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Abstract: In this study, we examine the geometric properties of Riemannian submer-
sions with quarter symmetric non-metric connections. Our work provides a comprehen-
sive analysis of the Weyl projective curvature tensor, the concircular curvature tensor,
and the conharmonic curvature tensor. We also investigate how these curvature tensors
interact with the total umbilic fibers, particularly focusing on their behavior when such
fibers are present in Riemannian submersions. First we introduce basic properties of
quarter symmetric non-metric connections. Subsequently, we compute the relevant cur-
vature tensors and analyze their interplay with total umbilic fibers. In this context, we
elucidate relationships between various curvature tensors and certain geometric proper-
ties, as well as the effects of these relationships on Riemannian submersions.

Keywords: curvature tensors; quarter symmetric non-metric connection; riemannian manifold;
riemannian submersion.

Arastirma Makalesi

Quarter Simetrik Non-Metrik Konneksiyonlu Riemann Submersiyonlarda
Total Umbilik Liflerin Analizi

Ozet: Bu calismada quarter simetrik non-metrik konneksiyona sahip Riemann sub-
mersiyonlarin geometrik ozellikleri incelenmektedir. Calisma, Weyl projektif egrilik
tensori, koncircular egrilik tensorii ve konharmonic egrilik tensorlerine iligkin kapsamli
bir analiz sunmaktadir. Ayrica bu egrilik tensorlerinin total um-bilik lifler Gizerindeki
etkilesimleri de arastirilmaktadir. Ek olarak soz konusu tensorlerin Riemann sub-
mersiyonlarinda total umbilik liflerinin varligi duru-munda ortaya ¢ikan yapisal 6zel-
likleri de ele alinmaktadir. ilk olarak, quarter simetrik non-metrik konneksiyonlarmn
tanim1 ve temel 6zellikleri incelenmekte, sonrasinda bu konneksiyonlarin Riemann sub-
mersiyonlar1 tizerindeki etkileri incelenmektedir. Egrilik tensorleri hesaplanarak total
umbilik liflerle etkilesim-leri analiz edilmektedir. Bu baglamda, farkl egrilik tensorle-
rinin geometrik 6zel-liklerinin birbiri ile iliskisi ve Riemann submersiyonlari iizerindeki
etkileri ortaya konulmaktadir.

Anahtar Kelimeler: egrilik tensorleri; quarter simetrik non-metrik konneksiyon; riemann mani-
foldu; riemann submersiyonu.
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1. Introduction

Connections play a crucial role in geometry and various scientific disciplines. Quarter symmetric
non-metric connection is a notable example of such geometric structures. Friedmann and Schouten [1]
introduced the concept of semi-symmetric non-metric connections with in a differentiable manifold.
Later, Hayden [2] investigated of metric connections with torsion in Riemannian manifold. Subse-
quently Yano [3] introduced a new method called semi-symmetric metric connection focusing on a Rie-
mannian manifold containing this connection. Many researchers [4-6] have conducted further studies
on semi-symmetric and non-metric connections.

The investigation of Riemannian submersions between Riemannian manifolds was pioneered by
O’Neill [7] and Gray [8]. Later; this research was extended to include manifolds with differentiable
structures. Riemannian submersion theory finds active application in various fields. Moreover, Rie-
mannian submersions have been the focus on extensive research (see [9-17]).

Akyol and Beyendi investigated Riemannian submersions endowed with a semi-symmetric non-
metric connections [18]. Additionally, Sar1 conducted a research on semi-invariant Riemannian
submersions and investigated the application of semi-symmetric non-metric connections [19]. On the
other hand, Demir and Sar1 extensively examined the application of Riemannian submersions with semi-
symmetric metric connections in their studies [20]. In 1975, Golab introduced the concept of quarter
symmetric connection in a differentiable manifold [21]. In 2021, Demir and Sar1 introduced Riemannian
submersions with quarter symmetric non-metric connections and investigated the geometric properties
of these new submersions by examining them in depth, focused on the basic tensor fields of Riemannian
submersions related to quarter symmetric non-metric connections and calculated the relevant
Riemannian curvatures [22].

Curvature tensors are essential mathematical tools that are utilized in theoretical physics and
mathematics, especially in the study of gravitational theory and geometry. These tensors are used to
quantify and characterize gravity’s effects as well as the curvature of spaces. The Riemannian curvature
tensor is a crucial tool in differential geometry, specifically for defining the curvature of
n —dimensional spaces, such as Riemannian manifolds. Among curvature tensors, the Riemannian
curvature tensor is the most well-known; however, other curvature tensors, such as the Ricci tensor and
scalar curvature, also play significant roles in differential geometry. A new class of curvature tensors on
Riemannian manifolds, including the concircular curvature tensor, was introduced by Mishra in the work
[23]. Building on this work, Pokhariyal and Mishra [24] further developed the Wey!| projective curvature
tensor for Riemannian manifolds. Afterward, Ojha [25] introduced the M —projective curvature tensor.
The conditions for the conharmonic curvature tensor were investigated in 1988 by M. Doric et al. [26],
particularly in the context of Kaehler hypersurfaces in complex space forms. Furthermore, Ahsan [27]
investigated the relativistic implications of the concircular curvature tensor. G. Hall conducted a
thorough analysis of projectively linked connections on space-time manifolds in 2018, paying particular
attention to the Weyl projective tensor, which is based on Einstein’s geodesic postulate [28]. In the field
of mathematics, these tensors play a crucial role in categorizing Riemannian and pseudo-Riemannian
manifolds, thereby enhancing our comprehension of the diverse geometric structures that can exist.
Lately, Akyol and Ayar [29] have been conducting research on New curvature tensors along Riemannian
submersions. Their work contributes to the exploration of these tensors within the context of Riemannian
submersions.

Building on these foundational ideas we first introduce the foundational concepts of Riemannian
submersion, quarter symmetric non-metric connection, and Riemannian submersion with a quarter
symmetric non-metric connection, which will be essential for the subsequent sections. Within this
framework we conduct detailed calculations for various curvature tensors, including the Weyl projective
curvature tensor, concircular and conharmonic curvature tensors. Furthermore, we analyze the behavior
of these curvature tensors in the presence of totally umbilic fibers under Riemannian submersion,
offering an in-depth examination of their properties in this specific geometric context.
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2. Preliminaries

A linear connection ¥ defined on M, is termed symmetric if the torsion T of ¥ expressed as
T(XLXZ) = vxlxz - WX2X1 — [X1, X2],
vanishes for all vector fields X; and X, in M;. In case it does not equal zero, it is denoted as non-
symmetric [2].
Let (M4, g,) bean n —dimensional Riemannian manifold, and let

|7)(1X2 = Vx, X2 + n(X2)pX; (2.1)
connection be a linear connection on the Riemannian manifold (M,, g;). Here, X; and X, arearbitrary
vector fields, n is a 1 —form on M, associated with the vector field U; on M; via n(X;) =
91(U1,X3), V is the Levi-Civita connection, and ¢ is a (1,1) —type tensor field. For all X;, X, €
I'(TM,), the torsion tensor of the M; manifold with the ¥ connection is calculated as

T(X1, X2) = n(X2) X, — n(X1)pX,
(2.2)

using the equation (2.1). On the other hand, for vX;, X, € ['(TM;) and Riemannian metric g,, the
relation

(vxlg1)(X2:X3) = —n(X2) g1 (X1, X3) — 1(X3)91 (X2, 9X1) (2.3)
is derived from equation (2.1). The linear connection ¥V defined by (2.1) is termed a quarter symmetric
non-metric connection for the ¥ connection since it satisfies equations (2.2) and (2.3) [21].

