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ABSTRACT

In this paper, we consider simple rotational surfaces in the Euclidean 4-space E* with the profile
curve contained in a 2-plane. In terms of having generalized 1-type Gauss map, we obtain some
classification results of minimal surfaces, flat simple rotational surfaces and simple rotational
surfaces with constant Gaussian curvature.
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1. Introduction

The first study on rotational surfaces in the Euclidean 4-space E* was studied by EN. Cole in [10]. The
obvious generalization of a surface of rotation in ordinary space is a surface left invariant by a rotation in four
dimensions, a rotation being defined as a linear transformation of positive determinant preserving distance
and leaving one point fixed [15]. Then, in the most general form in E?, a rotational surface is defined as

F(s,t) = (X1(s,1), Xa(s, 1), X5(s, 1), Xa(s,1)) (1.1)

where 5(s) = (z(s),y(s), z(s), w(s)) is the profile curve and

Xi1(s,t) = z(s) cosat — y(s) sin at,
Xso(s,t) = z(s) sinat + y(s) cos at,
X3(s,t) = z(s) cosbt — w(s) sin bt,

X4(s,t) = z(s) sinbt + w(s) cos bt

is the position vector of the rotational surface. Specifically, if a = 0,6 = 1 and w(s) = 0, the equation (1.1) is
reduced to

F(s,t) = (x(s),y(s), z(s) cost, z(s) sint) (1.2)
and (1.2) is defined as a simple rotational surface in the space E*.

On the other hand, the definition of finite type submanifold in Euclidean spaces was given for the first time
by B.Y. Chen, while the subject of submanifolds in Euclidean space was studied, in order to define the total
mean curvature of compact submanifolds in Euclidean spaces and the concept of degree, and the studies on
this subject were published in his book [5]. By the definition, a map ¢ : M — E™ into a Euclidean space is said
to be finite type if it can be expressed as

p=0o+ 1+ P2+ ...+ ¢

for some eigenvectors ¢g, @1, p2, ..., ¢; of the Laplace operator A of M, where ¢, € E" is a constant vector.
More precisely, if these eigenvectors are corresponding from k distinct eigenvalues of , then ¢ is said to be of
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k-type. Then, the definition of finite type map is given by using differentiable maps in the definition of finite
type submanifold and firstly studied in [7]. Specifically, by considering the Gauss map, definition of 1-type
Gauss map is defined as

Av = Av+C)

After that, many studies on finite type Gauss map were studied in articles [3, 14, 19, 21, 23, 24]. Moreover, it
has been seen that this equation is provided not only for the constant ), but also for a differentiable function f
in some cases, and therefore, in [18] Kim and Yoon definition of pointwise 1-type Gauss map is defined as

Av=fr+0C).

Also, in this definition, it is defined as the first kind if C' = 0 and as the second kind otherwise. Submanifolds
in Euclidean spaces with pointwise 1-type Gauss map were studied in [2, 8, 9, 11, 13, 25]. In the articles
[4, 6, 16, 17, 19], rotational surfaces were studied with pointwise 1-type Gauss map in Minkowski space. For
example, in the paper [22], simple rotational surfaces in E* were examined. Then, a complete classification of
simple rotational surfaces with pointwise 1-type Gauss map of the first kind is made, and a classification
of simple rotational surfaces with pointwise 1-type Gauss map of the second kind provided that one of
the coordinate functions satisfies a third-order ordinary differential equation. In addition, in the article [12],
the classification of space-like rotational surfaces in E{ Minkowski space was given, and in the article [2],
necessary and sufficient conditions were determined for the flat Ganchev-Milousheva rotational surface to be
of pointwise 1-type Gauss map.
Recent studies have shown that some surfaces in E? satisfying

Av = fll/+fgc. (13)

This situation is understood to be neither 1-type nor pointwise 1-type Gauss map, and the equation (1.3) is
given to defined as a generalized 1-type Gauss map in [20, 26], where surfaces in E* were studied. Note that
generalized 1-type Gauss map includes considering that it includes both 1-type and pointwise 1-type Gauss
map.

