
Karaelmas Fen ve Müh. Derg. 14(3):106-114, 2024

Karaelmas Science and Engineering Journal
Journal home page: https://dergipark.org.tr/tr/pub/karaelmasfen
DOI: 10.7212/karaelmasfen.1503070

Research Article
Received / Geliş tarihi : 21.06.2024         
Accepted / Kabul tarihi : 05.08.2024 

(1988), for example, showed that a 2-metric does not always 
show continuity with regard to its variables. These results led 
to Bapure Dhage’s (1992) doctoral research on a new class 
of generalized metric spaces known as D-metric spaces. 
Determining these spaces’ topological characteristics was 
the goal of Dhage (1992), and it proved essential for later 
studies in this area. However, studies by Mustafa and Sims 
(2003) and Naidu et al. (2005) have pointed out inaccuracies 
in many foundational claims regarding the basic topological 
characteristics of D-metric spaces, thereby undermining the 
validity of numerous results obtained in this area.

Mustafa and Sims (2006) pioneered the concept of G-metric 
space, whereas Choi et al. (2018) generalized this concept to 
degree l.

Let’s review some basic symbols used in quaternion spaces. 
The quaternion space, denoted as H, consists of four-
dimensional real algebra with unity. The zero element of H is 
represented as 0H, and the multiplicative identity is denoted 
as 1H. Within H, there are three specific imaginary units 
referred to as i, j, k. These units are defined by the following 
relationships:

1. Introduction
Fast (1951) conducted the first study on statistical 
convergence. Three individuals, Tripathy (2003), Mursaleen 
and Edely (2003), and Moricz (2003), each separately 
pioneered this field of study on statistical convergence in 
double sequences.

A distance function or metric expands on the concept of 
physical distance in mathematical analysis. Large and 
complex datasets provide a number of issues, hence Khamsi 
(2015) suggested a number of methods to expand this idea. 
A 2-metric, as proposed by Gähler (1966), is a more general 
version of the standard metric, although further studies have 
not found a connection between these functions. Ha et al. 
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i2 = j2 = k2 = -1, ij = -ji = k, jk = -kj = i and ki = -ik = j.

For each quaternion ρ = y0 + y1i + y2j + y3k; where y0, y1, y2 
and y3 are real numbers, the elements 1, i, j, k are considered 
as a basis for the real vector space H. Given ρ = y0 + y1i + y2j 
+ y3k ∈ H, we recall that:

(i) t  = y0 - y1i - y2j - y3k is the conjugate quaternion of t, 
(ii) y y y y R0

2
1
2

2
2

3
2 !t tt= = + + +

(iii) ( ) ( )Re p y2
1 R0 !t t= + =

(iv) Im y i y j y k2
1

1 2 3t t t= - = + +^ ^h h  is the imaginary 
part of t .

When ( )Ret t= , the element H!t  is termed as real. It is 
evident that t is real only if and only if t t= . If t t=-  
or ( ),Imt t t=  is considered imaginary.

The idea of a complex metric space was introduced by Azam 
et al. (2011) in the following way.

Definition 1.1. Assume that X is a nonempty set and that  
: Cd X XC "#  is a mapping satisfying the following criteria:

(i) ,t td0 C 1 2' ^ h, for all ,t t X1 2 !  and ,( )t td 0c 1 2 =  if and 
only if t t1 2= ,

(ii) ( , ) ( , )t t t td dC C1 2 2 1=  for all ,t t X1 2! ,

(iii) ( , ) ( , ) ( , )t t t t t td d dC C C1 2 1 3 3 2) +  for all , ,t t t X1 2 3! .

As a result, we refer to the pair ( , )X dc  as a complex metric 
space.

Ahmed et al. (2014) broadened the preceding definition to 
encompass Clifford analysis in the subsequent manner:

Definition 1.2. Assume that X is a nonempty set and that  
: Hd X XH "#  is a mapping satisfying the following criteria:

(i) ,t td0 H 1 2' ^ h, for all ,t t X1 2 !  and ( , )t td 0H 1 2 =  if and 
only if t t1 2= ,

(ii) ( ( , ), )t t t td dH H1 2 12 =  for all ,t t X1 2! ,

(iii) ( , ) ( , ) ( , )t t t t t td d dH H H1 2 1 23 3) +  for all , ,t t t X1 2 3! .

Therefore, the pair ( , )X dc  is termed a quaternion-valued 
metric space.

Ahmed et al. (2014) defined a partial order ) on the space  
H (set of all quaternions).

Let , H1 2 !t t , then 1 2)t t  if 
and only if ( ) ( )Re Re1 2#t t  and 
( ) ( ), , , , ,HIm Im s i j ks s1 12 2# !t t t t =  where 

, ,Im Im Imm b m c m di j k= = = . It was noted that 
1 2)t t  , if any of the following conditions hold:

(i) ( ) ( ), ( ) ( )Re Re Im Ims s1 2 1 21 1t t t t= =  where
, , ( )( )Im Ims j k i i1 21 1t t= ;

(ii) ( ) ( ), ( ) ( )Re Re Im Ims s1 2 1 22 2t t t t= =  where 
, , ( ) ( )Im Ims j k j j2 1 21t t= ;

(iii) ( ) ( ), ( ) ( )Re Re Im Ims s1 2 1 23 3t t t t= =  where 
, , ( ) ( )Im Ims j k k k1 23 1t t= ;

