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Abstract

This study presents and investigates the notion of convergence for double sequences in the quaternion-valued g-metric space, as well as
a review of certain fundamental features. Moreover, statistical convergence in this context is examined and defined in detail. The final
section, focusing on the relationship between the statistical convergence of quaternion-valued g-metric spaces and strong summability,

delves into this connection and discusses its implications.
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Oz

Bu makalede, kuaterniyon degerli g-metrik uzayda ¢ift dizilerin yakinsama kavrami tanitilip incelenmekte, bazi temel 6zellikler de ele
alinmaktadir. Ayrica, bu baglamda istatistiksel yakinsama ayrintili olarak incelenip tanimlanmaktadir. Son bélimde ise, kuaterniyon
degerli g-metrik uzaylarin istatistiksel yakinsamas: ile gliglii toplanabilirlik arasindaki iligkiye odaklanilmakta ve bu baglantinin

sonuglar tartigitlmaktadr.

Anahtar Kelimeler: Genellegtirilmis metrik uzaylar, kuaterniyon uzay, istatistiksel yakinsaklik, gticli toplanabilirlik.

1. Introduction

Fast (1951) conducted the first study on statistical
convergence. Three individuals, Tripathy (2003), Mursaleen
and Edely (2003), and Moricz (2003), each separately
pioneered this field of study on statistical convergence in
double sequences.

A distance function or metric expands on the concept of
physical distance in mathematical analysis. Large and
complex datasets provide a number of issues, hence Khamsi
(2015) suggested a number of methods to expand this idea.
A 2-metric, as proposed by Gihler (1966), is a more general
version of the standard metric, although further studies have
not found a connection between these functions. Ha et al.
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(1988), for example, showed that a 2-metric does not always
show continuity with regard to its variables. These results led
to Bapure Dhage’s (1992) doctoral research on a new class
of generalized metric spaces known as D-metric spaces.
Determining these spaces’ topological characteristics was
the goal of Dhage (1992), and it proved essential for later
studies in this area. However, studies by Mustafa and Sims
(2003) and Naidu et al. (2005) have pointed out inaccuracies
in many foundational claims regarding the basic topological
characteristics of D-metric spaces, thereby undermining the
validity of numerous results obtained in this area.

Mustafa and Sims (2006) pioneered the concept of G-metric
space, whereas Choi et al. (2018) generalized this concept to
degree /.

Let’s review some basic symbols used in quaternion spaces.
The quaternion space, denoted as H, consists of four-
dimensional real algebra with unity. The zero element of H is
represented as 0y, and the multiplicative identity is denoted
as 1,. Within H, there are three specific imaginary units
referred to as 4, , 4. These units are defined by the following
relationships:
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P=f=k=-1ij=ji=hjk=—kj=iand ki = -ik = .

For each quaternion p =y, + y,i + y,/ + y,k; where y,, y,, 5,
and y, are real numbers, the elements 1, 4, /, % are considered
as a basis for the real vector space H. Given p =y, + y,i + y,7
+ 3,4 € H, we recall that:

() p = Yo~ ii - 957 - ysk is the conjugate quaternion of p,
(i) | p|=/pp = /vityi+yityi €

(iii) Re(p) = 5 (0 +p) = yo € R

(iv) Im(p) = %(p —p)=yii+y.j+y:k is the imaginary
partof 0.

When p = Re(p), the element p € H is termed as real. It is
evident that p is real only if and only if p=p.If p=—p

or p =1Im(p), p is considered imaginary.

'The idea of a complex metric space was introduced by Azam
et al. (2011) in the following way.

Definition 1.1. Assume that X is a nonempty set and that
de:X X X — C is a mapping satisfying the following criteria:
(i) 0 < dc(t,,t.), for all t,,t, € X and d.(t,,t,) = 0 if and
onlyif t; = t,,

(ii) de(t),t.) = de(to,t) forall ty,t, € X,

(111) dC(tl,ﬂ:Z) j dc(tl,ﬂ:}) + dc(f[;,f[z) fOf a]l ﬂ-,l, tz, f[g E X .

As a result, we refer to the pair (X, d.) as a complex metric
space.

Ahmed et al. (2014) broadened the preceding definition to
encompass Clifford analysis in the subsequent manner:

Definition 1.2. Assume that X is a nonempty set and that
du:X X X — H is a mapping satisfying the following criteria:
(1) 0 < dH<f[1,It2), fOI' all ﬂ:l,ffz (S X and dy(ﬂ:],f[z) = 0 ifand
onlyif t, = t,,

(11) dH(ttl,ﬂ:z) = dH(f[z,ﬂl]) fOI' all f[l,ftg E X ,

(i) du(t),t2) < du(ty,ts) + du(ts,ts) forall ty,ty, s € X

Therefore, the pair (X,d.) is termed a quaternion-valued
metric space.