In this paper, the classification of simple rotational surfaces in space E* is investigated in terms of having
a generalized 1-type Gauss map. First, the necessary conditions for simple rotational surfaces to have a
generalized 1-type Gauss map in space E* are obtained. Then, it is shown that minimal surfaces do not have
a generalized 1-type Gauss map, but a second kind of pointwise 1-type Gauss map. It is also shown that
flat simple rotational surfaces whose profile curve is non-planar do not have a generalized 1-type Gauss map.
Finally, by obtaining the necessary and sufficient conditions for simple rotational surfaces of constant Gaussian
curvature for K¢ = 1, it is shown that surfaces of constant Gaussian curvature have a generalized 1-type Gauss
map.

2. Preliminaries

Let M be an oriented n-dimensional submanifold in E*t2. We choose an oriented local orthonormal frame
{e1,€2,...,enq2} on M such that e, es ..., e, are tangent to M and e,, 11, e,42 are normal to M. We use the
following convention on the range of indices, 1 < i,5,k,... <n, n+1<r,s,t,... <n+2. Let V be the Levi-
Civita connection of E"*2 and V the induced connection on M. Also, let w4 be the connection forms defined
aswap(X) = <@ xe€a,e B> and h; denote the components of the second principal form % of the M submanifold,
i.e., we put

hij = (h(ei, €)), €s).

The Gauss and Weingarten formulas for the A/ submanifold can be given as

n n+2
Ve,€i = E wij(er)e; + E hiper
j=1 r=n+1
and
n n+2
Ve s = — E hirej + g wgr(eg)er.
7j=1 r=n-+1

dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Simple Rotational Surfaces in Euclidean 4-Space with Generalized 1-type Gauss Map

Similarly, the normal connection V< of Mis given by

n+2

Vj‘kes: Z wgr(eg)er.

r=n+1

The mean curvature vector H and the squared length |h||* of the second fundamental form h are defined as
follows, respectively

1 2 r
H=- Zh{ier and A" = Z hijhji-
ir hdsT

The Codazzi equation of M in E"*2 is given by

r _r
ik = Njksis
n+2 n
ki = ei(hjy) + Z hjpwsr(€i) — Z (wiy (el + wiy(€i)h],) -
s=n-+1 y=1

The normal curvature tensor RP of M in E*t2 is given by

n

RP (ej,enier,es) = ([Ae, Ac] (e5) v ex) = D (hixhyy — hijhiy) -
i=1
2.1. Simple Rotational Surfaces

In E*, the parameterization of a general rotational surface and a simple rotational surface is defined by (1.1)
and (1.2), respectively. Now, let M be a rotational surface given by (1.2) and we also consider the profile curve
B = (z,y, 2,0) of M and denote its curvature by . Without loss of generality, we assume that  is parametrized
by its arc-length; that is, the equation

@)+ )+ () =1 2.1)

is satisfied.
In this case, an orthonormal moving frame {e;, e2, e3,e4} on M is defined as

0 10

= 5. = T35 2.2
T Bs 2= ot (2.22)
1
es = — (2", y", 2" cost, 2" sint), (2.2b)
K
1 :
€4 = E (P17P2ap3 COs tap3 S111 t) (22C)

where e, e; are tangent and e3, e, are normal to M. Here, p1, p2 and ps are differentiable functions which are

defined as,

’ "ot ) ",
(p1,p2,p3) = (y'2" —y"2" 2" = 2'2" 2’y" = 2"y).

With a direct calculation, we obtain the connection forms of M and components of the second fundamental

form of M as
ZI/

hiy =k, h3p= Ty hiy =0, (2.3)
P3
h%l =0, h4112 =0, hé2 = T2
Z/
wiz(e1) =0,  wiz(e2) = o
waae1) =7, wsa(ez) = 0. (2.4)

Consequently, the shape operators of M has the matrix representation

K 0 0 0
(3 ) ol h)
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From these matrices, the mean curvature vector H and the Gaussian curvature K of M are calculated as,
respectively
(h3) + h3y) h3,

H = > e3 + 764;
"
K=-2".
z

The Codazzi and Gauss equations of a simple surface M are as follows [22]

e1(h3s) = war(e2)(h3y — k) + 7'h‘2127
e1(h3y) = hapwar(e) — Th3,,

(wa1(e2)) = (wa1(e2)) 4 Kkh3s.