(iv) ( ) ( ), ( ) ( ),

( ) ( );

Re Re Im Im

Im Imm

s s

i i

1 2 1 2

1 2

1 1t t t t

t t

= =

=

(v) ( ) ( ), ( ) ( ),

( ) ( );

Re Re Im Im

Im Imm m

s s

j j

1 2 1 2

1 2

2 2t t t t

t t

= =

=

(vi) ( ) ( ), ( ) ( ),

( ) ( );

Re Re Im Im

Im Imm m

s s

k k

1 2 1 2

1 2

3 3t t t t

t t

= =

=

(vii) ( ) ( ), ( ) ( )Re Re Im Ims s1 2 1 21t t t t= ;

(viii) ( ) ( ), ( ) ( )Re Re Im Ims s1 2 1 21t t t t= ;

(ix) ( ) ( ), ( ) ( ),

( ) ( );

Re Re Im Im

Im Im

s s

i i

1 2 1 2

1 2

1 11

1

t t t t

t t

=

(x) ( ) ( ), ( ) ( ),

( ) ( );

Re Re Im Im

Im Imm m

s s

j j

1 2 1 2

1 2

2 21

1

t t t t

t t

=

(xi) ( ) ( ), ( ) ( ),

( ) ( );

Re Re Im Im

I Imm m

s s

k k

1 2 1 2

1 2

3 31

1

t t t t

t t

=

(xii) ( ) ( ), ( ) ( ),

( ) ( );

Re Re Im Im

ImIm m

s s

i i

1 2 1 2

1 2

1 11 1t t t t

t t=

(xiii) ( ) ( ), ( ) ( ),

( ) ( );

Re Re Im Im

I Imm m m

s s

j j

1 2 1 2

1 2

2 21 1t t t t

t t=

(xiv) ( ) ( ), ( ) ( ),

( ) ( );

Re Re Im Im

ImIm

s s

k k

1 2 1 2

1

3 3t t t t

t t

= =

=

(xv) ( ), ( )Re ImRe Im ss1 22 11 1t t t t^ ^h h ;

(xvi) , ( ) ( )Re Re Im Im ms s s1 2 1t t t= =^ ^h h .

Specifically, we denote 1 21t t  if 1 2!t t  and any one 
of conditions (i) to (xvi) is satisfied, and 1 2't t  if only 
condition (xv) is satisfied.

Remark 1.1. It is important to emphasize that 
1 2 1 2&) #t t t t .

Inspired by the research of Ahmed et al. (2014), Adewale et 
al. (2019) proposed the following definition.

Definition 1.3. Let : HG X X XQ "# #  be a function that 
meets the following conditions, and let X be a nonempty set,  
H a collection of quaternions:

(i) ( , , )G 0Q /a b =  if and only if /a b= = ,
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(ii) ( , , ), ,G X0 Q 6' !a a b a b , with !a b ,

(iii) ( , , ) ( , , ), , ,G G XQ Q / 6 /) !a a b a b a b , with / ! b ,

(iv) ( , , ) ( , , ) ( , , )G G GQ Q Q/ / / ga b b a a b= = =  ( 
symmetry),

(v) A real number m 1$  exists such that 
( , , ) [ ( , , ) ( , , )],

, , ,

G m G y y G y

y X

Q Q Q/ /

6 /

)

!

a b a b

a b

+ .

The GQ-metric space is therefore represented as ( , )X GQ , 
and the function GQ  is referred to as a quaternion G-metric. 
When each Cauchy sequence in a GQ-metric space 
converges under GQ , the space is said to be complete. The 
following extends the concept of G-metric space to degree l.

Definition 1.4. Assume that X is a non-empty set. If a 
function :g X Rl 1 "+ +  satisfies the following requirements, 
it is defined as a g-metric space with order l on:

(i) ( , , , ..., )t t t tg 0l0 1 2 =  iff t t t l0 1 g= = ,

(ii) ( , ( , , , ...., ), , ...., )t t t t t t t tg g ( ) ( ) ( )( )l l0 1 2 0 1 2= v v v v  for 
permutation v  on , , , ...l1 20" ,,
(iii) ( , , , ( , , , ..., )..., )t t t tg g v v v v ll0 0 1 21 2 #  for each 
( , , , ..., ), ( , , , ..., )t t t t t Xv v vl l

l
0 1 2 0 1 2

1! +  with 
: , , ...: , , ...t i li l v 0 10 1 jj 3= =" ", ,,

(iv) For each , , ..., , , , ... ,t t t v v v u Xz0 1 0 1 !h  with 
z l1h + + =

( , , , ..., , , , , ..., )

( , , , ..., , , , ..., ) ( , , , ..., , , , ..., )

t t t t v v v v

t t t t v v v v

g

g u u u g u u u

z0 1 2 0 1 2

0 1 2 0 1 2# +

h

h h

.

A g-metric space of degree  is designated for the pair 
( , ) .X g  When ,l 1 2=  it corresponds to a metric space and a 
G-metric space, respectively.

Recall that a subset T of the set of natural numbers, N
possesses a “natural density” ( )Td  if it fulfills the subsequent 
conditions:

( ) v v:limT T
1

v
# !d h h=

"3
" , .