Ahmed et al. (2014) defined a partial order < on the space
H (set of all quaternions).

Let pi,p. € H, then p: X p, if

and only if Re(p:) < Re(p.) and

Im,(p)) < Im,(p>),p1,p0. € H,s = i,j,k where

Im m; = b,Im m; = ¢,Im m; = d. It was noted that
p1 = P2, if any of the following conditions hold:
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(i) Re(p1) = Re(p2), Im,,(p,) = Im,, (p.) where
S =j,k,Im,-(p1) < Im,(p2),

(ii) Re(p1) = Re(p2), Im..(p)) = Im..(p,) where
s2=J,k,Im;(01) < Im;(p2);
(iii) Re(p1) = Re(p>), Im,,(p,) = Im,,(0,) where
s3 = J,k,Im(p)) < Im,(p>);
(iv) Re(p)) = Re(p,), Im,,(p,) = Im,,(0>),
Im m:(p,) = Im;(p.);
(v) Re(p)) = Re(p,), Im,,(p,) = Im,.(0>),
Im m,(p,) = Im m,(p.);
(vi) Re(p1) = Re(p.), Im,.(p)) = Im,,(p.),
Im m.(p,) = Im m(p-);
(vii) Re(p1) = Re(p,), Im,(p1) < Im,(p2);
(viii) Re(p1) < Re(p.), Im,(p1) = Im,(p,);
(ix) Re(p)) < Re(p.), Im, (p)) = Im, (p,),
Im,(pl) < Imi(ﬂz)?
() Re(p1) < Re(p,), Im,.(p)) = Im,.(02),
Im m;(p) < Im m,;(p>);
(xi) Re(p)) < Re(p»), Im,, (1) = Im,,(02),
Imi(p) <Im m(p-);
(xii) Re(p1) < Re(p.), Im,, (0,) < Im,,(0),
Imi(p)) = Im m:(p-);
(xiii) Re(p1) < Re(p,), Im..(01) < Im..(0>),
Im m;(p,) = Im m;(p.);
(xiv) Re(p:) = Re(p.), Im,.(p)) = Im,,(0.),
Imi(p)) = Im(py);
(xv) Re(p.) < Re(p2), Im,(p)) < Im,(0.);
(xvi) Re(p1) = Re(p2), Im,(p1) = Im,(m,).
Specifically, we denote 01 5 p, if pi# P, and any one

of conditions (i) to (xvi) is satisfied, and p, < p, if only
condition (xv) is satisfied.

Remark 1.1. It is important to emphasize that
pr=p=|pi[=[p:].

Inspired by the research of Ahmed et al. (2014), Adewale et
al. (2019) proposed the following definition.

Definition 1.3. Let G%X X X X X — H be a function that
meets the following conditions, and let X be a nonempty set,
H a collection of quaternions:

(i) G°(a,B,0) =0 ifand onlyif @ = B = g,
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(i) 0 < G%(a,a,B), vVa, B € X, with a # B,
(i) G%(a,a, B) X G, B.p). Vo, B, € X, with g # 3,
(iv) G%(a, B, ) = G*(B,g,0) = G*(at, 0, B) = -+ (

symmetry),

(v) A real number m > 1 exists such that

G%(a, B, ) 2 mlG°(a,y,y) + G° (v, .91,

vy, a,B,0 €X

The GY-metric space is therefore represented as (X,GY),
and the function G¥ is referred to as a quaternion G-metric.
When each Cauchy sequence in a G“-metric space
converges under G, the space is said to be complete. The
following extends the concept of G-metric space to degree /.

Definition 1.4. Assume that X is a non-empty set. If a
function g:X""' — R" satisfies the following requirements,
it is defined as a g-metric space with order /on:

(1) g(to,ﬂ:l,ﬂ:z,...,ﬂ:[) = 0 IH f[o = ﬂ:1 = "’f[],

(ii) g(ﬂ:o,ﬂ:l,tz, ey t) = g(f[o(o), tow, tow, -~--,f[o(1>) for
permutation O on {O, 1,2,...1},

(111) g(f[o,ftl,ffz,...,ﬂZI) < g(Vo,Vl,Vz,...,V[) for each

(ﬂ:o, f[h ﬂ:Z’ ceey ﬂ:1)9 (VO’ Vi Vayeaey ff[) S Xl+1 Wlth
{tzi=0,1,.1} S{v;:i=0,1,..1},

(iv) For each to, ty, ..., t,, Vo, V1,...V;, 2 € X with
n+3+1=1I

g(to, t,ta, ..., Ty, Vo, Vi, Va,...,Vy)

< g(to, i, o, .,y ttytty ooy tt) + g(Vo, V1, Vo ooty Vi U, U, .., 1)

A g-metric space of degree is designated for the pair

(X,8). When [ = 1,2 it corresponds to a metric space and a
G-metric space, respectively.

