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ABSTRACT

Let (M,,V,g) denote a statistical manifold equipped with a torsion-free linear connection V and
a (pseudo-) Riemannian metric g. The tangent bundle 7'M of the statistical manifold (M,,,V,g)
is endowed with a twisted Sasaki metric, denoted as G. The objective of this paper is to explore
conformal Ricci, conformal Yamabe, and conformal Ricci-Yamabe solitons on the tangent bundle
TM concerning the twisted Sasaki metric G.
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1. Introduction

The theory of statistical manifolds, also known as information geometry, originated in 1945 with the
conceptualization of a statistical model as a Riemannian manifold characterized by the Fisher information
matrix [25]. The field of information geometry subsequently evolved as an exploration of diverse geometric
structures inherent in statistical manifolds, representing models of probability distributions. The introduction
of the dual connection, alternatively termed the conjugate connection in affine geometry, was pioneered by
Amari in 1985 [6]. A statistical manifold is defined by a statistical model equipped with a Riemannian metric
and a pair of dual affine connections, encapsulating these geometric features.

In 1982, Hamilton [19] proposed the concept of Ricci flow and demonstrated its existence. This idea was
developed to address Thurston’s geometric conjecture, which posits that every closed three-manifold can
be geometrically decomposed. Additionally, Hamilton [19] classified all compact manifolds with a positive
curvature operator in dimension four. The Ricci flow equation is given by:

dg

ot
Here, S represents the Ricci tensor, g is the Riemannian metric, and ¢ is time. Hamilton introduced the notion
of a Ricci soliton, which is a self-similar solution to the Ricci flow. A Ricci soliton [19, 20] is characterized by
moving only through a one-parameter family of diffeomorphism and scaling. The Ricci soliton equation is
given by:

—25.

Lxg+2S = 2\g.

Here Ly is the Lie derivative, S is the Ricci tensor, g is the Riemannian metric, X is a vector field, and X is a
scalar. The Ricci soliton is classified as shrinking, steady, or expanding based on whether X is positive, zero, or
negative, respectively. In [17] the authors studied almost Ricci and Yamabe solitons on tangent bundle.
Fischer formulated the notion of conformal Ricci flow [16]. This variation of the classical Ricci flow equation
modifies the unit volume constraint to a scalar curvature constraint. The conformal Ricci flow on a smooth
closed connected oriented n-dimensional manifold M is defined by the equation [16]:
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Here, p is a scalar non-dynamical field (time-dependent scalar field), r(g) is the scalar curvature of the
manifold, and n is the dimension of the manifold. The constraint r(g) = —1 is also imposed. In 2015, Basu
and Bhattacharyya [8] introduced the concept of the conformal Ricci soliton equation:

Lxg+2S= {2>\— (p—i— i)} g (1.1)

Here, ) is a constant. This equation serves as a generalization of the Ricci soliton equation and also satisfies the
conformal Ricci flow equation.

The concept of the Yamabe flow was originally introduced by Hamilton [19] for the purpose of constructing
Yamabe metrics on compact Riemannian manifolds. On a Riemannian or pseudo-Riemannian manifold MM, a
time-dependent metric g(.,t) evolves according to the Yamabe flow if it satisfies the equation:

99

& 0) =

5 = "9:9(0) = g0,

where r represents the scalar curvature of the manifold M. A Yamabe soliton [7], corresponding to a self-similar
solution of the Yamabe flow, is defined on a Riemannian or pseudo-Riemannian manifold (M, g) as

1

5Lxg = (r=N)g. (12)
Using (1.1) and (1.2), authors defined the concept of a conformal Yamabe soliton in [26]: A Riemannian or
pseudo-Riemannian manifold (M, g) of dimension n is said to admit a conformal Yamabe soliton if

1 2
Lxg+ = [2)\—2r— <p+)]g:0.
2 n

The conformal Yamabe soliton is categorized as expanding, steady, or shrinking based on whether ) is positive,
zero, or negative, respectively.

In [18], Guler and Crasmareanu introduced a novel geometric flow called the Ricci—-Yamabe flow, which is
a scalar combination of Ricci and Yamabe flows. This flow, denoted as Ricci-Yamabe flow of the type (a, 3), is
characterized by the parameters o and 5. Specifically, the (¢, §)-Ricci—Yamabe flow is defined as follows:

* Ricci flow [20] is represented when oo = 1 and 8 = 0.
* Yamabe flow [19] is captured when o =0 and 8 = 1.
¢ Einstein flow [14] is identified when o = 1 and 8 = —1.