3. Generalized 1-type Gauss map in Euclidean space E™

Let M be an n-dimensional submanifold of the Euclidean space E™. Consider the orthonormal frame field
{e1,e2,...,e,} of the tangent bundle of M. Let us denote the space spanned by n vectors in the Euclidean space
E™ by A™(E™). Note that the dimension of the space A”(E™) is

N:(gf;).

Now, for any p € M the n-vector givenby (e; Aex A --- Aey,), represents the n-plane in the space E™ spanned
by the vectors {e1, ez, - ,e,}. The Gauss map v of M is defined as the mapping that assigns to each point of
M the tangent plane at that point. In expression, we have

v: M —EN
p—v(p) =(e1heaN - Ney),.

Laplacian with respect to the reduced metric on the A/ submanifold is defined

A = (Veieq; — 67;611)

1

n

7

According to this definition, pointwise 1-type Gauss map and generalized 1-type Gauss map are defined as
follows.

Definition 3.1. Let M be an n-dimensional submanifold of the Euclidean space E™, and v be the Gauss map of
this submanifold. M is said to have a pointwise 1-type Gauss map if the Gauss map, on M satisfies the equation

Av=f(+C) (3.1)

for a smooth function f and has a constant vector, C € EV. Additionally, if the equation (3.1) satisfies for C = 0,
it has pointwise 1-type Gauss map of the first kind, if not, it has pointwise 1-type Gauss map of the second
kind.

Definition 3.2. Let M be an n-dimensional submanifold of the E™ Euclidean space, and v be the Gauss map
of this submanifold. M is said to have a generalized 1-type Gauss map if the Gauss map, on M satisfies the
equation

Av = fiv+ foC (32)

for some smooth functions (fi, f2) and has a constant vector, C € EV.

Now, we are going to consider the case when M is a surface in the Euclidean 4-space E*. Note that in this
Definition 3.2, the constant vector C' € A(4,2) = E¢, we define ¢;; by

Cij = <C, e; N\ €j>. (3.3)

dergipark.org.tr/en/pub/iejg
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Consequently, we have

C = Z cijei /\6]',

1<i<j<4

Also, the calculation of the Laplacian of the Gauss map used in this definition is explained by the lemma
given below [7, Lemma 3.1].

Lemma 3.1. The Gauss map v = eq A e3 of an oriented surface M in E* satisfies the equation
Av = |h||® v+ 2RP (e, ea;e3,e4)es A es — 2(De, H A ey + €1 A Do, H), (3.4)
where {e1, e2, e3, e4} 15 an orthonormal moving frame.

Theorem 3.1. A non-planar minimal oriented surface M in the Euclidean space E* has pointwise 1-type Gauss map
of the second kind if and only if, with respect to some suitable local orthonormal frame {e1, ez, e3,e4} on M, the shape
operators of M are given by As = diag (p, —p) and A4 = adiag (£p, £p), where p is a smooth non-zero function on M
and adiag (a,b) means a 2 x 2 anti-diagonal matrix [11].

Now that we will classify minimal surfaces in E* with generalized 1-type Gauss map by using the above
theorem.

Theorem 3.2. Let M be a minimal surface in E*. If M has a generalized 1-type Gauss map, then it is pointwise 1-type.

Proof. Let’s assume that M is the minimal surface in E*. In this case, trA3 = 0 and {rA4, = 0, where the shape
operators A and A, are defined as follows

_ (M 0 _( My Py
A3< 0 b, ) and As = ( W b
In this case, for v = e; A ez, equation (3.4) is reduced to

Av = Hh||2 v+ 2RD(61,62;63,64)63 A es

Suppose, M has a generalized 1-type Gauss map. Since the M will provide the equation (1.3), with f1, fo
differentiable functions and C being a constant vector, the following expressions can be written

fit facia = b,
facza = 2h£112 (hgz - h?l)
and
C = ci2e1 N eg + cages A ey. (35)