The sequence tt = h^ h considered statistically convergent to 
number L if, for every u 02

u:v vlim h Lt1
0h

v
# $- =

"3
" , ,

and x is termed a statistically Cauchy sequence if, for all 
u 02  there exists a number ( )Q Q f=  so that

h u:v v t tlim
1

0h
v

Q# $- =
"3

" , .

Abazari (2021) provided the following definition.

Definition 1.5. Let p N!  and define

( ) , , , ... , , , ...( ): }T r r r r r r r r TNp p0 1 2 0 1 2# ! !a a a= ^ ^h h" .

Then, the p- dimensional asymptotic (or natural) density of 
the set T denoted by ( )T( )pd  is defined as:

( )
!

limT
p
T( )p pd a a=

"3a
^ h .

Now, we recall the definition of quaternion-valued g-metric 
space in this section, along with some fundamental 
characteristics (see, Jan and Jalal (2023)).

Definition 1.6. Assume that X is a non-empty set. A 
function : Hg XH

p 1 "+  (where H  is the space of quaternions) 
is called quaternion valued g-metric space with order p on X 
if it satisfies the following criterias :

(i) ( , , , ..., )t t t tg 0H p0 1 2 =  if and only if ,t t t p0 1 g= = =

(ii) ( , , , ..., ) ( , , , ..., )t t t t t t t tg g ( ) ( ) ( )( )H Hp p0 1 2 1 20= v v v v  for 
permutation v  on , , , ...p0 1 2" ,,
(iii) ( , , , ..., ) ( , , , ..., )t t t tg g v v v vH Hp p0 1 2 0 1 2)  

for all ( , , , ..., ) ( , , , ..., ),t t t t Xv v v vp p
p

0 1 2 0 1 2
1! +  

with : , , ...: , , ...t i pi p v 0 10 1 ii Q= =" ", , ,

(iv) For all , , ..., , , , ..., ,t t t v v v v X0 1 0 1 !h d  withh+ 
z+1 = p
( , , ..., , , , ... ) ( , , ..., , , , ... )

( , , ..., , , ... )

t t t v v v t t t

v v v

g g v v v

g v v v

H H

H

z0 1 0 1 0 1

0 1 z

)

+

h h

We call the pair ,X gH^ h  a quaternion-valued gH-metric 
space of degree p. When p = 1 and p = 2, respectively, it 
corresponds to quaternion-valued metric space and 
quaternion-valued G-metric space.

The following theorem demonstrates that quaternion-
valued g-metrics extend the concepts of quaternion-valued 
metric and quaternion-valued G-metric.

Theorem 1.1. Assume X is a given, non-empty set. The 
following claims are true:

(a) dH is a quaternion valued g-metric of order 1 on X iff dH 
is a quaternion valued metric on X.

(b) GH is a quaternion valued g-metric of order 2 on X iff GH 
is a G-metric on X with quaternion values.

These criteria are equivalent to those of metric spaces with 
quaternion values and G-metric spaces with quaternion 
values. As a result, quaternion-valued metric and quaternion-
valued G-metric spaces are equivalent to quaternion-valued 
g-metrics of order 1 and 2, respectively.
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context, providing a detailed definition and analysis. By doing 
so, we contribute to the mathematical foundation necessary 
for advanced theoretical research and practical applications 
in areas where quaternion-valued functions are prevalent. 
Furthermore, our investigation culminates in the final 
section, where we explore the intricate relationship between 
statistical convergence in quaternion-valued g-metric spaces 
and the concept of strong summability. This exploration not 
only connects theoretical concepts but also sheds light on 
their practical implications, offering new insights and tools 
for researchers and practitioners working with complex 
multidimensional data structures. The results of this study 
can potentially lead to new methodologies and algorithms 
that improve the efficiency and accuracy of computational 
processes in various scientific and engineering fields.

2. New Concepts
This section defines quaternion valued g-metric space and 
goes over some of its fundamental properties.

Definition 2.1. Assume that ,X gH^ h is a quaternion valued 
g-metric space, t X!  is a point and , , ...,t t t Xr u r u r up p1 1 2 2 3" ,  
is a sequence. , , ...,t t t gHr u r u r up p1 1 2 2" ,  -converges to t  denoted 
by , , ...,t t t tr u r u r u

gH

p p1 1 2 2 "" ,  if for every Hq0 ' !  there exists 
N N! such that

, , , ... , ..., ), ... , ( , ,t t ttr r r qN u u u N gHp r u r up r u1 2 1 2 p p2 21 1&$ $ '

In such a situation, , , ...,t t tr u r u r up p1 1 2 2" , is called gH-convergent 
in X and t  is said to be gH-limit of , , ...,t t tr u r u r up p1 1 2 2" ,.
Definition 2.2. Let ( , )X gH  be a quaternion valued g-metric 
space. Let t X!  be a point and , , ...,t t t Xr u r u r up p1 1 2 2 3" ,  be 
a sequence. , , ...,t t tr u r u r up p1 1 2 2" , is called gH-Cauchy if for all 

,Hq q0! ' , there exists N N!  such that
, , , ... , , , , ...

( , , , ..., ) .t t t t

r r r r N u u u u N

g qH

p p

r u r u r u r u

0 1 2 0 1 2

p p0 0 1 1 2 2&

$ $

'
Definition 2.3. Assume that ( , )X gH  is a g-metric space 
with quaternion values. If all gH-Cauchy sequence in ( , )X gH  
is gH-convergent in ( , )X gH , then ( , )X gH  is complete.