Recall that a subset 7" of the set of natural numbers, N
possesses a “natural density” 8 (7) if it fulfills the subsequent
conditions:

(1 =limy|{n<v:neT}|.

The sequence t = (t,) considered statistically convergent to
number L if, for every ¢ > 0

lim & {n < vt,~L|> 0} |= 0,

and «x is termed a statistically Cauchy sequence if, for all
0 > 0 there exists a number Q = Q(€) so that

L,Lrg%\{nfv:\tn—tglze}\Z 0.

Abazari (2021) provided the following definition.
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Definition 1.5. Let p € N and define
T(a) ={(ro,r1,72..1,) < (@ € N):(ro,r1,15,...7,) € T}

'Then, the p- dimensional asymptotic (or natural) density of
the set 7'denoted by &, (7) is defined as:

80D = lim 22 ().

Now, we recall the definition of quaternion-valued g-metric
space in this section, along with some fundamental

characteristics (see, Jan and Jalal (2023)).

Definition 1.6. Assume that X is a non-empty set. A
function gu: X' — H (where H is the space of quaternions)
is called quaternion valued g-metric space with order p on X
if it satisfies the following criterias :

(i)gu(fﬁn,f[],f[z,...,f[p) = Oifandonlyiff[o =t == {[p,

(i) gu(to,ti,ta, ..., tp) = gutow, tow, tows ..., tor) for
permutation 0 on {0,1,2,..p},

(111) gn(ff(),tl,ffz,...,f[p) < gu(Vu,V],Vz,...,Vl;)

for all (ﬂ:o,fﬁ,ﬂ:z,...,ﬂ;/)), (Vo,Vl,Vz,..., Vp) & Xp+1
with {t:7 = 0,1,..p} & {vai = 0,1,...p},

(iv) For all to, t1,..., T, Vo, V1yeeny Vo, 0 € X withm+
3+1=p

gu(to, b,y Ty vo, vi,...vy) X gu(to, i, oy by v, v, .00)
+2u(Vo,Viy., V1, v.00)

We call the pair (X,g]-[) a quaternion-valued g,,-metric
space of degree p. When p = 1 and p = 2, respectively, it
corresponds to quaternion-valued metric space and
quaternion-valued G-metric space.

The following theorem demonstrates that quaternion-
valued g-metrics extend the concepts of quaternion-valued
metric and quaternion-valued G-metric.

Theorem 1.1. Assume X is a given, non-empty set. The
following claims are true:

(a) d,, is a quaternion valued g-metric of order 1 on X'iff 4,
is a quaternion valued metric on X.

(b) G, is a quaternion valued g-metric of order 2 on Xiff G
is a G-metric on X with quaternion values.

These criteria are equivalent to those of metric spaces with
quaternion values and G-metric spaces with quaternion
values. As a result, quaternion-valued metric and quaternion-
valued G-metric spaces are equivalent to quaternion-valued
g-metrics of order 1 and 2, respectively.

Karaelmas Fen Mih. Derg., 2024; 14(3):106-114
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Proposition 1.1. Consider (X, gu) and (X, g as quaternion
g-metric spaces. Quaternion-valued g-metrics on X are the
tunctions indicated by du, are.

(1) dl—[(f[o,f[l,...,ﬂ:p) = gﬂ(to,ﬂ:1,...,tp) +§”(f[o,f[1,...,f[p)
(2) dﬂ(to,ﬂ:l,...,tp) = @(d]—](f[o,ﬂ:],..-,f[p)) WhCI'C Q is a

function on H

(i) @ is increasing on Hi;

(i) @ (0) = 0;

(iii) P(t+v) XD (t) + D(v) forall t,ve H

Example 1.1. (Discrete quaternion valued g-metric space)
Consider a nonempty set X. Define du: X""' — H as follows:

0, ifto=t, =-=t,

du(to, t,,..t,) = '
(tot,...tp) {1, otherwise.

for all to,ti,...,t, € X . This function du represents a

quaternion-valued g-metric on X.

Theorem 1.2. On a nonempty set X, let (X, gu) represent a
quaternion-valued g-metric of order 7. The following claims
are accurate:

1.gu (f[, by, ...,y> < gu (f[, v, ...,v> +gu (ﬂ:, by, ...,y),
—— —— ——

7 times 7 times 1 times

2. gu (ft,...,ft,v,...,v) < ngu(t,v,..,v) and

1 times

gH<t,...,¢, v,...,v) <(n+1-n)gu(v,t,...t),
N

1) times

3. gH(ﬂ:O,ﬂ:l,-n,ﬂ:H) =< ZT:OgH(ﬁi,V,u-,V),
4. gutv,. . ) XA+ =D+ 1-=m)gu(t,. . tv, . .,v).
Nl

1 times
Definition 1.7. Let (X,gu) be a g-metric space with
quaternion values.