A differentiable transformation f:M; - M, between Riemannian manifolds (M;,g;) and
(M, g,), with dimensions m; and m,, respectively, is termed a Riemannian submersion if the
following conditions are satisfied:

i.) f has maximal rank.

ii.) The transformation f,,, preserves the lengths of horizontal vectors X,, € I'(},) at each
point p € M;.

On the other hand, for BIEB,.f *(q) is (m1-m2)-dimensional submanifold of ;. The submanifolds f -
1(q) are called the fibers of the submersion. A vector field on B, is termed a vertical vector field if it is
always tangent to the fibers; if it is orthogonal to the fibers, it is called a horizontal vector field. If the
vector field X is a horizontal vector field on the manifold @: and X is f-related to the vector field X'
on the manifold M,, then X} is called the fundamental vector field [30].

In this study, we will denote vertical vector fields and horizontal vector fields with the seymbols V
and 7, respectively.

Lemma 2.1 Let (@3,B,) and (@2,@;) be Riemannian manifolds, and let f: M;—M, be Riemannian
submersion. In this case, following expressions hold:

i 91(X1,X2) = g2(X1, X2 ) o f.
ii.  For the fundamental vector field h[X1,X2], f.h[X1, X2] = [X1,X2'] < f.

iii.  The fundamental vector field h(Vy,X;) is f —related to (V;Q'Xz') where ¥ and

V' are the Levi-Civita connections on M; and M, respectively.
iv. Forany U; €eT'(V), [X,,U;] €T (V),
where X1 and X2 are basic vector fields that are f-relatedto X;  and X,  respectively
[31].
The distribution V corresponds to the foliation of @: by setting Vy,=ker £, for any pe ;. At each
point p, V, is defined as vertical space, where V represents the vertical distribution. The sections of V
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are determined as a Lie subalgebra, denoted as y°(&1), of the tangent bundle y(&1). The complementary
distribution of V produced by the Riemannian metric @; is denoted by . Hence, the orthogonal
decomposition T,@1 = V,@H, at any pe [l is referred to as the horizontal space at p. Given any
Eex (@), where vE and 4 E denote the vertical and horizontal components of E respectively [31].
O’Neill tensor fields are determined by a Riemannian submersion f: M1— M. The following are the
fundamental tensor fields:
JxF = hV,gvF + vV, hF, (2.4)
(AEF = vVhEhF + thEvF, (25)
for any E,F € y(M;), where v and h represent the vertical and horizontal projections,

respectively. Moreover

Vy, Uy = Ty, Uy + vy, U, (2.6)
Vy, X1 = Ty, X1 + hVy Xy, (2.7)
Vy Uy = Ay, Uy + vVy Uy, (2.8)
Vy, X, = Ay, Xo + hVy Xy, (2.9)

where X;,X, € y"(M,); U;,U, € x*(M,). Furthermore, if X; is a basic vector field, then,
hVUle = hVX1U1 = c/qinl.We note that TU1U2 = TU2U1 [30]

Definition 2.2 Let (@1,B,) be a Riemannian manifold with Levi-Civita connection V. In this case the
Riemannian curvature tensor R is defined as
RX\YV)Z=VxVyZ-VyVxZ-VixyZ,
where X,Y,Z are vector fields on ;.
At a point p in @1, a Riemannian manifold with metric @1, the sectional curvature K, defined as follows:

_ 91(R(X1,X2)X5,X1)
Ko = i, =g, (41 57 (2.10)

Furthermore, the Ricci curvature, denoted as Ric, is characterized as follows:
Ric: C3°(TMy) - C5°(TM;) by Ric(Xy,X2) = XiZq g1(R(X1,€p)e;, Xz).
Thus, the scalar curvature t is obtained as
T =271 Ri(eje) = X7L; LiZ1 g1(R(ei €, €0), (2.11)
where {eq,e,,..., ey} signifies any local orthonormal frame for the tangent bundle [32].
In this work, S(X;,X,) is used to signify Ric(Xi, X3).

Definition 2.3 Let (M,, g;) be a Riemannian manifold. An f —adapted local orthonormal frame
{Xi,U;j} with 1<i<n and 1<j <r is defined such that each X; is horizontal and each U;

is vertical [31].

Lemma 2.4 Given two Riemannian manifolds (M,,g,) and (M,,g,), let f be a Riemannian
submersion between them. Then we have:

iy 91T, Xe Ty, X:) = oy 91(T0, U5 T, Uj), (2.12)
Yie1 gl(UqXIXi'UqXZXi) = Z§:1 gl(d‘lxlUj'd‘lszj)' (2.13)
izt gl(‘/qxlXi'TulXi) = Z§=1 91(0‘1x1Uj'TulUj)' (2.14)

where X;, X, € x"(My), Uy, U, € x"(M,), and {X;,U;} is an f —adaptable frame on (M, g,)
[31].
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Definition 2.5 Let the manifold (M;, g;) is Riemannian manifold and V be the local orthonormal
frame of the vertical distribution. In this case we introduce horizontal vector field N on (M4, g,)
defined as follows [31]:
N =X Ty, Uj. (2.15)
Let us write
Vx, X2 = Uy, Xo + (X)X,
(2.16)
where X, X, any vector fieldson M; and n isa 1 —form,and ¢ isa (1,1)- type tensor field.
Note that we will abbreviate the Riemannian submersions with quarter-symmetric non-metric
connections as Q-SNMC.
Let f:M; - M, be a Riemannian submersion from a Riemannian manifold M; to a
Riemannian manifold M, equipped with Q-SNMC. In this case, expression (2.16) yields
T (E,F) = JgF = TxF + n(vF)he(VE) +
n(hF)ve(vE), (2.17)
A(E,F) = AgF = AgF + n(hF)ve(hE) + n(vF)he(hE), (2.18)
for tensor fields of type (1,2) 7 and A on M; withrespectto V,where E,F € I'(TM;) [22].
Consider (M;,g;) and (M,,g,) as Riemannian manifolds, and let V denote a Q-SNMC.
Furthermore, suppose f:M; — M, is a Riemannian submersion mapping from a Riemannian
manifold M; to another Riemannian manifold M, endowed with a Q-SNMC. In this case
following equations are obtained:

Tule = TUZUl +n(wU)he(wU;) —n(wU)he(wUy), (2.19)
Ty, X1 = Ty, X1 + n(hX)ve(wU,), (2.20)
c/lexz = —cfzxle + n(hXz)ve(hX,) + n(hX)ve(hXy), (2.21)
Ax, Uy = Ay, Uy + n(wU)he(hXy), (2.22)

where U;,U, € T(V), X;,X, € T(H) [22].