A soliton to the Ricci—Yamabe flow is termed a Ricci-Yamabe soliton, provided it evolves solely through a
one-parameter group of diffeomorphism and scaling. For an n-dimensional Riemannian manifold (), g) with
n > 2, the Riemannian metric ¢ is considered to admit an («, 3)-Ricci-Yamabe soliton, or simply a Ricci—Yamabe
soliton denoted as (g, X, A, «, ), if it satisfies the equation:

Lxg+2aS =[2A—pr]g, (1.3)

where A, «, 3 are real scalars. Utilizing equations (1.3) and (1.1), the concept of a conformal Ricci-Yamabe
soliton is introduced as follows [27]: An n-dimensional Riemannian manifold (M, g) with n > 2 is considered
to possess a conformal Ricci—-Yamabe soliton if it satisfies the equation:

2
Lxg+2aS+ {2/\—51"— (p—|— n)] g.

The conformal Ricci-Yamabe soliton is categorized as expanding, steady, or shrinking based on whether A is
positive, zero, or negative, respectively.

In addition to these, many interesting studies on soliton structures in tangent bundles have been conducted
recently, and the different properties of soliton structures have been studied according to various metrics. For
example (See [2, 3, 11, 23])

The paper endeavors to provide characterizations of conformal Ricci, conformal Yamabe, and conformal
Ricci-Yamabe solitons on the tangent bundle 7'M over on statistical manifold according to the twisted Sasaki
metric G.

Throughout this paper, all manifolds, tensor fields and connections are always assumed to be differentiable
of class C*.
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2. The twisted Sasaki metric on the tangent bundle over a statistical manifold

Statistical manifolds, with their broad applications in fields such as information science, information
theory, neural networks, and statistical mechanics, represent a geometric model where points correspond to
probability distributions [4, 5, 9, 12, 13, 21, 24, 29]. These manifolds are defined by a statistical structure
(V,g) on a differentiable manifold M, where g denotes a (pseudo-) Riemannian metric, and V represents a
torsion-free linear connection satisfying the property Vg is totally symmetric. This structure, termed a statistical
manifold, extends the concept of (pseudo-) Riemannian manifolds, providing a broader geometric framework
for modeling probabilistic phenomena.

Given an arbitrary linear connection V on a (pseudo-) Riemannian manifold (M, g), a (0, 3)-tensor field F is
introduced as

F(X,Y,Z) = (Vz,)(X,Y).

This tensor field F'is denoted as the cubic form linked with the pair (V, g) [15]. If we have a symmetric bilinear
form p defined on a manifold M, we term the pair (V, p) as a Codazzi pair if the covariant derivative Vp is
(totally) symmetric concerning vector fields X, Y, Z [28]:

(Vzp)(X,Y) = (Vx,)(2,Y) = (Vy,)(Z, X).

Expressed in terms of the cubic form F', this condition can be rephrased as:
F(X,Y,Z)=F(Z,Y,X)=F(Z,X,Y),

which implies that the condition for (V, g) to form a Codazzi pair is equivalent to F' being entirely symmetric
with respect to all of its indices.

Consider an n-dimensional statistical manifold denoted as (M,,,V,g). In this exposition, we employ the
C*>-category to thoroughly explicate various concepts, focusing on connected manifolds with a dimension
of n > 1. To facilitate our analysis, we introduce the tangent bundle of A, denoted as T'M, with the natural
projection defined as 7 : TM — M,, . When utilizing a system of local coordinates (U, xl) in M,,, it induces a

corresponding system of local coordinates on 7'M, denoted as (77‘1 (U),zt, 2" = u’) , where i ranges from n + 1

to 2n. Here, (u’) represents the Cartesian coordinates within each tangent space T, M for all p € U, noting that
p is any arbitrary point within U.