With the help of equation (3.5), it is understood that c13 = ¢14 = ca3 = c24 = 0. In addition, the equations and
equalities obtained with the help of the conditions that the C' vector must meet to be constant are given as,

ei(c12) =0, ei(cza) =0 (3.6)
h‘flclg =0, hézclg =0
hiicsa = hiscin (3.7)
hiycsa = hiicia (3.8)

Since the coefficients c¢i12 and ¢34 must be nonzero constants from equations (3.6), it is understood that
hi, = h3, = 0. Also, since h}, = eh}, from equations (3.7) and (3.8), the shape operators of surface M are as

follows
_ h%l 0 _ 0 eh?fl
Az = ( 0 —h3 and Ay = eh3, 0

From this, it is understood that the surface M has a pointwise-type 1-type Gauss map.

O
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4. Simple rotational surfaces with Generalized 1-type Gauss map

In this section, it will be investigated whether the Gauss map v = e; A es of simple rotational surfaces satisfies
the condition (1.3). For this, assume that M is a rotational surface in E* parametrized by (1.2) and that it has
the orthonormal moving frame {e;, ez, €3, e4} given in (2.2).

Lemma 4.1. Let M be an oriented simple rotational surface given by parametrization (4.0.1) with Gauss map v = e1 A eg
at E*. In this case, the surface M satisfies the equation

Av = |[h]* v+ (ex(h)) + B wia(e2) — hdpwiz(e2))ea A e

4.1
+(h“;’1(4)34(61) — h%2W12(62))62 A () ( )

Here, the vector fields eq, es, es and ey are the orthormal moving frame of the surface M.

Proof. In the equation (3.4), (4.1) is obtained by direct calculation using the parametric values (2.3)-(2.4). O

Remark 4.1. From lemma (4.1), the normal curvatures of simple rotational surfaces in E* are always equal
to zero. Therefore, if a surface M is a minimal surface or a surface whose mean curvature vector is parallel,

Av = ||h||” v, and since the surface M has a pointwise 1-type Gauss map, these cases will not be studied in this
paper.

Proposition 4.1. Let M be a rotational surface in E* given by (1.2) with generalized 1-type Gauss map. Then, the
functions f1, fo and the constant vector C in (1.3) satisfy

fr + Faera = )%, (4.2)
facas = —e1 () + hi wia(e2) + hiawia(ea), (4.3)
facaa = —hjywsa(er) + hawiz(ea), (4.4)
ei(ci2) = —hicas, (4.5)
e1(ca3) = hijci2 + wsa(er)cas, (4.6)
e1(cas) = —wsa(er)cos, 4.7)
and
—h3c12 + wiz(ez)cas = 0, (4.8)
—hiC12 + wiz(e)cas = 0, (4.9)
h35Ca3 — h3yc24 =0 (4.10)

where the functions c;j, 1 < i < j < 4 are defined by (3.3).

Proof. Assume that the Gauss map v = e; A ey of M is generalized 1-type, i.e., the equation (1.3) is satisfied
for some differentiable functions fi, f» and a constant vector C. Then, by combining (1.3) and (3.4) and inner
product both sides of this equation with e; Aes, e1 Aes, e1 Aes, e2 Aes, ez Aeq and eg A ey at the same time
considering that the functions h$,, h3, depend only on s and R? = 0, we get (4.2)-(4.4). Also, by applying the
e derivative to equation (3.3), the equations (4.5)-(4.7) are obtained and by applying the e, derivative, we get

w12(62)023 = hggcu

4
w12(€2)024 = hggclz
and
4 3
haocas = hiocoa

Thus, equations (4.8) and (4.9) are obtained. O

Remark 4.2. Tt was shown by theorem (3.2) that in Euclid space E*, minimal surfaces do not have a generalized
1-type Gauss map, but a second kind of pointwise 1-type Gauss map. Therefore, since minimal general general
rotational surfaces in Euclid space E* will not have a generalized 1-type Gauss map, the minimality will not be
studied.
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Now, it will be shown that the conditions (4.5)-(4.10) that must be satisfied for the vector C in the proposition
(4.1) to be constant are equivalent to the lemma given below. The proof of the lemma given below will be given
in a similar way to the proof given in N. C. Turgay’s doctoral thesis [22].