(i) Any point t, € X is said to be the interior of a set
A C X, if there exists ¢ € H:0 < ¢g such that

B (to,q):={y € X1 gu(to,y,y,..y) < q} C A.

(i) When every point in subset 4 is an interior point in
subset 4, then A is said to be open in subset X.

Here, we investigate the notion of convergence for double
sequences in the context of g-metric spaces with quaternion
values and discuss some of their basic characteristics. This
study is significant as it extends the traditional framework of
metric spaces by incorporating quaternion values, which are
essential in various applications such as signal processing,
control theory, and three-dimensional computer graphics.
We meticulously examine statistical convergence within this
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context, providing a detailed definition and analysis. By doing
so, we contribute to the mathematical foundation necessary
for advanced theoretical research and practical applications
in areas where quaternion-valued functions are prevalent.
Furthermore, our investigation culminates in the final
section, where we explore the intricate relationship between
statistical convergence in quaternion-valued g-metric spaces
and the concept of strong summability. This exploration not
only connects theoretical concepts but also sheds light on
their practical implications, offering new insights and tools
for researchers and practitioners working with complex
multidimensional data structures. The results of this study
can potentially lead to new methodologies and algorithms
that improve the efficiency and accuracy of computational
processes in various scientific and engineering fields.

2.New Concepts

This section defines quaternion valued g-metric space and
goes over some of its fundamental properties.

Definition 2.1. Assume that (X,g..) is a quaternion valued
g-metric space, t € X is a point and {t,u, truy ..oy by } S X
is a sequence. {ftml,f[m,z,...,ft,,,u,,}gH -converges to t denoted
by {f[,,u,,ft,z,u, ...,It,,,u,,} 2t if for every 0 < g € H there exists
N € Nsuch that

rl,rz,--.rp 2 N,ul,uz,-..up Z N = gH(ﬂ:a ﬂ:nunﬂ:rwza--', ﬂ:r,;u,;) < q

In such asituation, {ftm“, Trauzy oons ftw,,} is called gu-convergent
in X and t is said to be gu-limit of {ftm,ﬂ:,m, ...,ft,,,u,,}.

Definition 2.2. Let (X, gu) be a quaternion valued g-metric
space. Let t € X be a point and {t,.u, Lo, e} S X be
a sequence. {t ., ..., L, } is called gu-Cauchy if for all
g € H,0 < ¢, there exists N € N such that

To,Fiy T2y Fp = Ny, Ui, U, Uy = N

= gu(Crowo Cries Trass oons Tr,) < G

Definition 2.3. Assume that (X,gu) is a g-metric space
with quaternion values. If all gu-Cauchy sequence in (X, gu)
is gu-convergent in (X, gu), then (X, gu) is complete.

Proposition 2.1. The following claims are accurate:

(a) In a quaternion valued g-metric space, the limit of a gu
-convergent sequence is unique.

(b) In a quaternion valued g-metric space, every convergent
sequence is a gu Cauchy sequence.

Proof. (a) Assume that (X,gu) is a quaternion valued
g-metric space and {t,u,, triss s L, } © X . By Definition 2.1
for 0 < g € H, there exists /V, and NV, such that
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gH(ayﬂ:rmn trzuzw"s f[»‘pu,.) '< W+ 1 fOr all
Tty .ty > N, M],MZ,...M,; > N,
gH(ﬁ, ﬂ:rluuﬂ:rzuz, ﬂ:r,u,) < fOf all
Fi,ray .1y > Nz, U,Uz,...Up > Nz.

Set N =max{N,, N.}.If m,n >N, then by the condition
(iv) of definition 1.6 and Theorem 1.1, it follows that

‘ gn(a,ﬁ,ﬂ,n,ﬁ) ‘ S ‘ gH(a9fLmn, ftmmn, f[mn)
+‘ gH(ﬂ:mmﬁ,ﬂ,n,ﬁ) ‘ S ‘ gH(a,ﬂ:mn,tmn, ,f[mn)

+W‘ gﬂ(ﬁgﬂ:mn,tmn,--,tmn) q Wq

w+1+w+1_q

Since 0 < g € H is arbitrary, gu(ot, 3,0,..,8) = 0. Hence

o=p.

(b) Assume that (X,gu) is a quaternion valued g-metric
t, u,} C X is a sequence that

for all {rl,rz, r,,} > N and

space and {t,u., Lrss ey

gH(f[ f[nuu 22y . f[r,.u,) -<
{L{],L{z, u } > N.

