints for different values of phase margins.

Further, the simulation results reveal the authenticity of the
PID and FOPID controllers in suppressing the oscillation
magnitude and capturing the desired closed-loop system
performance. Robustness studies clearly show the effectiveness
of the controllers towards system parameter variations. It further
indicates the superiority of FOPID controllers in terms of
achieving desired system performance as well as insensitivity
towards the system parameter variations.
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