Proposition 2.1. The following claims are accurate:

(a) In a quaternion valued g-metric space, the limit of a gH
-convergent sequence is unique.

(b) In a quaternion valued g-metric space, every convergent 
sequence is a gH  Cauchy sequence.

Proof. (a) Assume that ( , )X gH  is a quaternion valued 
g-metric space and , , ...,t t t Xr u r u r up p1 1 2 2 3" , . By Definition 2.1 
for Hq0 ' ! , there exists N1 and N2 such that

Proposition 1.1. Consider ( , )X gH  and ( , )X gH  as quaternion 
g-metric spaces. Quaternion-valued g-metrics on X are the 
functions indicated by dH , are.

(1) ( , , ..., ) ( , , ..., ) ( , , ..., )t t t t t t t t td g gH H Hp p p0 1 0 1 0 1= +

(2) , , ..., ( ( , , ..., ))t t t t t td dH Hp p0 1 0 1U=^ h  where U is a 
function on H

(i) U is increasing on H;

(ii) ( )0 0U = ;

(iii) ( ) ( ) ( )t t vv )U U U+ +  for all , Ht v !

Example 1.1. (Discrete quaternion valued g-metric space) 
Consider a nonempty set X. Define : Hd XH

p 1 "+  as follows:

, , ...
,

, .
t t t

t t t
d

if

otherwise

0

1
H p

p
0 1

0 1 g
=

= = =^ h '

for all , , ...,t t t Xp0 1 ! . This function dH  represents a 
quaternion-valued g-metric on X.

Theorem 1.2. On a nonempty set X, let ,X gH^ h represent a 
quaternion-valued g-metric of order n. The following claims 
are accurate:

1. , ..., , , ..., , ..., , , ..., , ..., , , ..., ,t t t t t tg y y g v v g y y
times times times

H H H

h h h

) +c c cm m m< < <
2. , ..., , , ..., , , ...,t t thg v v g v v

times

H H

h

)c ^m h<  and 

, ..., , , ..., ( , , ...,t t t th)g v v n g v1
times

H H

h

) + -c ^m h< ,

3. ( , ( , ), ..., ) , ...,t t t tg g v vH Hn i
i

n
10

0
)

=
/ ,

4. , , , ,( ..., ) ( ( ) ( )) ( , ..., ..., )t t tg v v n g v v1 1 1H H

times

) h h+ - + -
h
< .

Definition 1.7. Let ( , )X gH  be a g-metric space with 
quaternion values.

(i) Any point t X0 !  is said to be the interior of a set 
A X1 , if there exists :Hq q0! '  such that

( , )( , ): | , , ...ttB q y X g y y y q AHg 00H ! ' 1= " , .

(ii) When every point in subset A is an interior point in 
subset A, then A is said to be open in subset X.

Here, we investigate the notion of convergence for double 
sequences in the context of g-metric spaces with quaternion 
values and discuss some of their basic characteristics. This 
study is significant as it extends the traditional framework of 
metric spaces by incorporating quaternion values, which are 
essential in various applications such as signal processing, 
control theory, and three-dimensional computer graphics. 
We meticulously examine statistical convergence within this 



Kolancı, Gürdal, Kişi / On Convergence in Quaternion-Valued g-Metric Space

Karaelmas Fen Müh. Derg., 2024; 14(3):106-114110

Proposition 2.3. Assume that ( , )X gH  is a quaternion valued 
g-metric space and , , ...,t t tr u r u r up p1 1 2 2" , is a sequence in X. 
Then , , ...,t t tr u r u r up p1 1 2 2" , is a Cauchy sequence if and only if

( , , , ..., )t t t tg 0H r u r u r up p1 1 2 2 "  as , , , ... ,r r ru u up p1 1 2 2 " 3.

Proof. Suppose that , , ...,t t tr u r u r upp1 1 2 2" , converges to t
. Assume u u uu

q i j k2 2 2 2= + + +  and a real number 
u 02 . Thus, Hq0 ' !  and there is natural number 
N such that  ( , , , ..., )t t t tg qH r u r u r u r up p1 1 2 20 0 '  for all 
, , ...r r r Np1 2 2" ,  and , , ... Nu u up1 2 2" , . Therefore, 

u( , , , ..., )t t t tg qH r u r u r u r up p1 1 2 20 0 1 =  for all  , , ...r r r Np1 2 2" ,  
and , , ...u u u Np1 2 2" , . Hence ( , , , ..., )g t t t t 0H r u r u r u r up p0 0 1 1 2 2 "  
as , , ...r r rp1 2 " 3" ,  and , , ...u u up1 2 " 3" ,  .

Conversely, suppose that ( , , , ..., )t t t tg 0H r u r u r u r up p0 0 1 1 2 2 "  as  
, , ...r r rp1 2 " 3" ,  and , , ...u u up1 2 " 3" , . Then, given Hq !  

with q0 ' , there is a real number 02d , such that, for 
Hh ! ,

h h q&1 'd .

For this d , there is a natural number N such that 
( , , , ..., )t t t tgH r u r u r u r up p0 0 1 1 2 2 1 d  for all , , ...r r r Np1 2 2" ,  and  
, , ... Nu u up1 2 2" , . Implying that ( , , , ..., )t t t tg qH r u r u r u r up p0 0 1 1 2 2 '  

for all , , ...r r r Np1 2 2" ,  and , , ... Nu u up1 2 2" , , hence 
, , ...,t t tr u r u r up p1 1 2 2" , is a Cauchy sequence to t .