Following from Theorem 1.2 and quaternion valued
g q
g-metric space’s monotonicity requirement,

.y r,u,) < Zgﬂ(ﬂ:nm,f[ f[) _qi_ 1 == q
st} is gu-Cauchy in (X, gH)

gl—I ({[mum {[mu\, f[rzuz,
’I}‘lus, {t?‘lllli f[rzm’

Proposition 2.2. Assume that (X, gu) is a quaternion valued
g-metric space and {t.., b, by} is 2 sequence in X.

Then {f[r,u.,ttrg,,z,...,ftrw} converges to t iff

‘ gH(t, ﬂ:nuu f[:rzuza weey ﬂ:r,‘u,‘)
{u,us,..u,} — oo.

—0as {r,r,..r,} — oo and

Proof. Suppose that {ftm,ﬂ:mm...,ft,,,u,,} converges to t.

Assume ¢ = %+ i%+j%+k% and a real number @ > 0

. Thus, 0 < g € H and there is natural number NV such that
gu(t, L Loy s £,) 1< g | =@ for all {ri,r,.r,} >N

and {ui,us,..u,} > N. Hence | gu(t, tou, trusy ey L) [ — 0
as {ri, 7.1} — 00 and {ui, s, .., } — 0.
Conversely, suppose that | gu(t, t,u, L, ..oy t0,) | — 0 as

{ri,rs..r,} — oo and {u,, us,...u, } — oo. Then, given g € H
with 0 < g, there is a real number & > 0, such that, for
heH,

|h|<d=h<gq.

For this &, there is a natural number N such that
‘gH(ﬂ:,ﬂ:rmn ﬂ:rzuz,u-, ﬂ:rﬂu,,) < 5 for 3.11 {r],rz,...r,;} > N and
{u,us,..u,} > N. Implying that gu(t, b, tr s t0) < ¢
for all {r,r,..r,} >N and {ui,us..u,} > N, hence
{[nuntrwza“'a

tr,,u,,} converges to .
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Proposition 2.3. Assume that (X, gu) is a quaternion valued

g-metric space and {7, lru -l b 1S @ sequence in X.

’__[‘hen {tmm, [rzuza ()
‘ gH(ft, tﬂlﬂa ﬂ:rzuza (A
Proof. Suppose that {tu,tum,.,

. Assume q=%+i%+j%+k% and a real number

t,-,,,,,,} is a Cauchy sequence if and only if
f[r,m,,) | — 0 as ri,ui, o,z ...y, U, — Q.

t,.} converges to t

0> 0. Thus, 0<g€H and there is natural number
N such that gt Trurs Ly ooy Tr0,) < g for all
{roro.r,} >N and  {ui,us..u,} > N. ‘Therefore,
| g1 (s s Loy s ) | < | ¢ | = 0 forall {ri,ry.r,} > N

and {M],uz,...u } > N. Hence ‘gH(tmuu’ trmutrzuz’--~7tr,,u,;) | -
as {rl,rz,...rp} — oo and {M],Mz,...l/ip} — 00 .
Conversely, suppose that | gu(tru, trus tru, ooy tr,) |~ O as

{ri,rs..r,} = 00 and {u\,us,..u,} — 0. Then, given g € H
with 0 < g, there is a real number & > 0, such that, for
heH,

‘h|<5=>h<q.
For this &,

there is a natural number N such that
| g1t (s By Eraiy eoes ) | < 8 for all {ri,ry.r,} > N and
{u,us,..u,} > N.Implymgthatg..(ftmm,, iy Craus woos Try) < G
for all {r,r,..r,} >N and {u,u,..u,} >N, hence

{[mm tr:"zv ooy

Definition 2.4. Assume that (X, gu) is a quaternion valued
g-metric space and 0 < ¢ € H is given.

(1) Aset A C X issaid to be ¢, gu-net of (X, gu) if for t € X
, there exists a € A such that t € Byu(a,q). A set is referred
to as finite ¢, gu-net of (X, gu) if it is finite.

[} is 2 Cauchy sequence to t.

(i) A quaternion valued g-metric space (X,gu) is called
totally gH-bounded if for all 0 < ¢ € H there exists a finite
q,8n -net.

(iii) If a quaternion valued g-metric space (X, gu) is complete
and totally gu-bounded, it is referred to as gu-compact.

Definition 2.5. Let (X,gu) and (X,gu,) be quaternion
valued g-metric spaces. A mapping 7:X, — X, is said
to be gu-continuous at point t € X, provided that for
each open ball B,, (T(x),q) there exists an open ball
B, (x,8) € B, (T(x),q).