"The surface M remain completely in E*" means that M is not a surface of E?, that is, any component of the
position vector of M is not constant.

Lemma 4.2. Let M be a simple rotational surface with a generalized 1-type Gauss map given by the parameterization
(1.2) which the surface M remain completely in E*. In this case, for the vector C in (1.3) to be constant

h33Ca3 — h3pcas = 0, (4.11)
—h3ac12 + wia(ez)c2s = 0, (4.12)
e1(caa) = —wza(e1)cas (4.13)

equations must be satisfied.

Proof. Since the surface M remain completely in E*, we have h3, # 0. Moreover, since the surface M has a
generalized 1-type Gauss map, the differentiable functions f; and f, and the constant vector C satisfy the
conditions (4.2)-(4.10). Here, if the equations (4.9) and (4.10) are multiplied by A3, and wi2(e2), respectively and
the resulting equations are subtracted side by side

hia(h3ac12 — wiz(e2)cas) = 0 (4.14)
equation is found. Since hj, # 0, from (4.14) we have
h§2012 - W12(62)023 =0. (415)

Thus, from (4.11) and (4.12) we obtain (4.8).
If we take the derivative of (4.11) with respect to s we get

e1(hag)cas + hgzer(cas) = ex(hdg)cas + h3zen(caa).
If the Codazzi equations and (4.13) are used in the above equation, we have the following equation
(—haawia(e2) — hiawsa(er))eas + hager(cas) = (wiz(ea)(hiy — hdg) + hpwsa(er))eas — hpwsa(er)eas
is obtained. If we use equations (4.12) and (4.13) and make the necessary simplifications
haa(e1(czs) — hiyerz — waa(er)cas) = 0

is obtained. Hence, since h3, # 0, the equation (4.6) is obtained.
Similarly, if we take the derivative of the equation (4.12) with respect to the parameter s

61(h§2)012 + h§2€1(012) = e1(wia(e2))caq + wia(ea)er(caq)

(—h3awia(e2) — hiswsa(er))erz + hiser(cia) = (—(wiz(e2))? — hi hdy)cas + wia(e2)(—wsaler)cas)

is obtained. In this last equation, if the necessary operations and simplifications are made using equations (4.12)
and (4.15), we have
haa(e1(ci2) + hijcas) = 0

and since hi, # 0, the equation (4.5) is obtained. Thus the proof is completed. O

Theorem 4.1. Let M be a flat simple rotational surface which is the surface M remain completely in E*, parametrized
by (1.2) and with a profile curve that is not planar. In this case, the surface M can’t have a generalized 1-type Gauss map.

Proof. Since the simple rotational surface M is flat, K¢ = 0, so z” = 0 and can be expressed as z(s) = a1s + as.
Moreover, since z(s) = a1s + a2, the 3 profile curve and its derivative are expressed as

5(8) = (x(s),y(s), as + a270)

and
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Since 3 curve is arc-length, we obtain that

2% +y? +ai=1 (4.16)
and since z # 0 it must be 0 < |a1| < 1, the equation (4.16) can be expressed as

2 +y? =1-adl (4.17)

From the equation (4.17), with 6 = 6(s) a differentiable function, 2’ and v’ are written as

' = /1 —a?cosb,
y' =1/1—a?sind.

Thus, 8/, 8" and 3" are written as

B = <MC059, \/1— a%sin@,m) ,
B = (—MG’ sin 6, MG’ cos 0,0)

and

R (—\ /1 —a20"sin6, /1 — a20" cos?, 0)
+ <—\/ 1—a2(0')2cosf,—/1 —a3(6')?sinb, 0)

The curvature and torsion of curve 3 are calculated as

k=—1/1—a?d,

T=a.0'.
So we have the following relation between 7 and «
ai
——k.
V1-—a?