On the other hand, the following equations are derived using equation (2.16):

‘7U1U2 = Tule + ‘7U1U2 —nU)eUy), (2.23)
Vy, X1 = Ty, X1 + hVy Xy + n(X)veU,), (2.24)
Vi, Ur = Ax, Uy + vVx Uy + n(U)ho(Xy), (2.25)
Vi, X2 = Ax, X; + hVx Xo + n(X2)ve(X1), (2.26)

where Uy, U, € T(V), Xq,X, € T(H),and Vy U, = vV, U,.

Theorem 2.6 Let (M,,g,) and (M,, g,) be Riemannian manifolds, with f:(My, g,) = (M5, g3)
being a Riemannian submersion. Let R, R' and R be the Riemannian curvature tensors of M,
M,, and the fiber (f~1(x), §,) with respecttoa Q-SNMC, respectively. In this case, the following
equations are obtained:
91(R(Uy, Ux)U3,Uy) = g1 (R(U1, Up)Us, Uy) — g1(n (Vu,U3)(U1), Us) + 91 (Ty, Ty, Us, Us)
+g1(77(j:U2 Us)vp(U,),Uy) — 91(‘70171(113)4’((]2), Us) + 01 (M(Vy,U3)(U,), Uy)
—£]1(~TU2~7:U1 Us, U4) — 01 (U(Tul U3)17(P(U2)' U4) + 01 (VUZTI(U3)<P(U1), U4)
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+9:(MU3)@([Uy, Uz]), Uy),
(2.27)

91(R(Uy, U)U3,X,) = 91(TU1§U2U31X1) - 01 (ﬂ(/V\Uz Us)o(Uy), X1) + g1 (hVy, Ty, Us, X1)
—91(VU177(U3)§0(U2),X1) - 91(TU2VU1U3:X1) + 91 (U(VU1U3)(P(U2),X1) — g1(WVy, Ty, Us, Xq)
+91 (VUZTI(U3)§0(U1),X1) - 91(T[U1,U2]U3:X1) + 91 (MWU3)e([Uy, U], X1), (2.28)

91(§(X1;X2)X3'X4) = g1(R'(X1, X2)X3,X,) + 91(d‘lX2X4' c/lxlx3) - .91(0‘1X1X4'<AX2X3)
+91(U(°AX2X3)h§0(X1)'X4) — g1 ((Ax, X3)ho(X2), X4) + 91(Vx, n(X3)ve(X2), X,)
—91(Vx,n(Xz)ve(Xy), X,), (2.29)

gl(é(XLXZ)X& U1) = 91(vaiv‘lxzx3: U1) + 91(<ﬂxliﬁxzx3' Ui) + g1 (n(th2X3)v(p(X1): Up)
+01 (Ve n(X3)ve(X2), Uy) — g1 (vVx,Ax, X3, Us) — g1 (Ax,hVx, X3, Uy)
—01 (U(hVX1X3)V<P(X2): U1) - 91(VX277(X3)V<P(X1): U1) — 01 (mX3)ve([Xy, X,D, Uy, (2.30)

91(R(X1, U)X, Up) = 91(VWX171U1X2: Uz) + g1 (cﬂxlhvulxz' Uz) + g1 (n(hvule)v(p(Xl), Uz)
+t91 (Vxln(Xz)v¢(U1), Uz) — g1 (vulcﬂxlxm Uz) + :(n (cﬂxlxz)(P(Ul)' Uz) — 91 (Tulhvxlxz' Uz)
—U(hvxlxz)%(V‘P(Ul): Uz) — g1 (vuln(Xz)WP(Xl)' Uz)
—91 (T[Xl,ul]Xz: Uz) — 91 (M(X)ve([X1, U], Up), (2.31)

91(R(X1,X2)Uy, X3) = gl(h(vxlcﬂxzub)%) + 91 (cﬂxlvvszl')%) + gl(n(vvszl)h(P(Xl)'Xﬂ
+91 (me(Ul)th(Xz),Xg) — 1 Uﬁ)(chl){1 Uy, X3) — 91 (ﬂxzvvxlup)@)
_91(77(77%(1 Ul)h<P(Xz);X3) - gl(vxzn(Ul)h(P(Xl)'X3) — 01 (cﬂ[xl,xz]Ul;Xs)
—91(mUDhe([X1, X2]), X3), (2.32)

gl(ﬁ(Xlt U)U,, U3) = (91(77Fv)(1vu1 U, U3) — 01 (cﬂxlU&Tule) + gl(n(fule)vw(Xl), Us)
—0 (me(Uz)ql(Ul), U3) + gl(Tu1 Uz, Ax, Uz) — 01 (W(f—"lx1 UZ)WP(U1), U3) —01 (’V\Ullﬁxle, Us)
+91 (U(Vﬁxl Uy)p(Uy), Us) — g (vulfl(Uz)h(P(Xﬂ' Us) — g1 (’V\[Xl,ul]Uz; Us)
+9:(mU)o([X1, U1 1), Us),
(2.33)
where Uy, U,, Us, U, € T(V), Xy, Xy, X3, X, € T(H).

Proof: If the Riemannian curvature tensor from Definition(2.2) is used for U;, U,, U; € T(V),
then the relation R(U;,U,)U; = VUlVUZ Us — VUZVUI Us — v[ul,uz]U3 is obtained. By multiplying
this equation by U, € I'(V) and using equation (2.23) and (2.24), the equation (2.27) is easily
established. The other equations can be derived in a similar manner.

Proposition 2.7 Let (M;,g,) and (M,, g,) be Riemannian manifolds, with f: (M4, g,) = (M3, g2)
being a Riemannian submersion. Let S, S’ and S be the Ricci tensors of M;, M,, and the fiber
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(f 1 (%), §1) With respect to a Q-SNMC ¥, respectively. In this case, the following equations are
obtained:

S, U,) =S, U,) — 91(]\7:TU1U2) + 91(77(]\7)v€0(U1), Uz) + zi {—91 (TI(’V\UL-UL')(P(UO, U,)
—0:(Vu,nW) W), Us) + g1 (Vy, U;) (@ U)), Us) + g1 (T4, Ui, Ty, Uz) — g1 (T, U )vep(Uy), Uy)

+9: (VoW W), Us) + g: U@ ([Us, UD), U2)} — B (g1 (vx, Ty, X;, Uy )
1 (Ax, Uz, h¥0,%;) + g1 (n(h¥0, X, )vep(X;), U3) + g1 (Foe,n(X; ) v (U, Uy )
—g1 (Y0, 4%,%,, U2) + 01 (n (Ax,%;) 91 (o (U, Uz)) + g1 (T, Uz, h¥x,X;)
~61 (n (n¥x,X;) 9 (e (U, Uz)) = 9:(Fu,n(X:)ve(X,), U2) = g1 (Tix, 0,1 X0 U2

~g1(n(X;)ve([X;, U1]), U2)3, (2.34)