3. Statistical Convergence of Double Sequences in
Quaternion Valued g-metric Space

In this section, we introduce statistical convergence for
ouble sequences in quaternion-valued g-metric space an
doubl ter alued tr d

give several key characteristics.

Karaelmas Fen Mih. Derg., 2024; 14(3):106-114
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Definition 3.1. Let (X, gH) be a quaternion valued g-metric
space, t € X be a point, and {tes} € X be a sequence.

(i) {tos} statistically converges to t if for each ¢ < H with
0<q such that

al}{n (Otﬁ)” {((r1, 720 s 1), (Ui sy ..y t) ) € N7 X N7,
FioFayeby < OL UL Us, ... Uy

S ﬁ(a7ﬂ € N)‘ 8u (t f[mus f[fzuzy ey f[r,m,;)

and denoted by gH(Nt)— llm{f[,.,,., i e
{f[ ﬁ}gH(m

(ii) {tes} is said to be statistically gu-Cauchy if for every
q € H with 0 < g, there exists r,, u, < H such that

>1ql}|=0

=1

al}srf},o(aﬂ)”‘ {((rl,rz,...,rp),(ul,uz,...,u,,)) e N?” x N7,
iy, ra,.. rp SS a,u1,u2,...,up
ﬂ:rzuzs ey ﬂ:r,,u,,) =| q |} ‘ =0

(X,gH) is called a complete quaternion valued -metric
space.

(iii) {tas} is bounded if there exists a positive
number M such that ‘ {7 S ‘ <M forall

{(rl,rz, ...,rp),(ul, Uy ..., Mp)}.

'The set of all bounded sequences will be represented by (...

Theorem 3.1. If a sequence {tos} is statistically convergent
in (X,gH) then gH(Nt) — lim(tap) is unique.

Proof. Suppose that {t.s} statistically converges in (X, gH)
.Let gH(Nt)— lim(t.s) = ¥: and gH(Nt) — lim(tos) = -
Given € > 0 and 0 < g € H, let

e .0 .0 0
q_4p+l4p+]4p+k4p'

Define the following sets as:

Kl (Q) = {((rl,]"z,...,r,,),(l/l],l/iz,...,lxlp)) & Np X Np,
TisFoyein ¥y S O U Uy Uy <

,B(O(,,B S N)‘ gH(Yl,ﬂ:nuuﬂ:rzuza -~-aﬂ:r,,u,,) > ‘ q ‘ = %}’
K,(p) = {((rl,rz,...,r,,),(u,,uz,...,u,, ) e N”x N,
TisFayen ¥y SO UL Uy Uy <

ﬁ(a,ﬁ S N)’ gll (Yz,ﬂ:mu, ﬁ:rzug,..., ﬂ:r,,“/,> 2 ‘ q | = %}
Since gu(Nt)— lim (L0, trs ..., truy) = Y1, we have
6<K1(Q)) =0

Similarly gu (T]ﬂl) — lim(t,u, trwy s Trpe,) = Y, 1mphes
S(K»(p))=0
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Let K(p) =K (p)UK,(p). Then 8(K(p)) =0 and we
K°(p) is non-empty and O8(K°(p)) = 1. Suppose
{rl,rz,...,r,,},{ul,uz,...,up}e K°(p), then by Theorem 1.2,
we have:

gV Y o Yo ¥ | S| gu(Y iyt Ly s i)
+| gH(ﬂ:mn,'}/z,')/z,...,'}/z) ‘ < ‘ gH(Yl,f[,n,l,ﬂlnzn,...,f[mn)

have

+p| gH(’}/Z’ f[mru f[mm “eey ﬂ:mn) S | gH(Yh f[l‘lms f[rzuzy ceey f[:r,m,;)
+p| gH(’},Z, ﬂ:mun ﬂ:rzuz’ ceey ﬂ:rpu,.) S P| gH(Y],ﬂ:r.ul, ﬂ:rzuz, weey ﬂ:r,,u,,)
9| g1V or b b o br) | < ( 0 2“;) 0.

Since @ > 0 was arbitrary, we get gu(Y 1,72, Y2...,Y2) =0
therefore Y1 = 7..

Theorem 3.2. If gy — lim(t,s) = t, then
gu(Nt) — lim(tes) = t the opposite need not always hold.

Proof. Assume that gy — lim(t,s) = t. Thus for all
0 < g € H there exists N € N such that

Pty 2 Nttty tty = N = gu(t, b, thn, s thu) < g
'The set

A ={((r,rsy..r), (U1 s, ..., u,) ) € N” X N7,

FisFay oy < O UL U, . U,

<B(a,BeN)| gultstoutow .. t) | = q|=0}

- {(1,1), (292)9 (3a3)a---}pa
where ¢ = g +lg +](2? +k ,0(A(p)) = 0. Hence
gu(T]f[)—hm(ftaﬁ) =t.