Definition 2.4. Assume that ( , )X gH  is a quaternion valued 
g-metric space and Hq0 ' !  is given.

(i) A set A X1  is said to be ,q gH-net of ( , )X gH  if for t X!

, there exists a A!  such that ( , )t B a qHg! . A set is referred 
to as finite ,q gH-net of ( , )X gH  if it is finite.

(ii) A quaternion valued g-metric space ( , )X gH  is called 
totally Hg -bounded if for all Hq0 ' !  there exists a finite  
,q gH-net.

(iii) If a quaternion valued g-metric space ( , )X gH  is complete 
and totally gH-bounded, it is referred to as gH-compact.

Definition 2.5. Let ( , )X gH1  and ( , )X gH2  be quaternion 
valued g-metric spaces. A mapping :T X X1 2"  is said 
to be gH-continuous at point t X1!  provided that for 
each open ball ( ( ), )B T x qgH2

 there exists an open ball 
( , ) ( ( ), )B x B T x qg gH H1 2

3d .

3. Statistical Convergence of Double Sequences in 
Quaternion Valued g-metric Space
In this section, we introduce statistical convergence for 
double sequences in quaternion-valued g-metric space and 
give several key characteristics.

( ,, , ..., )t ttg w
q
1H r u r ur u p p21 1 2 'a +  for all 

, , , , ,..., ...,r rr N u u u Np p1 1 12 21 2 2

( , , , ..., )t t tg w
q
1H r u r u r up p1 1 2 2 'b +  for all 

, , ..., , , , ... .r r r N u u u Np p1 2 1 22 22 2

Set ,maxN N N1 2= " ,. If ,m n N$ , then by the condition 
(iv) of definition 1.6 and Theorem 1.1, it follows that
( , , , .., ) ( , , , .., )

( , , , .., ) ( , , , .., )

( , , , .., ) .

t t t

t t t t

t t t

g g

g g

w g w
q

w
wq

q1 1

H H

H H

H

mn mn mn

mn mn mn mn

mn mn mn 1

#

#

a b b b a

b b b a

b

+

+ + + + =

Since Hq0 ' !  is arbitrary, ( , , , .., )g 0H a b b b = . Hence 
a b= .

(b) Assume that ( , )X gH  is a quaternion valued g-metric 
space and , , ...,t t t Xr u r u r up p1 1 2 2 3" ,  is a sequence that

( , , , ..., )t t t tg w
q
1H r u r u r up p1 1 2 2 ' +  for all , , ...r r r Np1 2 2" ,  and 

, , ... Nu u up1 2 2" , .

Following from Theorem 1.2 and quaternion valued 
g-metric space’s monotonicity requirement, 

( , , , ..., ) ( , , )...t t t t t t tg g w
q

q1H Hr u r u r u r u r u

k

w

k

w

00

p p k k1 1 2 200 ) ) + =
==

// .

Thus, , , ...,t t tr u r u r upp1 1 2 2" , is gH-Cauchy in ,X gH^ h.
Proposition 2.2. Assume that ,X gH^ h is a quaternion valued 
g-metric space and , , ...,t t tr u r u r upp1 1 2 2" , is a sequence in X. 
Then , , ...,t t tr u r u r upp1 1 2 2" , converges to t  iff

( , , , ..., )t t t tg 0H r u r u r up p1 1 2 2 "  as , , ...r r rp1 2 " 3" ,  and 
, , ...u u up1 2 " 3" , .

Proof. Suppose that , , ...,t t tr u r u r upp1 1 2 2" , converges to t . 
Assume u u uu

q i j k2 2 2 2= + + +  and a real number u 02

. Thus, Hq0 ' !  and there is natural number N such that  
u( , , , ..., ) |t t t tg qH r u r u r up p1 1 2 2 1 =  for all , , ...r r r Np1 2 2" ,  

and , , ... Nu u up1 2 2" , . Hence ( , , , ..., )t t t tg 0H r u r u r up p1 1 2 2 "  
as , , ...r r rp1 2 " 3" ,  and , , ...u u up1 2 " 3" , .

Conversely, suppose that ( , , , ..., )t t t tg 0H r u r u r up p1 1 2 2 "  as 
, , ...r r rp1 2 " 3" ,  and , , ...u u up1 2 " 3" , . Then, given Hq !  

with q0 ' , there is a real number 02d , such that, for 
Hh ! ,

h h q&1 'd .

For this d , there is a natural number N such that 
( , , , ..., )t t t tgH r u r u r up p1 1 2 2 1 d  for all , , ...r r r Np1 2 2" ,  and 
, , ...u u u Np1 2 2" , . Implying that ( , , , ..., )t t t tg qH r u r u r up p1 1 2 2 '  

for all , , ...r r r Np1 2 2" ,  and , , ...u u u Np1 2 2" , , hence  
, , ...,t t tr u r u r up p1 1 2 2" , converges to t .
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Let u u u( ) ( ) ( )K K K1 2,= . Then u( ( ))K 0d =  and we 
have  u( )Kc  is non-empty and u( ( ))K 1cd = . Suppose 

u, , ..., , , ...,, ( )r r r u u u Kp p
c

1 2 1 2 !" ", , , then by Theorem 1.2, 
we have:

u u
u.