Consider the linear connection V on the statistical manifold (1, V,g). The tangent space of the tangent
bundle T'M can be decomposed into two distributions: the horizontal distribution determined by V and the
vertical distribution defined by ker 7. In this context, the local frame is given by

0
—u'Th i=1,..,n,

Jo—— :
ozt s Quh

and

a -
b= ik =n+1,..,2n.
Here, ', represents the Christoffel symbols of the linear connection V. The local frame {Ez} = (E;, E5) is
commonly referred to as the adapted frame. Let A = A*-2; be a vector field. We can obtain the horizontal and
vertical lifts of A with respect to the adapted frame as follows [31]:

Hp = A'E;,
VA = A'E;

Within T'M, the local 1—form system (dz?, §u’) forms the dual frame of the adapted frame {E3}, where:
Sut = H (dz') = du’ + w'TS dxh.

Lifting from the Riemannian manifold (M, g) to its tangent bundle T'M, various Riemannian or pseudo-
Riemannian metrics have been formulated. These metrics, also known as g-natural metrics, are created by
naturally extending the Riemannian metric g to the tangent bundle TA/ [10]. In [1], the authors developed
a comprehensive family of Riemannian g-natural metrics based on six arbitrary functions that define the
norm of a vector u € TM. The exploration of natural metrics on tangent bundles arises from the imperative
to comprehend the geometric and physical properties of entities in motion on a Riemannian manifold. These
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metrics offer a means to extend the geometric attributes of the base manifold to the tangent bundle, proving
indispensable in diverse fields such as physics, differential geometry, and mechanics. Now, let us introduce the
twisted Sasaki metric on the tangent bundle of a statistical manifold.

Definition 2.1. [22] Let (M,,V, g) be a statistical manifold equipped with a torsion-free linear connection V
and a (pseudo-) Riemannian metric g and a,b € R. On the tangent bundle TM, the twisted Sasaki metric G is
defined by

i) GHXMY) = ag(X,Y),
ii) GVXH2Y) = o0,
iii) GVX,YY) = bg(X,Y)

for all vector fields X,Y on (M,,V, g).
For the linear connection V of the twisted Sasaki metric G, we give the following proposition.

Proposition 2.1. [22] Let (M,,V,g) be a statistical manifold equipped with a torsion-free linear connection V and a
(pseudo-) Riemannian metric g and (T'M, G) be its tangent bundle with the twisted Sasaki metric G. The local expression
for the Levi-Civita connection V associated with the twisted Sasaki metric G on T'M can be stated as follows:

ﬁEiEj = (FZ) Ep + ( 9R715> E];,

Ve FE: = b s E Iy km (g E;
g b5 = ﬂ Sﬂ K+ +29 (Vigmj) ko
- b 1o,

Ve E; = % RS ) B+ 59 (Vigmi) | E,

Ve, E; = < 229 (thu)> E,

where R is the Riemannian curvature tensor of V.
Next, we give the Ricci curvature tensor and scalar curvature.

Proposition 2.2. [22] Let (M,,,V,g) be a statistical manifold equipped with a torsion-free linear connection V and
a (pseudo-) Riemannian metric g and (T'M,G) be its tangent bundle with the twisted Sasaki metric G. Then the
corresponding Ricci curvature tensor is given locally by (Ry; = R,/ is Ricci curvature tensor.):

~ b 1 m
Rij = Ri+ @y ( [Rmzsth] + Rmf}szhp} T (Vlg l) (ngml)
1 m
39 “(ViVigmi)
R—*iSVRm+£S[RA+RhA]
17 - 2ay m=tsig 4ay sij jsm
. b b
R; = g Y VR + @y [RWA +R7gm jh]
D b h m h b m b2 s, D h
RE - Z [ A’HA hmAij] - % (valj) - @y Y Rezh Rp]ma

where R is Riemannian curvature tensor of the linear connection V and Aj; = g* (Vg;1) -

Proposition 2.3. [22] Let (M,,V,g) be a statistical manifold equipped with a torsion-free linear connection V and
a (pseudo-) Riemannian metric g and (TM,G) be its tangent bundle with the twisted Sasaki metric G. Then the
corresponding scalar curvature 7 is locally given by

1
7::770+7||RH+ [AmAh _Am Ah} _

579" [VidT + Vi AT

where AY; = g*' (Vigj1) and r, R are the scalar curvature and Riemannian curvature tensors of the torsion-free linear
connection N, respectively. Also in here ||R|| = y*y? Reun R, ™"
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3. Main results

Let L;; denotes the Lie derivative with respect to the vector field V. A vector field V with components (v", v")
is considered fibre-preserving if and only if v depends solely on the variables (z"). Consequently, each fibre-
preserving vector field V on TM induces a vector field V = vh 52 on M. We will start by stating the following
lemma, which will be used later.