S0, X2) = 'K, XD o f + 92 (W hT, X2) = D (92 (0,70, X2, U) — 94 (A U, ', X2)
4

+91 (U(hvuiXZ)WP(Xﬂ: Ui) + g1 (vxlﬂ(Xz)U(P(Ui)' U;) — g1 (Wuicﬂxlxz» U;)
+91(77(cﬂX1X2)<P(Ui), Ui) - gl(n(hvxle)wp(Ui). Ui) — 1 (Vuin(Xz)wp(Xl), Ui)

=91 (Tix,vaX2, Ui) = 91 0(X)ve (X1, UiD), U} + zj (=91 (Ax, X, Ax, X;) = 91 (Ax, Xz, Ax X))
+01 (77 (cﬂXij) h(p(Xl)rXZ) — 01 (n(c/lxlXj)h(p(Xj),Xz) + 91 (Vxln(Xj)vw(Xj),Xz)

—01 (Vx,-n(Xj)wp(Xl), Xz)},

(2.35)

§(X1' Up) = Zi {91(valcﬂxiXi; Ul) — 1 (cﬂxlUl'hvxiXi) + 91 (U(hvxixi)WP(Xﬂ; Uy)
+91 (’ﬁxln(Xi)WP(Xi)' Ul) — 01 (vaic/‘lxlXi; Ul) + 01 (d‘linp hﬁxlxi) — 01 (U(hvxlxi)WP(Xi); U1)

—91 (Ve n(XDve(X1), Us) — g1 (n(X)ve (X1, X1, U} + Z,- (9: (v, 90,0, Us)
—91(WX177(Uj)§0(Uj)' Ul) + g1 (TU}-ULC/‘IX1 Uj) — 01 (U(d‘lxlUj)WP(Uj)' U1) — 01 (’V\U]-V’valuj; Uy)

+91 (U(val Uj)‘P(Uj): Ul) — g1 (ﬁujU(Uj)hfp(Xﬂ' Ui1) — g1 (v[xl,uj] U, U1)
+91 (U(Uj)q’([Xl' Uj]' Ul) — g1 (]\7: U‘le U1) + 91 (U(ﬁ)UfP(Xﬂ' U1)}' (2.36)

where, U,, U, €T (V), X{,X, e T(H), N = Z;zl TU].U]-, and {X;,U;} is an f —adaptable frame on

My, g1)-
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Proof: Let S(U;,U;) = ;i g1(R(UL, UDU;, Up) + 35 91(R(UL, X)) X;, Us).
By utilizing equations (2.27) and (2.31), equation (2.34) can be derived with ease. The proofs of
the other equations can similarly be demonstrated.

Theorem 2.8 Let (M,,g,) and (M,,g,) be Riemannian manifolds, with f: (M, g,) = (M5, g,)

A

being a Riemannian submersion. Let 7, 7', 7 denote the scalar curvatures of M;, M,, and
(f~(x), 91, fibre respectively, and let {Xi,U;} be an f —adaptable frame on (M, g,). Then, the
scalar curvature of the Riemannian manifold M; with Q-SNMC V s as follows:

t=1of+1—g, (N, N)+ ) {g9,(V,hVxX;) — g9,V Ty X, U;) — g,(Ax, Ui, Vy X;) +
4

g1 (n(thiXi)UQD(Xi)' Ui) + o (inn(Xi)v§0(Ui)r U;) — g1 (Vy,Ax X1, Ui) + g1 (0 (Ax Xi)(UD), Uy)
— g1 (n(hV%,X; )ve(U), U;) — g1 (Vy n(XDve(X)), U;) — g1 Tix,uaXi, Us)

~g (0K (X UDL U+ D (=91 (A X5 A 25) = 93 (A il )
+91 (1 (Ax, %)) o), %) = 91 (n(Ax X))o (%), %) + 91 (T (X oo (%), X:)
~g1 (T (%)vo (X0, X:) = 91 1 (0,0 0(U)), U)) = 91Ty nWD@ (U, Up)+
g1 (1 (%0,0:) 0 WD, U;) + 1 (T, U0, T U ) = 91 (n (T, Ui ) vo (WD, U;) + 92 Fu n W (U)), U))
+aW([U; U1 U} = ) (01T Ty X0 Up) = 92, Uy 1T, )
+g, (n (190, vo(X,),U;) + g1 (Vx, n(X:)v0(V),U;) — g1 (Vu,A4x,%;, Uj )
+91 (n(Ax,%) 0(U) U)) + g1 (W, 19 X ) = g1 (1 (h¥x, ;) v (U)), U )

—01 (Vujn(Xj)mp(Xj), Uj) - g1 (T[Xj,uj]Xj' Uj) — 9:(n(X;)ve([X;, U;]), U;)

+91 (N )ve(U;), Up}. (2.37)

Proof: By applying equations (2.34) and (2.35) to the equation
=) SUuX)+ z]_is'(uj, U;)
the equation (2.37) is easily obtained.

3. Calculations of Curvature Tensors in Riemannian Submersions with Quarter-Symmetric
Non-Metric Connections

3.1 Weyl projective curvature tensor
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In this section using Q-SNMC in the context of Riemannian submersions the relationships related
to the Weyl projective curvature tensor between the base space, the total space, and the fiber bundles
are examined.

Definition 3.1 Let M; be an n — dimensional C* manifold. In this scenario, within the
n —dimensional space V™, for every X, X,, X5 € y(M;), the Weyl projective curvature tensor field of
M; is defined as follows:

~ ~ 1~ ~
P(X1,X2)X5 = R(X1, X2)X3 — —{S(X2, X3)X1 — S(X1, X3) X2}, 3.1
n-1

where R and § denote the Riemannian curvature tensor and Ricci curvature tensor of the total space,
respectively [23].

Theorem 3.2 Let (M, g,) and (M,, g,) be Riemannian manifolds, with, f:(My,g:) = (M3, g2)
representing a Riemannian submersion, and R,R’, and R denote the Riemannian curvature tensors,
S,S’,and S represent the Ricci tensors of M;, M,, and the fiber (f~'(x),§1,) respectively. Then,
for every U,,U,,Us, U, € x*(M;) and X,,X,,Xs,X, € »x"(M,), the following Weyl projective curvature
tensor relations hold:
gl(ﬁ(XLXZ)X3rX4) = 91(R' (X1, X2)X3,X4) + 0 (CAXZX4'CAX1X3) — 91 (Ax, X4, Ax,X3)
+n(c/lX2X3)g1(h<p(X1),X4) — 01 (n(c/lxlX3)h(p(X2),X4) + 91 (Vx, n(X3)ve(X3), X,)
—91 (VXZW(X3)U<P(X1)IX4) - ﬁﬂ% (X1, X)[S' (X3, X3) o f + g1 (N’ hvx2X3)

— i {91 WV, Ty, X3, Up) — g1 (Ax, Ui, AV, X3)+91 (n(h¥y, X5 ) ve(X,), U;)

+91 (VXZTI(X3)V<P(UL'): U;) - 91(vuicﬂxzx3: U)) + 91 (M (Ax,X3)9U), Uy)

—91 (n(th2X3)V¢(Ui); Ui) — 1 (vuiﬂ()%)v‘l’(xz)' Ui) — 01 (T[XZ,UL-]X3; Up)