( , , ..., ) ( , , , ..., )

( , , , ..., ) ( , , , ..., )

( , , , ..., ) ( , , , ..., )

( , , , ..., ) ( , , , ..., )

( , , , ..., )

t t t

t t t t

t t t t t t

t t t t t t

t t t

g g

g g

p g g

p g p g

p g p p p2 2

H H

H H

H H

H H

H

mn mn mn

mn mn mn mn

mn mn mn r u r u r u

r u r u r u r u r u r u

r u r u r u

1 2 2 2 1

2 2 2 1

2 1

2 1

2

p p

p p p p

p p

1 1 2 2

1 1 2 2 1 1 2 2

1 1 2 2

#

#

#

#

#

c c c c c

c c c c

c c

c c

c

+

+

+

+ + =c m
Since u 02  was arbitrary, we get ( , , ..., ) ,g 0H 1 2 2 2c c c c =

therefore 1 2c c= .

Theorem 3.2.  If ( )t tlimgH - =ab , then 
( ) ( )t t tlimhgH - =ab  the opposite need not always hold.

Proof. Assume that ( )t tlimgH - =ab . Thus for all 
Hq0 ' !  there exists N N!  such that

, , , , ... , ),... ( , , ...,t t ttr r r N qN u u u gHp r u r up r u1 1 22 p p1 1 2 2&$ $ ' .

The set
u

u

( ) ( , , ... ), ( , , ..., ) ,

, , ... , , , ...,

, : ( , , ..., )

( , ), ( , ), ( , ), ... ,

t,t t t

A r r r u u u

r r r u u u

g q

1 1 2 2 3 3

N N

N H

p p
p p

p p

r u r u r u

p

1 2 1 2

1 2 1 2

p p1 1 2 2

#!

#

# ! $

1

a

b a b

=

=^

^

h

h

"

"

,
,

where u u u u
u, ( ( ))q i j k A2 2 2 2 0d= + + + = . Hence 

h( ) ( )t t tlimgH - =ab .

The following example demonstrates that the reverse does 
not have to be true.

Example 3.1. Let X R=  and : HG R R RH "# #  be a 
quaternion valued G-metric space defined by
( , , )G p p p z z z z

i z z z z z z

j z z z z z z

k z z z z z z

H 1 2 3 0
1

0
2

0
1

0
3

1
1

1
2

1
1

1
3

1
2

1
3

2
1

2
2

2
1

2
3

2
2

2
3

3
1

3
2

3
1

3
3

3
2

3
3

= - + -

+ - + - + -

+ - + - + -

+ - + - + -

^
^
^

h
h
h

where y y y y yi j kr
r r r r
0 0 0 0= + + +  for , ,r 1 2 3= . Let 
,, ...,t t t tmn r u r ur u p p2 21 1= " , be a sequence defined as

, ,

, .
t

mn if m n is a square

if not1
mn = '

It is easy to see that h( ) ( )t tlimg 1H mn- = , since 

u

| ( , ) , , ( , ): | ( , ) | | |

|

tm n m n g q

mn

1N N H
p

mn 2! # # !

#

a b a b

=

for every u 02  and u u u u
q i j k2 2 22= + + + . But tmn" , is 

neither convergent nor bounded.

Definition 3.1. Let , HX g^ h be a quaternion valued g-metric 
space, t X!  be a point, and t X3ab" ,  be a sequence.

(i) tab" , statistically converges to t  if for each Hq '  with  
q0 '  such that

( )
!

( , , ..., ), ( , , ..., ) ,

, , ..., , , , ...,

( , ): ( , , , ..., ) | | .t t t t

lim
p

r r r u u u

r r r u u u

g q 0

N N

N

,

H

p p p
p p

p p

r u r u r u

1 2 1 2

1 2 1 2

p p1 1 2 2

#!

#

# ! $

ab
a

b a b =

"3a b
^ h"

,
and denoted by ,, ...,H t t t t tlimhg

,
r u r ur u pp221 1- =

"\a b
^ h " ,  or 

t t
( )H thg

ab "" , .

(ii) tab" , is said to be statistically gH-Cauchy if for every  
Hq !  with q0 ' , there exists , Hr um n '  such that

( )
!

( , , ..., ), ( , , ..., ) ,

, , ..., , , , ...,

( , ): ( , , , ..., ) | | .t t t

lim
p

r r r u u u

r r r u u u

g qx 0

N N

N

,

H

p p p
p p

p p

r u r u r ur u

1 2 1 2

1 2 1 2

p pm n 1 1 2 2

#!

##

# ! $

ab
a

b a b =

"3a b
^ h"

,
, HX g^ h is called a complete quaternion valued -metric 

space.

(iii) tab" , is bounded if there exists a positive 
number M such that , , ...,t t t Mr u r u r up p1 1 2 2 #" ,  for all 
, , ..., , , ...,,r r r u u up p1 2 1 2^ ^h h" ,.

The set of all bounded sequences will be represented by ,3 .

Theorem 3.1. If a sequence tab" , is statistically convergent 
in , HX g^ h then h ( )H t tlimg - ab^ h  is unique.

Proof. Suppose that tab" , statistically converges in , HX g^ h
. Let h ( )H t tlimg 1c- =ab^ h  and h ( )H t tlimg 2c- =ab^ h .

Given 02f  and Hq0 ' ! , let
u u uu

q p p p pi j k4 4 4 4= + + + .