The following example demonstrates that the reverse does
not have to be true.

Example 3.1. Let X=R and GuRXRXR—-H be a
quaternion valued G-metric space defined by
Gu(pipaps) =| 20— 25 |+ | 20— 20 |

+i(|zi =zt | +| zi — 2t [+ ]z = 27)

+j(|zh =2 |+ =z ||z - 23))

k(| zi— 23| +| 2 — 23|+ |5 —z23))

where v, = y6+y’)i+y6j+y6k for r=1,2,3. Let

¢ :{ , zfm,nisasquare

" 1, if not.
It is easy to see that gu (T]f[) — lim (t,.,) =
[(mn) e N\ m <a,n<B(a,BeN):lgu(l,t,.)I>1ql
=pI<yVmn
for every 0 > 0 and ¢ = g +lg +jg -Hce But {t,.} is
neither convergent nor bounded.

.0} be a sequence defined as

1, since

111



Kolanct, Giirdal, Kisi / On Convergence in Quaternion-Valued g-Metric Space

Theorem 3.3. Allow (X,gu) to be the complete g-metric
space with quaternion values. A sequence {f[ag} of points
in (X,gu) is considered statistically g-convergent iff it is
statistically gu-Cauchy.

Proof. Assume gy — lim(tqs) = t. So, we have
0(A(p)) = 0, where

A) ={((ri,r2y 1), (Wi, s, ..
T, < O Uy, U, Uy

Vi,V ...
< B(a.B € N)| gultytu trus.ortr,) 1=|q|= %},
e, .e +kQ

whereq:%+iz+jz 1

u,)) € N” x N,

This implies that
S(AL(Q)) = {((rlar% --~rp)’ (M],Mz, ey

r,Ta,...

u,)) € N” x N,

Ty SO U U,y U,
< B(a,BEN)| gulty trus b s trn) | <[ q| = %} — 1
ky) € A°(p). Then

Let (jl,jz,...,jn),(kl,kz,...,
| g (t, ks Lty wenr i) | < 1@l = %

Let
B(0) = {((ri,ray.ry), (i, tay .oyut,)) € N? X N7,
TiyFayly < O UL U, .. Uy,

< B(a,BeN): t0) | = 0},
we need to show that B(p) C A(p) Let o, 8 € B(p). Then
| 9 (Eut0s ity vy Eivts Loy Loy eoey L) | = 0

and hence |y (£ b o )| = 5.

u, < B(a,BeN)e Ap).
tr,)| < O then

0 = g1 (Cjiess oty eoes intos Loty Lroiny wovs i)

= gH (ﬂ: ﬂ:rluu raU2y eeey ﬂ:r,,u,;) + (ﬂ:s ﬂ:_hkls ﬂ:izkz:- sy

0,0
<ty =e

which is not possible. Hence B(p) C A(p), which implies
that {f[nm,ftmz, ...,ftwp} is gu(Nt)-Cauchy.

f[jnkm f[n ury ﬂ;rzuzy seey

gn(f[j.k.,f[jzkz,m,

That is r,72,..7, < O Uy, Us, ...

Otherwise if | . (ft; L S,

ﬂ:in"n)

Conversely, suppose that {Itaﬂ} is gu(Nt)-Cauchy
but not gu(Nt)-convergent. So, there exists
(jl,jz,...,jn),(kl,kz,...,kn) € N” x N” such that
6(G(p)) = 0 where

G(p) = {((rl,rz,...r,,),(ul,uz,...,

TiyFayly < OL UL U, .. U,

< B(a,feN):

u,)) € N’ x N,

>0}

f[jqkm f[m ury ﬁ:"zuzs seey f[rpup)

gu(f[j.k., f[jzkz, ey
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and 8(D(p)) = 0, where

D) ={((ri,r2..r), (U, sy ..y u,) ) € NP X N7,
T Fayy < QUL U, .. U,

< B, BE NY| gu(ty b, by s ) | < %}

that is, §(D(p)) = 1.

Since

| @1 (Eikss Tt ooy Tty Ty Croiy wves T |

< 2 gt By B o ) | < 0

S| g B by ) | < 2

Therefore §(G°(p)) =0 that is 8(G(p)) = 1, which leads

the contradiction, since { T, Cruns ey Loy Erirs Eraios o Er, }
was gu(Nt)-Cauchy. Hence {f[aﬁ} is gn(Nt)-convergent.

4. Strong Summability

The relationship between gu-statistical convergence and
strong summability in quaternion valued g-metric space is
established in this section.