—g1 (X3)v([X2, UiD), U} + Xj {=91(Ax, Xj, Ax, X;) — 91(Ax, X3, Ax X))
+g1 (n(Ax, %) hp(X2), X3) = g1 (1(Ax, X)) hp(X,), X3) 491 T, (X, v (X,), Xs)
—91(6)(]' U(Xj)WP(Xz);Xs)}] — g1 (X2, X)[S' (X1, X3) o f + g1 (W, hVX1X3)

- Zi{gl(vvxlTuin; U;) = 9, (Ax,U;, hVy X3) + g, (n(hVy X3)ve(X1), U)

+g1(ﬁX1U(X3)WP(Ui); Ui) — g (’V\Uid‘lxle' U;) + g1 (U(cﬂxle)fP(Ui); U;)
—J1 (U(hvx1X3)U§0(Ui); Ui) — 01 (VUiU(Xg)WP (XD, Ui) — 01 (T[Xl,Ui]X3' Up)

—g1(m(X3)ve([X1, U;D, Uy) + Z {-9 (dqxlxj'd‘lngj) —01 (cﬂxng,c/lXij)
+91 (77 (v‘lx,-Xj) h¢(X1).X3) - g1 (ﬂ(d‘lxlXj)h‘P(Xj)'X3) + 91 (vxlrl(Xi)WP(Xj)'Xs)

~91(Vx;n(X;)ve(X1), X3)}], (3:2)
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91(p(X1;X2)X3; U1) = 91(17?)(104)(2)(3: U1) + 91(04X1th2X3: U1) + g1 (U(hWX2X3)WP(X1), Ul)
+91(VX177(X3)17§0(X2), U1) — 91(VVX20‘ZX1X3: U1) — 01 (quZhVX1X3» U1)
—01 (U(hVX1X3)V€0(X2)' U1) - 91(VX277(X3)17€0(X1): U1) — 91 (m(X3)ve([X1, X2]), Uy, (3.3)

91(ﬁ(X1; U)Xz, Uz) = 91(V‘7X17U1X2: Uz) + 91(04X1h|7U1X2: Uz) + 91(Tl(h|7U1X2)WP(X1), Uz)
+91(Vx,n(X2)vep(Uy), Uz) — 91 (Vy, Ax, X2, Uz) + g1 (U(ﬂxlxz)(P(Uﬂ, Uz) — 61 (Ty,hVx, X, U,)
—J1 (Tl(hvxlxz)VQD(Uﬂ, Uz) - 91(VU17I(X2)17€0(X1), Uz) — g1 (T[Xl,Ul]XZv Uz)

~g1 XD ([X1, UsD), U) + 5591 (Us, UDDIS' (X1, X3) o f + g1 (W, AV, X;)

n-—1)

- Z . {.91(77‘7)(170,-)(2: U;) — 91(Ax, Ui, hﬁuixz) + 91 (n(hﬁUin)v(p(Xl), U;)
l

+91(‘7X177(X2)U§0(Ui), U;) - gl(ﬁuiﬂxlle U;) + 91(n(Ax, X2)9U)), U;)
—9:1(n(AVx, X2)vo(U), U;) — g1(Vyn(X)ve (X)), U;) — g1(Tix, v X2 Up)
—91 M(X)ve([X1, UiD, U} + X {—g,(Ax,Xj, Ax, X)) — 9,(Ax, X2, Ax X))

+1 (1 (Ax, %) ho (1), X2) = g1 (n(Ax, X)) hp(X,), X2) + g1 (Va1 (X)) v (X)), Xz2)

—g1 (ﬁij(Xj)V(P(Xﬂ:Xz)}]' (3.4)

gl(ﬁ(Ult UZ)U3IX1) = gl(TulvUZU&Xl) - 91(77(§U2U3)(P(U1)'X1) + gl(hvulfuzU&Xl)
'gl(vulﬂ(U3)<P(U2):X1) - 91(TU2VU1 U3:X1) + g1 (U(VU1 U3)pU,), X1) — g1 (hVUZTU1U3'X1)
+g1(VU2n(U3)<p(U1),X1) — 91Uju,u,1Us X1) + 91(mU3)e([Uy, Uz], X)), (3.5)

91 (p(Ul' U,)Us, U4) =0 (R\(Ul; U,)Us, U4) — 01 (W(ﬁuz U3)(P(U1), U4) + 01 (Tuliwu2 Us, U4)

+91(77(TU2 Us)ve(Uy),Uy) — 91(Vy,n(U3)@(U3), Uy) + g1(n(Vy, U3)(U3), Uy)
—91 (TUZTUl Us, U4) - gl(n(ful Us)vp(Uz),Uy) + 91 (VUZU(U3)<P(U1); Uy)

+9 U (U3, U, U) = —— (92 (U, U [8C05,U) — 9, (W75, )

+9:(n(W)ve(U2), Us) + Zi {(=0:(n(Vu,U:) 0 (U2), Us) = 91 (Vu,nWe W), Us)
+91 (Tl(vuz Ui)¢(Ui)r U3) + 01 (TUZ Ui:TUiU3) — 01 (ﬂ(fuz Ui)WP(Ui)' Us) + g1 (ﬁuirl(Ui)(P(Uz); Us)
+9: (MU ([U2, U;]), U3)} — Zj{gl WV, Ty, X}, Us) = g1 (Ax,Us, hVy, X;)

+91 (U(thZXj)Wo(Xj): Us) + 91 (vij(Xj)WP(Uz)' U3) — 9 (vuzﬂXij, Us)
+91 (77 (quij) o(Uy), Us) + 91 (Tu2 Us, h‘ﬁijj) — 9 (77 (thij) vo(U,), U3)
~01 (Tu,n(X)vo(X,),Us) = g1 (Tjx, %5 Us ) — 90X vep([X, Ua]), U3

—91(Us, Ug)[S(U,, Us) — 91(]\7;TL/1U3)+91(77(]\7)17<P(U1), Us)+ i {—91(m(Vy, UDe(Uy), Us)
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_91(‘7U177(Ui)€0(Ui), Us)+g; (77 (’V\Ui Ui) o)), U3) + 91Ty, Ui, Ty,Us) — g1 (U(TulUi)WP(Ui), Us)
+1 (Fu W9 W), Us)+g1 (U @([Us, UD), Us)}-; {1 (v¥x,70,X;, Us ) — g1 (AxUs, h¥5, X;)
+: (n(hTy, X, v (X,), Us) 01 (T, 1 (X )vep (U, Us ) — g1 (Vu, A X;, Us)
+9:(n (C’quXj) o U1),U3)+g1(Ty,Us, hﬁxjxj) -9, (hVX].Xj) vo((U,),Us)

—0: (Pu,n(X)v(X,),Us) = g1 (Tix, %5 Us) = 91 (1) v (X, Us]), Us 3L, (3.6)