Define the following sets as:
u

u

)( ( , , ..., )

, , ..., , , ...,

,

( , , ..., ), ,

,

, : , , ..., ,t tt

K

r r r

r r r u u u

u u u

g q p2

N

N

N

H

p
p

p p

r u r u r u

p
p

1 1 2

1 2 1 2

1 2

1 p p1 1 2 2

#!

# #

! $

a

b a b c

=

=^

^

^h

h

h

"

1

u)

u

( ( , , ..., ), ( , , ..., ) ,

, , ..., , , , ...,

, : , , , ..., .t t t

K r r r u u u

r r r u u u

g q p2

N N

N H

p p
p p

p p

r u r u r u

1 2 1 2

1 2 1 2

2

2 p p1 1 2 2

#!

# #

! $

a

b a b c

=

=^

^

^h

h

h

"

1
Since h ( , , ..., )t t t tlimgH r u r u r u 1p p1 1 2 2 c- =^ h , we have 

u( )K 01d =^ h .

Similarly h ( , , ..., )t t t tlimgH r u r u r u 2p p1 1 2 2 c- =^ h , implies 
u( )K 02d =^ h .
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and u( )D 0d =^ h , where

u

u

( ) ( , , ... ), ( , , ..., ) ,

, , ... , , , ...,

, : ( , , ..., ) ,t t t t,

r r r u u u

r r r u u u

g

D

2

N N

N H

p p
p p

p p

r u r u r u

1 2 1 2

1 2 1 2

p p1 1 2 2

#

1

!

#

# !

a

b a b

=

^

^

h

h"

/

that is, u( )D 1cd =^ h .

Since

u

( , , ..., , , , ..., )

( , , ..., )

t t t t t t

t,t t t

g

g2

H

H

j k j k j k r u r u r u

r u r u r u

h h p p

p p

1 1 2 2 1 1 2 2

1 1 2 2# #

if u
( , , ..., )t,t t tg

2H r u r u r up p1 1 2 2 # .

Therefore u( )G 0cd =^ h  that is u( )G 1d =^ h , which leads 
the contradiction, since , , ..., , , ...,t t t t t tr u r u r u r u r u r up p p p1 1 2 2 1 1 2 2" , 
was h( )tgH -Cauchy. Hence tab" , is h( )tgH -convergent.

4. Strong Summability
The relationship between gH-statistical convergence and 
strong summability in quaternion valued g-metric space is 
established in this section.

Definition 4.1. A sequence tab" , is called strongly p- 
Cesàro summable p0 31 1^ h to limit t  in ( , )X gH  if

( )
!

, ,( ( ...,, ) )t t ttlim
p

g 0,

, ,...,, ,...,

Hp
r r r

r u r u

u u u

r u
p

11 pp

p p

1 21 2

21 1 2ab
="3a b

ba

==

/ / .

and we write it as [ , ]t t C gH p1"ab . Here, l represents the 
[ , ]C gH p1 -limit of tab" ,.
Theorem 4.1. (a). If p0 31 1  and [ , ]t t C gH p1"ab , then  
tab" , is statistically gH-convergent to t  in ( , )X gH .

(b). If gH-statistically convergent to t  in ( , )X gH  and tab" , is 
bounded, then [ , ]t t C gH p1"ab .

Proof. (a) Let

u

( , , ... ), ( , , ..., ) ,

, , ... , , , ...,

, : ( , , ..., )
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r r r u u u
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K p N N
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1 2 1 2

1 2 1 2

p p1 1 2 2
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# ! $

a

b a b
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^

h

h"

,
Now since , , ..., ,t t t t C gHr u r u r u p1p p1 1 2 2 " 6 @ , then
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Theorem 3.3. Allow ( , )X gH  to be the complete g-metric 
space with quaternion values. A sequence tab" ,  of points 
in ( , )X gH  is considered statistically g-convergent iff it is 
statistically gH-Cauchy.

Proof. Assume ( )t tlimgH - =ab . So, we have 
u( ( ))A 0d = , where

u

u

( ) ( , , ... ), ( , , ..., ) ,

, , ... , , , ...,

, : ( , , ..., ) ,t,t t t

A r r r u u u
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N N

N H
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1 2 1 2

p p1 1 2 2
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b a b
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=^
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where u u u u

q i j k4 4 4 4= + + + .

This implies that

u

2
u
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N N

N H
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a
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^
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Let u( , , ..., ), ( , , ..., ) ( )j j j k k k Ahh
c

1 2 1 2 ! . Then
u

,, , ...,t t ttg q 2j k j kj k hhH 1 1 2 2 1 =^ h .

Let
u

u

( ) ( , , ... ), ( , , ..., ) ,

, , ... , , , ...,

, : ( , , ..., , , ) ,, ...,t t t t t t

r r r u u u
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B N N
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,
we need to show that u uB A1^ ^h h Let u, B!a b ^ h. Then 

u, , ..., , ,, ...,t t t t t tg j k j k j k r u r u r uh hH p p1 1 2 2 1 1 2 2 $^ h

and hence 
u

, , ...,t t t t,g 2r ur u r uH p p1 1 2 2 $^ h .

That is u, , ... , , , ..., , ( )r r r u u u ANp p1 2 1 2# # ! !a b a b^ h .