Lemma 3.1. [30] Consider a statistical manifold (M, g, V) equipped with a torsion-free linear connection V and a
(pseudo-) Riemannian metric g and its tangent bundle TM. Let V' be a fibre-preserving vector field on T M with the

components (v, v"). Then, the Lie derivates of the adapted frame and the dual basis are given as follows:

) LyEi = —(Ew")En+ [y'0° Ry — o'l — (Ew")| By,
i) LB = [T — (Bah)| By,
iii) Lydx' = (Bpvt)dz",
) Lydy' = — {ycvabhci + vi’fih + (Ehv{)} dz" — {vbf‘f)h — (E,;v{)} Sy".

Through the Lemma given above, we will give the following lemma that we will use later.

Lemma 3.2. [22] In the context of a statistical manifold (M,,, g, V) and its tangent bundle (T M, G) equipped with the
twisted Sasaki metric G, the Lie derivative of twisted Sasaki metric G with respect to the fibre-preserving vector field X is

given as follows:
LyG = a[Lygi; +2(E") gn;] da'da’

—2bgn; [ysvabish + TP + (Evhﬂ dz' oy’

v

+b |:LVgij — 20°Tgnj + 2gn; (E;-vh)} dy'oy

1o)

where Ly g;; denotes the components of the Lie derivative of Ly g and V = v"Ey, + " E;,. V = vh 2

M,.

is a vector field on

3.1. Conformal Ricci soliton on the tangent bundle over statistical manifold according to the twisted Sasaki metric

Consider a smooth manifold M, ( n > 2). A conformal Ricci soliton on M, is a triple (g, V, A) that satisfies

the equation:
2
Lyg+2R= [2/\ - <p+ n)} 9s

where R is the Ricci tensor, p is a scalar non-dynamical field(time dependent scalar field), A is constant, n is the
dimension of the manifold. The conformal Ricci soliton is categorized as either shrinking, steady, or expanding
based on whether ) is positive, zero, or negative, respectively. A conformal Ricci soliton on the tangent bundle
T M with the twisted Sasaki metric G over a statistical manifold (M, g, V) is defined as [8]:

LG+ 2R = [m — <p + i)} G, (3.1)

where R is the Ricci tensor of G, V is a vector field on TM and ) is a smooth function on T'M.

Theorem 3.1. In the context of a statistical manifold (M,,,g,V) and its tangent bundle (T M,G) equipped with the
twisted Sasaki metric G, the quadruple (TM, G,© V, \) is a conformal Ricci soliton if and only if the following conditions
are satisfied:

‘ 1, R T
i) A= 5,9 I(Lvgij) + E(Eiv ) — Tna? T(Vig™) (Vigm)
1 . b r p 1
I ¥ o 1 Ave _ I
oma? (ViVigm) 2na? 12l + na + 2 + 2n’
I AP
i) ggh (Vi Rsijn) + % (Vlg l) Rjish = 291, [leh-Sh +V; (sth)]
b n—3 mi
iii) = Ta 12| — a9 T (Vimg™) (Vigiz) -
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Here, the potential vector field “V = (v",y*V w") is the complete lift of a vector field V = v"

Al = gF (Vigji) on M,

Proof. Considering equation (3.1), we derive:

~ 1
LvGZJ + 2R1‘j = |:2>\ — (p + ’I’L>:| G,’j

which leads to:

2a

52 on M, to TM and

1 b
|:2)‘ - <p + ’I’L>:| agi; = a [ngij +2 (Eivh) ghj] + 7ysyp [Rmzsthj + Rmsszhp]

1
_5 (Vigml) (ngml) -

By contracting with g% in the last equation, we have the following equation:

g™ (ViVgm) + 2R;;.

y 1
2naX —pna —2a = ag”Lygi;+2a (E,'vl) - 59” (Vigml) (Vigmi)

y b
_nggml (vingml) + 2r — g HRH .