91(P(X1,X2)Uy, X3) = gl(thlc’quUer3) + 01 (qu1VWX2U1:X3) + 01 (U(lﬁxz U)ho(X1),X3)
+91 (VXJI(Ul)h(P(Xz):XQ - 91(hVX2<ﬂX1U1:X3) — 01 (c/lxzvvx1 U1, X3)
—.91(77(VVX1 U1)h<P(X2):X3) - 91(VX277(U1)}1(P(X1)'X3) — 1 (cﬂ[xl,xz]U1:X3)

1 ~ .
— 9 (IUDRG([X, XD, Xs) = —— (02 (X0, X)D) . {93 (0, A, X0, U) = 91 (A, U, B XD
L

+91 ((hVx X )vp(X2), Us) + g1 (Vi n(XDve(X)), Uy) — g1 WV, Ax, X1, Ur) + g1 (Ax, Uy, hVx, X})
_gl(n(hVXZXi)V(P(Xi)r Ul) - 91(in77(Xi)U(P(X2): Ul) — g1 (mXDve([X,, X;],U1)}

z]_ {gl(VWXZWUj Uj, U1) — g1 (WXZU(Uj)(P(Uj)' Uy + g1 (Tule» Ax, Uj)
—gl(n(cﬂxz Uj)WP(Uj): Ul) — g1 (vUjUﬁXZ Uj, Ul) +9:(n (V7x2 Uj)(p(Uj); U1)

—91 (van(Uj)h¢(X2)l Ul) — g (v[xz,uj] Uj, Ul) + g1 (U(Uj)‘P([XZ' UjD' Uy)

_gl(ﬁ' cﬂszl) + 91(77(]\7)”‘1’()(2)' Ul)}] — 91(X2, X3)[Xi {91 (Vﬁxlcﬂxixi; Uy)
—01 (cf‘lx1 U1, hVXiXi) + gl(n(hVXiXi)U(P(Xl): Up) + 91 (Vx, n(XDve(X;), Uy) — g1 (WVx,Ax, X, Ur)
+91 (cﬂinlr hVXlXi) — g1 (n(hVXlXi)v(p(Xi), U) — 9 (in n(X)ve(X,),Uy)

—91(MXDve([X1, X;1, U} + Zj {91 (UWXI’V\UjUj' U1) - 91(|7X1U(Uj)fp(Uj); U1)
+91 (TUle' Ax, Uj) — 01 (U(cﬂxl Uj)V(P(Uj); Ul) — 01 (’V\UjvﬁxlUj' Ui) + 91 (U(VﬁxlUj)fp(Uj); Uy)

_gl(ﬁan(Uj)hq’(Xl)r U1) — a1 (’V\[xl,uj] Uj' U) + 91 (W(Uj)fp([Xp Uj]' U1) — g (]‘7; c"l)(1U1)

+g: (W )ve(X1), Up)3. (3.7)

Proof. We can easily prove the first equation by using equations (2.29) and (2.35) in equation (3.1) for
the product of P and X,. The proofs of the other equations can be done similarly.
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We note that if 7,V = g,(U,V).H then a Riemannian submersion is referred to as a Riemannian
submersion with totally umbilical fibers, where H is the fiber’s mean curvature vector fieldand U,V €
I'(kerf,) [33]. Moreover based on Dogru's study [34], if ' = 0, then N'=0.

Corollary 3.3 Let (My,g,) and (M,,g,) be Riemannian manifolds, and let f: (M, g{) =
(M,, g,) be a Riemannian submersion. If the Riemannian submersion contains total umbilical
fibres (V' = 0), then the Weyl projective curvature tensor is given by

91(P(X1,X)X3,Xs) = g1 (R' (X1, X2)X3,Xo) + g1 (Ax, X4, Ax, X3) — g1 (Ax, Xa, Ax, X3)
+91 (TI(CAXZX3)h§0(X1)'X4) — 91 (n(Ax, X3)ho(X2), X)) + 91 (Vx, n(X3)ve(X3), X,)
- 1 o -
—g1 (szn(X3)v<p(X1),X4) - m {g1(X1, XIS (X3, X3) o f — z.{gl (UVXZTUiXB' Uy)
L
— 01 (Ax, Ui, Wy, X3)+ g1 (n(hVy, X3 ) ve(X,), Uy)+91(V,n (X2)ve(U), U;) — g1 (Vy,Ax, X3, U;)
+91 (M (Ax, X)), U)—g1 (n(hVx,X3)ve(U)), U;) — g1 (Vy,n(Xz)ve(X,), U;)

—91Tix, v X3 U) — g1 (m(X3)ve([X5, U], U} + zj {-91 (CAXZXj; cﬂx3Xj)
—91(Ax, X3, Ax X)) + g1 (U(cﬂxjxj)h(l’(xz):x3) — 01 (U(cﬂxzxj)h‘/’(xj)'x3)
+01 Vi, n(X))ve(X;), X3) — 91V, 1(X)v(X2), X3)}] = 91 (X2, Xa)[S' (X1, X3) © f

- Zi{gl(vvxlTuiX& U;) = 9, (Ax, Uy, hVy X3) + g, (n(hVy X3)ve(X1), U)

+91(VX177(X3)U<P(UL'); Ui) — g1 (ﬁuicﬂxlx& Ui) + g1 (n(c/lxlX3)<p(Ui), U;)
—g1 (n(thle)wp(Ui), Ui) — 91 (VUiU(X3)WP (X1), Ui) — 01 (T[Xl,Ul-]X3; Up)

—91(m(X3)ve([X1, Ui, U} + Z ‘{ — g1 (cﬂxlxj'cﬂxng) — 01 (cﬂxlxs; c/lX]-Xj)
+91 (77 (cﬂx,-Xj) h<P(X1),X3) — 91 (n(Ax, X;)ho(X;), X3) + g1 (Vx, 1 (X; ) v (X)), X3)

—g1 (Ve n(X;)ve(X1), X3)3],

g1(P(X1, U)X, Uy) = gl(VWXlTule; Uz) + g1 (fﬂxlhvulxz' U,) + 91(U(th1X2)WP(X1); U,)
+91 (VXIU(XZ)UQD(UQ. Uz) — g1 (Vuld‘lxlle Uz) + 91(n (d‘lxle)(P(U1)' Uz) — 91 (Tulhvxlxz; U;)
—01 (U(hvxle)Uq)(Uﬂ; Uz)—g1 (VUIU(XZ)U(POQ), U,) — g1 (T[Xl,UﬂXZ' U,)

1 -
—91 (U(XZ)UQD([XL Ul])' UZ) + m {gl (Ul' UZ)[S,(X{'Xé) ° f - Zi {gl (UVX1TU1'X2' Ul)

—91 (qul Ui, hv’UiXZ) + 01 (n(hVUin)v(p(Xl), Ui) + 01 (WXIU(XZ)WP(UL')' Ui) — 01 (vuifﬂxlxz’ Up)
+91 (ﬂ(cﬂxle)q)(Ui), Ui) — g1 (U(hvxle)WP(Ui)' U;) — g1(Vyn(X)ve(X1), Uy)

—91 (T[xl,ui]Xz: Ui)—g1(77(X2)WP([X1; U, U + Zj {-91 (Ax, Xj Ax,Xj) — g1(Ax, X2, fﬂXij)
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+0: (1(Ax %) ho(X1), X3 ) — g1 (Ax, X;)hp (%), X2) + 91 (T, (%) v(X;), X,)