Definition 4.1. A sequence {tos} is called strongly p-
Cesaro summable (O <p< oo) to limit t in (X, gwn) if

5.3

rLr2,p=1 .
P

(gH (ﬂ:rmls ﬂ:r:uza seey ﬂ:r,,u,;, ﬂ:) 1)) = O

hma B T AN (aﬁ)p

and we write it as tes — t[C,gul,. Here, / represents the
[Cl,gﬂ]p—limit Of {ﬂ:aﬁ}.

Theorem 4.1. (a). If 0 < p < o0 and tes — t[Ci,gul,, then
{tos} is statistically gu-convergent to t in (X, gu).

(b).If gu-statistically convergent to t in (X, gu) and {tas} is
bounded, then tos — tIC1, gul,.

Proof. (a) Let

K(p) = {((7'1,7”2,~~~rp),(u1,u2,m,
T,y < 0L U U, ..y Uy,

<B(a,BeN)

Now since tu, sy ory Ty, —

u,)) € N’ x N,

) = 0}
f[[Cl,gH]p, then

8u (trmw, ﬂ:rguz, ceey

B

p! &
0« (aﬁ)”mz;, Z l(gu(ftm,‘ftm,...,
__p! z 2
(aﬁ) 1,12, rlzlf EKo(p) ur,uz ;M&KQ(p)
a B
+ X 2

rir2,.rp=1,ri€Ko(p) ur,uz,...,.up=1,u;€ Ko(p)

o' asa, B — B.

ﬂ:r,;up; ft) p)

(gH (tnu\y ﬂ:rznzs (] ﬂ:rpups f[) P)

(gH(ﬂ:mu, f[rzuz, weey ﬂ:r,;up, ﬂ:)p)

!
> ((fT;)pl Ko(p)

Karaelmas Fen Mih. Derg., 2024; 14(3):106-114
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!
That is, nmww«fW\ Ko(p)|= 0 and 8(K,(p)) = 0.

(b) Suppose that {ft,m,lt,-m,...,ft,,,u,,} is bounded and
statistically gu-convergent to t in (X, gu). So, for 0 > 0,
we have 0 (K,(p)) = 0. Since {f[,,u.,ft,-m,...,f[,,,,,,,} € (.., there
exists M > 0 such that |gu(t,.,thuy s brn, ) 17 <M. We
have

a B

p!
(ap)’ ,,,rz 2

2endp=1 w1,u2,. up=1

_p ¢ ;
-~ (ap)’ Z 2.

(gH (ﬂ:ruu, trwz, eeey ﬂ:r,,u,,, S) p)

(gH (ﬂ:rmu ﬂ:rzuzy (132 ﬂ:f‘pup’ S) p)

=1,rEKo(p) ur,uz,....up=1,ui & Ko(p)
p' o B
+—p Z Z (gH(f[rmnf[rzuz,-~~,ﬂ:r,,u,,, S)p)
(aﬁ) L2, rp= 1 €Ko(p) uruz,...up=1ui€Ko(p)
=U.(p) + U:(p),
where
a.p

|
Ul (Q) = (O{p—ﬁ)p Z (gll(f[mu, ﬂ:rzu:w"y ﬂ:r,,um S)p)

= L& Ko(p)
w2, ttp=1,ui & Ko(p)

and
a.p

U:0) =
()= 2
(aﬁ)p rLr2,rp=1,ri € Ko(p)
w12, ttp=1,ui & Ko(p)

(gl-[(thun trzuz, (] tr/)”[l’ S)p)'

Now if {ri,ra, .1, 5, {1, s, ..., u,} &E Ke(Q) then
U (p) < p”. For {r,r,..r,},{u,u,...u,y € K(Q),

we deduce that

UZ(Q) S SUP‘ gH(tnun f[mm ""f[rl’“l”f[) |<

P! Ko(p) |
(ap)’

as o, B — oo, since 8 (K(p)) = 0. Hence
f[nulatrzuza ---aﬂ:r,,u,, g t[Cb gH]

P! Ko(p) )
(af)”

=M -0

5. Conclusion and Suggestions

In this manuscript, we have introduced and explored
the concept of convergence for double sequences within
the quaternion-valued g-metric space, examining several
toundational properties. Furthermore, we have conducted a
detailed analysis of statistical convergence in this context,
aiming to provide a comprehensive understanding of
sequence behavior in this specialized metric environment.

The final part of our investigation has focused on the
relationship between statistical convergence in quaternion-
valued g-metric spaces and the concept of strong summability.
'This exploration has not only deepened our understanding

Karaelmas Fen Miih. Derg., 2024; 14(3):106-114

of how sequences behave under statistical measures but
has also shed light on their summation properties within
this unique framework. These findings underscore the
intricate connections between statistical convergence and
summability, offering valuable insights into the nature of
convergence in quaternion-valued g-metric spaces.
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