Thus, the second fundemantal form and the connection forms of M can be written as

T =

1—a?
B3, = clais +az), hiy =0, hyy = _Q

4.18
a5 +ay’ (4.18)
a1 arc(ars + az)
wiaen) = —2 | wg(ey) = DT 02) (4.19)
a18 + as /1—a?

In this case, it is found as ¢y3 = 0 from the equation (4.3). Then, the (4.5)-(4.10) equations are reduced to the
following equations

ei(c12) =0,  ei(cas) =0,
wiz(e2)cas — hgpcr2 = 0, (4.20)
h‘;’lclg + W34(€1)CQ4 =0. (421)

Accordingly, it is sufficient to provide (4.20) and (4.21). This system of two equations can be expressed in matrix

form
*hég w12(€2) C12 -0
hi wsa(er) C24 '

dergipark.org.tr/en/pub/iejg
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In this matrix, since both coefficient functions c1» and cp4 can not be zero, —hj,wss(e1) — h3 wia(es) = 0 must
be. In this case, if (4.18) and (4.19) are substituted in (4.20), we have

V1-—a?
Cy = ———C12.
ai
So, it is understood that both the coefficient functions c;2 and cy4 are nonzero constants. In this case, the
differentiable functions f; and f, are found as

c2(a1s + az)? 1
= (1-2a2
fl ( a1)|: 1701% (a1$+a2)2:|
2 2
o | cfars +ay) 1
o= o [ 1—a? + (a5 +a2)? |’

Since fo = ¢o f1 is obtained from these equations, the surface M has not the generalized 1-type Gauss map. [

Now, we will investigate the case where simple surfaces of revolution with constant Gaussian curvature have
a generalized type-1 Gaussian transformation. In [2] Arslan et al. showed that for a simple rotation surface
which is the surface M remain completely in E* to have a second kind of pointwise 1-type Gauss map in E*, it
must be congruent to a helicoidal surface of revolution with the position vector

F(s,t) = <Zo(1+qQ)Z(S) (qosin(go In |2(s)[) + cos(qo In [2(s)[))

1—22
201+ q§) 2(s) (sin(go In |2(s)[) — qo cos(go In |z(s)])) s, (4.22)

z(s) cost, z(s)sint)
where z(s) = zps + z1 and qg # 0, 20, |20| < 1 and z; are real constants. We note that this surface is flat.

Lemma 4.3. Let M be a simple rotational surface of constant Gauss curvature, given by the position vector (1.2) which is
the surface M remain completely in E*. A necessary and sufficient condition for the surface M to have a pointwise 1-type
Gauss map of the second kind is that the rotational surface M is congruent to the surface given by the position vector

(4.22). Furthermore, for f = ‘é fé;;zl and C = —\/1 — z2zpe1 A e3 — 28es A ey, the helical rotational surface given by the

position vector (4.22) satisfies the equation Av = f(v + C) with v = e3 A eq [22].

It will now be shown by the following theorem that for a value of K # 0, the simple rotational surface will
have a generalized 1-type Gauss map. For this, since the Gauss curvature of M surface is constant, we can take
K¢ = Ky. Hence, it can be written as 2" = Kjz. Also, if necessary simplifications are made in equation (4.10)
by taking the parametric values of h3, and h3,

pP3C23 = 2" oy (4.23)

is obtained. Both sides of this equation are multiplied by the function f, and the obtained equation is used in
equations (4.3) and (4.4),

p3 (e1(h)) + hijwiz(e2) — hiswia(ez)) = 2" (hfjwsa(er) — howia(e2)) (4.24)

is obtained. In this obtained equation (4.24), if (2.3)-(2.4) values are replaced and necessary adjustments are

made,
/ /
o (k2 + K'2) p3 (4.25)

Kz 2!

is obtained. Also, using equation (4.23)
!/ !
;o (B2t R2) e (4.26)

RZ C23
is obtained. Thus, in equation (4.7), using equation (4.26), we have
(k2" + K'2) coq

61(024) = —w34(61)023 = —TC*C%»
23
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or

Coq RZ

(4.27)
z K

ei(coa) (w2 +K'2) (z’ m’)
and cy4 is obtained by solving the differential equation (4.27). Also, using cs4 in equation (4.23), we obtain cy3
and using equation (4.9), we obtain ¢ as follows

! "
C1z C1z C1
Clg =———, Co3= , o= — (4.28)
P37 pP3KZ Kz

is obtained and the functions f, and f; are obtained by using equations (4.4) and (4.2), respectively

K222T + p3z!
fo = Tp?’ (4.29)
and 2.2 AWV
fi=nl?+ M (4.30)

p3z?