~91 T (X )vp (X1, X2),

g1 (ﬁ(Up Ux)Us, U4) =01 (ﬁ(UL U)Us, U4) — 01 (U(/V\UZ U3)(P(U1), U4) + 01 (Tulffu2 Us, U4)
+g, (n(Ty, Us)ve(Uy), Us) — 91 (Vy,n(Us)@(Uy), Uy) + g1 (n(Vy, Us)(Us), Uy)
— 1 (74,7, Us, Us) — 91 (T, Us)vep(Uy), Us) + g1 (Vy,n(U3)@(Uy), Uy)

1 A _
+9: (MU3)e([Uy, U,]), Uy) — m {g1(U1, Uy). [S(U;,U3) + zi {—91 (U(VUiUi)(P(Uz)» U3)

—91(70277(Ui)§0(Ui), Us) + .91(7I(§U2 U)oU), Us) + g1 (Ty, Ui, Ty,U3) — 91 m(Ty,U:)ve(Uy), Us)
+91(Vyn(U)e(Uy), Us)

+: (WU, U, Us)} - Zj{gl (vFx, Ty, ), Us)—g1 (Ax, Us, 1T, X))
+91(1(h¥0,%,)v0(X;), U3) + g1 (T, n(X; v (U2), U3 ) = g1 (Vur,Ax, X;, Us )
+01 (1 (Ax, %) 0WU2), Us) + g1 (T, Us, 5 X;) — g, (n (hx,X;) v (0,), U5 )
=91 (Vu,n(X;)ve(X;), Us) — g1 (T[xj,UZ]Xj' Us) = 9:(n(X)ve([X;, U2]), Un))
~91(U2, U [SW, Us)+ X {(—g1(n(Vy, UDe(U1), Us)
~ 01 (Zo,nWD W), Us)+g1 (1 (Yo, U:) oW, Us) + g1 Ty, Uy, Ty, Us) — g1 0Ty, Uy v (Uy), Us)
+: (P U @), Us)+9: U @[y, UD, UDY-5; {91 (v7x, T, X;, Us ) — g1 (Ax, Us, BTy, X))
+9,(n(hu, %) v0(X;), Us) +91 (T (X, v (U1), Us ) — g1 (T, Ax,X;, Us)
+9:(n (Ax,X;) 0 (W), Us)+91 Ty, Us, ¥ X)) = g, 1 Wy, X;) vep(Uy), Us)

=91 (Vu,n(X;)ve(X;), Us) — g1 (T[xj,ul]Xj' Us) — 91(n(X;))ve([X;, U1]), Us)3),

91(P(X1,X,)Uy, X3) = gl(hvxld‘lszLXs) + 91 (U‘ZXIVWXZU1'X3) + 01 (U(vaz UpDho(X1),X3)
+91(Vx,n(UDhe(X3), X3) — g1 (hVx, Ay, Uy, X3) — g1(Ax,vVx, Uy, X3)
—91(71(17Vx1 Ul)hq’(Xz);Xs) - gl(szn(Ul)h(P(Xl)'X3) — 01 (d‘l[xl,xz]Ust)

1 -~ _
— g UDR (X0, K1), X) = —— {92 (X0 X)) {91 0Fa, A X Un) = 92 (A, Uy, e Xo)
L

+91 (U(hﬁxiXi)vq’(Xz), Ui + 91 (szn(Xi)v(p(Xi), U1) — g1 (WVx,Ax, Xi, Uy) + g1(Ax, Uy, hﬁXin)

IJPAS 2025, https://doi.org/10.29132/ijpas.1523117 https://dergipark.org.tr/tr/pub/ijpas



https://doi.org/10.29132/ijpas.1523117
https://dergipark.org.tr/tr/pub/ijpas

International Journal of Pure and Applied Sciences 11(1); 30-55 (2025) 43

— g1 (n(hVx, X)) v (X)), Uy) — g1 (Ve n (XD ve(X2), Uy) — g1 XD ve (X2, X1, Uy}

Zj {91(17‘7)(2?0]- Uj, Uy) — 91(|7X277(Uj)€0(Uj): Ui + 91 (TU]-UL Ax, Uj)
—91(U(cAX2Uj)V§0(Uj): U1) — 01 (vUjVWXZUj: U1) + 91(U(V|7X2Uj)¢(Uj)' U1)

—91 (vujU(Uj)MD(Xz), U1) -1 (ﬁ[xz,uj] Uj, U1) +9:(n(U)o([X2,U;]), Un)
—01(X2, X3)[2i {91 (WVx, Ax,Xi, U1) — g1 (Ax, Uy, hﬁxixi) + 91 (n(hﬁXiXi)v(p(Xl), Uy)
+91(VX17](Xi)v§0(Xi)' Uy) — .91(VVXic"lX1Xi: Uy + g1 (quiUl: hVy Xi) — 91 (n(thlXi)v(p(Xi), U1)

—91(|7Xi nXDve(X1),Uy) — g1 (mXDve([Xy, X;],U)} + z ] {91 (17|7X1’V\UjUj» U1)
j
—91(Zx,n(U)e(U;),Uy) + g4 (Tu]-Um/‘lx1 Uj) — g1 (n(Ax,U))ve(U;),Uy) — g1 (Wujvﬁxluj» U1)

+91((v7x,Up) o (U;), Ur) = 91 (Py n(U)) hp(X1), U1) = 91 (Vx,,0,1Uj» Us)

+9:(m(Uy)o([X1, U], U1},
where U;,U,, U3, U, € x¥(M;) and, Xq,X,,X3, X4 € %" (M,).

3.2 Concircular curvature tensor

In Riemannian submersions endowed with Q-SNMC, we present the curvature relations of the con-
circular curvature tensor here.

Definition 3.4 Let M; be an n —dimensional manifold. In this case, within the n —dimensional
space V", forevery Xi,X,, X3 € y(M;), the concircular curvature tensor field of M; is defined as
follows:

E(X1:X2)X3 = R(X1:X2)X3 - ;{91(X2'X3)X1 — 9:1(X1, X3)X5}, (3-8)

nn-1)

where 7 represents a scalar tensor [23].