Multiplying both sides by 71— in the above equation, we derive:

1 1 i 1 .
A= o9 9”7 (Lvgij) + n(Eﬂ’ ) — mgj (Vig™) (Vgm1)
1 .. b r 1
S PRONA VA VS - LI AT 2
2nag 9™ (ViVigm) 2maZ Rl + na +5+ om (3.2)
Similarly, from equation (3.1), we also infer:
~ 1
LXG;]. + 2R§j = |:2)\ — (p—i— n):| G;7
0 = _2ghj [ysvabish +U5F£Li + (EZUE>:| + y v Rsz_]
1 h
+%y [ éLJAhr)’L ]brﬂAlh] .
If the equation vh = y*V 0" is used in this last equation, we get
1 1
""" (Vo Baign) + o= (Vig™) Ryl = 2015 [v' Ry + Vi (V") ]
Again, from equation (3.1) we obtain
. 1
leading to:
1 b
b n m h b h
2 [ A A hmAi ] 2 2y Yy Rszh pjm*
Contracting with 5-¢% in the above equatlon we arrive to
L i I i 1 h n
1 .. b P 1
——gq" Al =+ —. .
9na’ (Vi AT) 4na? R+ 5" 2n (33)
From equations of (3.2) and (3.3) we have
b n—3 ,;
=1 R 97 (Vimg™) (Vigij) -
Thus, the proof is concluded. O
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3.2. Conformal Yamabe soliton on tangent bundle over statistical manifold according to the twisted Sasaki metric

A Riemannian or pseudo-Riemannian manifold (M, g) of dimension n is considered to admit a conformal
Yamabe soliton if it satisfies the equation:

2
Lyg+ [2)\—27“— (p+n>]g:0,

where Ly g represents the Lie derivative of the metric g along the vector field V, r is the scalar curvature and A
is a constant, p is a scalar non-dynamical field (time dependent scalar field), n is the dimension of the manifold.
The conformal Yamabe soliton is classified as shrinking, steady, or expanding, depending on whether X is
positive, zero, or negative, respectively. Furthermore, the conformal Yamabe soliton defined on the tangent
bundle T'M with the twisted Sasaki metric G over a statistical manifold (M,,, g, V) can be expressed as:

LyG + [2A—2f-— (p—i—i)] G =0. (3.4)

Here, 7 denotes the scalar curvature of G, V is a vector field on TM and ) is a smooth function defined on T M.

Theorem 3.2. In the context of a statistical manifold (M,,,g,V) and its tangent bundle (T M,G) equipped with the
twisted Sasaki metric G, the quadruple (TM,G,© V,\) is a conformal Yamabe soliton if and only if the following
conditions are satisfied:

. ij 1 i ~
i) A= on 9 '(Lvgij) — E(Eiv )+ 7+

Here, the potential vector field CV = (v",y*V ") is the complete lift of a vector field V = "
and Afj = g (V,gj1) on M,,.

32h on M, to TM

Proof. From equation (3.4), we have

LXGU + |:2)\ — 27 — <p+ >:| Gij =0,
which yields:
1
Lvgij + 2 (E") gny + {2/\ — 2F — <p + nﬂ gij = 0.
Transvecting with ¢*/ in the last equation, we obtain:

1
A= ——g"(Lvgi;j) —

T o

P 1
2 2n

1 ; -
—(E*)+ 7+
n

Additionally, from equation (3.4), we have:

1
LXG;J + |:2/\—2f— <p+ n):| G;J =0,

which implies:
9hj [?/SUZRMZL +17; (ysvsvl) + (61» - y’T;i&l) (ysvsvh)] =0
Yian; [V R, + Vi (Vo")] = 0.
Contracting with g% in the last equation, we have:

Vi (sti) = o' Ry,.

O

Thus, the proof is complete.
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3.3. Conformal Ricci-Yamabe soliton on tangent bundle over statistical manifold according to the twisted Sasaki metric

Giiler and Crasmareanu [18] established the notion of Ricci-Yamabe flow on a Riemannian manifold
(My,g),(n > 2),by investigating a scalar combination of the Ricci flow and Yamabe flow represented as:

dg

at( )+ 2aR(t) + Br(t)g(t) = 0.