Otherwise if u, , ...,t, t t tg r u r u r uH p p1 1 2 2 #^ h  then

u

2
u
2
u
u

( , , ..., , , , ..., )
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t t t t t t
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1 1 2 2 1 1 2 2

1

#
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which is not possible. Hence u) u)( (B A1 , which implies 
that , , ...,t t tr u r u r up p1 1 2 2
" ,  is h( )tgH -Cauchy.

Conversely, suppose that tab" , is h( )tgH -Cauchy 
but not h( )tgH -convergent. So, there exists 
, , , , ...,..., ,j j j k k k N Nhh

p p
1 1 22 #!^ ^h h  such that 
uG 0d =^ ^ hh  where

u

u

( ) ( , , ... ), ( , , ..., ) ,

, , ... , , , ...,

, : ( , , ..., , , ..., ),t t t t t t

r r r u u u

r r r u u u
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G N N
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of how sequences behave under statistical measures but 
has also shed light on their summation properties within 
this unique framework. These findings underscore the 
intricate connections between statistical convergence and 
summability, offering valuable insights into the nature of 
convergence in quaternion-valued g-metric spaces. 

Acknowledgment: This study was supported by Süleyman 
Demirel University Scientific Research Projects 
Coordination Unit. Project Number: FYL-2024-9258. The 
authors declare that there is no conflict of interest. This 
research received no external funding.

Author contribution: Author Kolancı, Author Gürdal and 
Author Kişi: Planned and designed the study, gathered 
and analyzed data about the study, and wrote the article by 
analyzing the study.

6. References
Abazari, R. 2021. Statistical convergence in probabilistic 

generalized metric spaces wrt strong topology. J. Inequal Appl., 
2021(134): 1-11. Doi: 10.1186/s13660-021-02669-w

Adewale, OK., Olaleru, J., Akewe, H. 2019. Fixed point 
theorems on a quaternion-valued G metric spaces. Commun. 
Nonlinear Sci., 7(1): 73-81.

Azam, A., Fisher, B., Khan, M. 2011. Common fixed point 
theorems in complex valued metric spaces. Numer. Funct. 
Anal. Optim., 32(3): 243-253. Doi:10.1080/01630563.2011.
533046

Choi, H., Kim, S., Yang, SY. 2018. Structure for g-metric 
spaces and related fixed point theorems. arXiv preprint 
arXiv:1804.03651.

Dhage, BC. 1992. Generalized metric space and mapping with 
fixed point. Bull. Calcutta Math. Soc., 84(1): 329-336.

Fast, H. 1951. Sur la convergence statistique. Colloq. Math., 2: 
241-244.

Gähler, S. 1966. Zur geometric 2-metriche raume. Rev. Roumaine 
Math. Pures Appl., 11: 664-669.

Ha, KS., Cho, YJ., White, A. 1988. Strictly convex and strictly 
2-convex linear 2-normed spaces. Math. Japon., 33: 375-384.

Jan, AH., Jalal, T. 2023. On the structure and statistical 
convergence of quaternion valued g-metric space: Bol. Soc. 
Paran Mat., to appear (2023)

Khamsi, MA. 2015. Generalized metric spaces: A survey. J. 
Fixed Point Theory Appl., 17, (2015), 455-475. Doi: 10.1007/
s11784-015-0232-5

Moricz, F. 2003. Statistical convergence of multiple sequences. 
Arch. Math., 81: 82-89. Doi: 10.1007/s00013-003-0506-9

That is, !
( )lim

p
K p 0u, pab

="3a b ^ h  and ( )K p 0ud =^ h .

(b) Suppose that , , ...,t t tr u r u r up p1 1 2 2" , is bounded and 
statistically gH-convergent to t  in ( , )X gH . So, for u 02 , 
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as , " 3a b , since u( ( ))K 0d = . Hence 
, , ..., ,t t t t C gHr u r u r u p1p p1 1 2 2 " 6 @ .

5. Conclusion and Suggestions
In this manuscript, we have introduced and explored 
the concept of convergence for double sequences within 
the quaternion-valued g-metric space, examining several 
foundational properties. Furthermore, we have conducted a 
detailed analysis of statistical convergence in this context, 
aiming to provide a comprehensive understanding of 
sequence behavior in this specialized metric environment.

The final part of our investigation has focused on the 
relationship between statistical convergence in quaternion-
valued g-metric spaces and the concept of strong summability. 
This exploration has not only deepened our understanding 



Kolancı, Gürdal, Kişi / On Convergence in Quaternion-Valued g-Metric Space

Karaelmas Fen Müh. Derg., 2024; 14(3):106-114114

Naidu, SVR., Rao, KPR., Rao, NS. 2005. On the concepts of 
balls in a D-metric space. Int.J. Math. Math. Sci., 1: 133-141.

Tripathy, BC. 2003. Statistically convergent double sequences. 
Tamkang J. Math., 34(3): 231-237. Doi: 10.5556/j.
tkjm.34.2003.314

Mursaleen, M., Edely, OHH. 2003. Statistical convergence of 
double sequences. J. Math. Anal. Appl., 288(1): 223-231. Doi: 
10.1016/j.jmaa.2003.08.004

Mustafa, Z., Sims, B. 2003. Concerninig D-metric spaces. 
Proceedings of the Internatinal Conferences on Fixed Point 
Theory and Applications, Valencia (Spain), 189-198.

Mustafa, Z., Sims, B. 2006. A new approach to generalized metric 
spaces. J. Nonlinear Convex Anal., 7(2): 289-297.