In this case, when the torsion of the profile curve 5(s) is equal to (4.25), the simple rotational surface of constant
Gaussian curvature has generalized 1-type Gauss map.

Now, with the help of the following theorem, it will be shown that since the torsion of the profile curve is
equal to (4.25), the simple rotational surface with constant Gaussian curvature obtained with this profile curve
has a generalized 1-type Gauss map.

Theorem 4.2. Let M be a simple rotational surface in space E* with K¢ = 1 constant Gaussian curvature given by
parameterization (1.2). Also, the profile curve of the surface M is a arc-length curve 3(s) = (x(s),y(s),cos s,0) and the
coordinate functions x(s) and y(s) are

% 4 y% = cos® s

and with the differentiable function 0 = 0(s) be defined as

2’ = cosscosf

y = cosssind.

In this case, the necessary and sufficient condition for the surface M to have a generalized 1-type Gauss map is that the
function 6(s) satisfies the differential equation

(0% cos® s —1)(0" cos s — 0’ sins) = 0.

Proof. By assumption, Kg =1. For this, we can take the profile curve of the surface M as f(s) =
(x(s),y(s),cos s,0). In this case, 5'(s) = (2/(s),y(s), —sin s, 0) and since the curve § has unit speed
2 4y +sin?s =1
:L‘IQ +y/2 _ COSQS

is obtained. Hence, for 8 = §(s), 2’ and y’ are expressed as

2’ = cosscosf

Yy = cos ssinf.

In this case,

B'(s) =

(cosscos@, cos ssinf, —sin s, 0)
B"(s) = (—sinscosf — @ cosssin @, —sin ssin @ + 6’ cos s cos 6, — cos s, 0)
c

B"(s) = (—cosscos (1 + 6%) +sinH(20 sin s — 6" cos s),
— cos ssin (1 + 0"%) + cos O(—26' sin @ + 0" cos ), sin s, 0)

and

k(s) =1+ 62cos? s.
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Since the torsion of the § curve is calculated as follows

(ﬁ/ A/BH(S)) . /BI//(S)

||

T(s) = —

torsion of the 3 curve is obtained as

¢’ sin s(2 + 6" cos? s) — 0" cos s
1+62cos?s '

(s) = (4.31)

Also, according to equation (4.25), the torsion is calculated as follows

1} / 2 ! o _pn
() = 0'(sin s + 0’ cos® s(26' sins — 6 COSS)). (4.32)

1+ 02cos?s

By equating (4.31) and (4.32), the differential equation is obtained as follows
(0" cos® s — 1)(0" cos s — 0’ sin s) = 0.
From the solution of this differential equation, 6(s) is found as follows
s
0(s) = 2arctanh (tan 5) . (4.33)
Thus, for the value of 6(s) in (4.33), the torsion of the profile curve is equal to (4.25), the surface M satisfies

the conditions (4.28)-(4.30), and for the vector C is a constant vector, the coefficient functions ¢, c23, c24 are as
follows

c1secs ¢y secs
c1g =cisecstans, co3 = — , Cog = 4.34
12 = C1 23 /2 /2 (4.34)

and also the vector C is expressed as follows,
C = c12e1 N eg + cagea A eg + cosea A ey (435)

Since for the vector C' to be constant, the coefficient functions c;2, c23 and cp4 must satisfy the conditions
(4.11)-(4.13) according to lemma (4.2). It can be easily shown that these conditions are satisfied. Thus, for the
coefficients in (4.34), the constant vector C of the form (4.35) and

fi =4 — (secs)?

sin s
f2=
cl
for differential functions f; and f, the simple rotational surface with Gaussian curvature Kg =1 has a
generalized 1-type Gauss map. O
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