Here, g denotes a Riemannian metric, R is the Ricci tensor, r is the scalar curvature tensor and «, 8 € R.
A Riemannian or pseudo-Riemannian manifold (M, g) of dimension » is is deemed to exhibit a conformal
Ricci-Yamabe soliton if:

2
Lyg+2aR + |:2)\—B7“— (p-i—)}gzo,
n

where r denotes the scalar curvature, R is Ricci tensor and A, «, 8 are real scalars, p is a scalar non-dynamical
field (time dependent scalar field) and n signifies the dimension of the manifold. The conformal Ricci-Yamabe
soliton is is classified as shrinking, steady, or expanding based on the sign of A (positive, zero, or negative,
respectively). The conformal Ricci-Yamabe soliton is said to be gradient if the soliton vector field V is the
gradient of a C* function f on M, then the equation (3.5) is called conformal gradient Ricci-Yamabe soliton.
The conformal Yamabe soliton on the tangent bundle 7'M with the twisted Sasaki metric G over a statistical
manifold (M, g, V) is expressed as:

~ 1
Ly G+ 2aR + [QA—ﬂf— <p+n>]G=0 (3.5)
where R is the Ricci tensor, 7 is the scalar curvature of G, V is a vector field on TM and ) is a smooth function

onTM.

Theorem 3.3. In the context of a statistical manzfold n, g, V) and its tangent bundle (T M, G) equipped with the
twisted Sasaki metric G, the quadruple (TM,G,° V, \) is a conformal Ricci-Yamabe soliton if and only if the following
conditions are satisfied:

1 1 3 1
) A=——qiLyg E Ps —
) ond VI T ( w') + 5 +2+2n
Z’L) \Y (sti) — UlRls = %gmhgm (vhRsijm/)7

P, R b
iii) =7 (Vg™) (Vigm) + 5™V (Vigm) = o | Rl

Here, the potential vector field °V = (v",y*V ") is the complete lift of a vector field V = v" 32 on M, to TM and
Afj = gkl (Vlg]l) on Mn

Proof. From equation (3.5), we deduce:
- 1
L{;Gij + QOzRij + |:2)\ — Br — <p + n>:| Gij =0
which leads to:
b
0 = a[Lvgi+2(En")gns] +2a [R” + 1V (Ruis Bkl + BBy

1 1 B 1
~7 (Vig™) (Vgmi) — §9ml (Vingml)] + {2/\ — Br — <p + n)} agij-

Contracting with 51~ ¢ in the last equation, we get

1 .. 1 i o o mi
ba e B. p 1
3naz 1Bl + 5—=g™ (V) (Vigm)) + 57+ 5 + 5.
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Also from equation (3.5), we have
- 1
L“;ng + QOéjo + |:2)\ — BF — (p-l— >:| ng =0

from which we can express:

0 = %ysvasi’]’-‘ — 2gn; [ysle“'; + vfl"lhi + (Eivﬁ)}
o
_’_%ys [Rssz + stm zh] (36)

If we use the equality v" = y*V 0", we infer:
l h h « m o m
0= —QQ}LJ' (U Rlis + Vi (VSU )) + Evasij + 27 ( sz_] hm + Rgam zh)
This is equivalent to the equation:
« [0
0 = —2gp; ('UZRUZ +V; (vsvh)) + Egmh (v}stijm) + % (vlgml) Rijism-

Contracting with g% in the last equation, we get

7gmhg J (VhRS’ij) .

Vi (sti) - UlRlS = %

Similarly, from equation (3.5), we obtain
LGy + 20l + {2A - pr - <p+ i)] Gz =0
from which we obtain
[ngij — 20'Tign; + 2ghj(E?Uﬁ)} + {QA —Br— (p + i)} 9i5 = 0.

Contracting with 5-¢% in the last equation, we deduce:

1 1,. 1 N B. p 1
A= —— gLy, fll”-—f<E. ) 2 -
an Vg]-i—nv i, 7V +2T+ +2n
If we use the equality v" = y* V0", we get:
1 1 B 1
AN=——g"Lygi; — — (Ev') + 57 — 3.7
2ng v9ii n( U) r+2+2n (3.7)

With help of (3.6) and (3.7), we have:

(V7g™) (Vs9m1) + 59"V (Vs90) = 5= 1B

pM>—~

So the proof is completed. O
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