Theorem 3.5 Let (My,g,) and (M,, g,) be Riemannian manifolds, with, f: (M4, g,) = (M3, g2)
representing a Riemannian submersion endowed with Q-SNMC, and R,R’, and R denote the
Riemannian curvature tensors, ,7’, and 7 represent the scalar curvature tensors of M;, M,,
and the fiber (f71(x),g1x) respectively. Then, for every U, U, Us, U, € xV(M;) and
X1, X5, X5, X, € #(M,), the following concircular curvature tensor relations hold:

gl(C(leXZ)X3'X4) = g1(R'(X1, X2)X3,X4) — g1 (U‘ZXIX4'C"ZX2X3) + 91 (Ax, X4, c/qxng)
+1(Ax,X3) 91 (ho(X1),Xs) — n(Ax, X3) 91 (ho(X2), X4) + 91 (Vx, n(X3)vp(X,), X4)

-91 (Ve n(X3)vp(X1), Xy) — — [91(X1, X4) g1 (X2, X3) — 91(X2, X4) 91 (X1, X3)],

n(n-1)

91(C(X1,X2)X3,U1) = g4 (U‘vxlfﬂxzxeu Up) + g1 (d‘lxlh'ﬁxzxy Up) + g1 (Tl(hﬁXZX3)WP(X1): U1)

IJPAS 2025, https://doi.org/10.29132/ijpas.1523117 https://dergipark.org.tr/tr/pub/ijpas


https://doi.org/10.29132/ijpas.1523117
https://dergipark.org.tr/tr/pub/ijpas

International Journal of Pure and Applied Sciences 11(1); 30-55 (2025) 44

+91(§X177(X3)U§0(X2)1 Uy) — 91(vaquX1X3» Ui) — g1 (ﬂxzh7X1X3» Uy)
—91(7I(hVX1X3)v€0(X2)' Ui1) — 91 (szﬂ(xs)VQO(Xﬂ: Up) — g1(m(X3)ve([X1, X2]), Uy),

91(C(X1; UX>, Uz) =01 (vvxlTulxzr Uz) + g1 (ﬂxlhﬁulxz' Uz) + g1 (n(hvule)v(p(Xl), U,)
+91 (me(Xz)v§0(U1): Uz) — 01 (Vuldqxl)(z: U)+ g1 (ﬂ(ﬂxlxz)(P(Uﬂ» Uz)
=91 Ty, hVx X5, U3) — g1(m(hVx, X2)vep(Uy), U) — 91 (Vy, n(X)ve(X1), Uz) — g1(Tix,u,1X2, U2)

~91 (XD (X, U1, Ua) + s g1

(X1,X2)91(Uy, Up),

91(5(U1» U;)Us, Xq) = .91(7~"Uﬁu2 Us, X1) — g1(’l(vuz U3)eU1), X1) + g1 (h(VUlfU2U3'X1)

—91(VU17I(U3)§0(U2)'X1) - .91(TU2VU1U3:X1) + 01 (TI(VU1U3)<P(U2)'X1) - gl(h(vUzTUlu?le)
+91 (Vy,n(U3) o (U1), X1) — 91Uju,,u,1Us X1) + g1(m(U3) @ ([Uy, Uz]), X1),

91(6(U1: Ux)Us, U4) = 91(ﬁ(U1: U)Us, U4) — 91 (U(WUZ U3)(P(U1), Uy) + 91 (Tulfu2 Us, Uy)
+g, (n(Ty, Us)ve(Uy), Us) — 91 (Vy,n(U2)p(U), Us) + g1 (Vi Us)p(U,), Uy)
— 01 (70,7, Us, Us) — 9:(n(Ty, U )vo (U, Uy) + g1 (Vy,n(U3)p(Uy), Uy)

+91(M(Uz)([Uy, U], Uy) — m {91(U2,U3)g1(U1, Uy) — 91 (U1, U3) g1 (U, Us)},

91(C(X1,X)Uy, X3) = gl(h(vX1£X2U11X3) + g1 (cﬂxlvvxz Uy, X3) + U(Vﬁxz U1)91(he(X1),X3)
+91(VX17I(U1)h<P(X2):X3) - 91(h(vxzcﬂxlU1:X3) — 1 (cﬂxzvﬁxlUl»Xs)
—W(val U1)g1(ho(X2), X3) — gl(vxzn(Ul)h(P(Xl)'X3) — 91(Ax, x,)U1, X3)
— 91(mU)he([X1, U1]), X3),
where Uy, U,, U3, Uy € V(M) and Xq,X, X3, X4 € 2"(M,).

Proof. The proof of the initial equation in Theorem 3.5 can be readily demonstrated by taking an
inner product between € and X, and applying (2.29) from (3.8). Similarly, analogous proofs
can be conducted for other equations.

Corollary 3.6 Let (M,,g,) and (M,, g,) be a Riemannian manifold, and f: (M4, g,) = (M3, 93)
be Riemannian submersion. Then the concircular curvature tensor of the Riemannian submersion
endowed with Q-SNMC has no totally umbilical fibres.

3.3 Conharmonic curvature tensor
In this section, we present curvature relations of the Conharmonic curvature tensor in Riemannian
submersions endowed with Q-SNMC.

Definition 3.7 Let M; be an n —dimensional manifold. In this case, within the n —dimensional
space V", for every X;,X,, X3 € y(M;), the conharmonic curvature tensor field of M, is defined

as follows:

IJPAS 2025, https://doi.org/10.29132/ijpas.1523117 https://dergipark.org.tr/tr/pub/ijpas


https://doi.org/10.29132/ijpas.1523117
https://dergipark.org.tr/tr/pub/ijpas

International Journal of Pure and Applied Sciences 11(1); 30-55 (2025) 45

~ ~ 1 ~ ~
L(Xy, X5)X3 = R(X1, X3)X5 — m{gl(XZ'X3)QX1 — g1(X1, X3)QX; + S(X2, X3)X; — S(Xy, X3)X2}, (3.9)
where Q, R and § denote the Ricci operator, Riemannian curvature tensor and Ricci curvature

tensor, respectively [23].

Theorem 3.8 Let (M;,g;) and (M;, g,) be Riemannian manifolds, with, f:(My, g;) = (M3, g,)
representing a Riemannian submersion endowed with Q-SNMC, and R, R’ and R be
Riemannian curvature tensors, $,S’ and S be Ricci tensors of M;, M, and the fiber
(fX(x), §1,) respectively. Then, for every U, U,, Us, U, € ¥ (M;) and Xy, X, X3, X4 € x"(M)),
the following Conharmonic curvature tensor relations hold:

91 (L(X1,X2)X3,X4) = g1 (R (X1, X2) X3, X,) — g1(Ax, X4, Ax,X3) + 91 (Ax, X4, Ax, X3)

+g1 ((Ax, X3)ho(X1), Xs) — 91(n(Ax, X3)ho(X2), X4) + 91(Vx,n(X3)v9(X2), X,)

1

—91 (VXZU(X3)V<P(X1):X4) - mﬂ% (XZ:X3)[S’(X{'X!L) of + g1 (N; th1X4)

— X{91(vVx, Ty, X0, Up) = 91(Ax, Ui, AVy Xo)  + g1(n(hVy, Xa)ve (X)), U))
+.91(VX177(X4)U<P(U1')1 Ui)— g (Vuicﬂxlxz;. Ui) + g1 (n(c/lXIX4)<p(Ui), U;)
—91 (n(th1X4)v<P(Ui), Ui) — g1 (Vui n(X4)ve(X,), Ui) — 01 (T[xl,ui]xzp Ui)

—g1 (MXDve([X1, U;D, U} + zj {=91(Ax,Xj, Ax,X;) = 91(Ax, Xa, Ax X))
+91 (n (A, X)) ho (X0, Xa) = 91 (A, X, ho (X7, Xa) + 91 T (X, v (X;), Xa)
_gl(vXjn(Xj)v¢(X1):X4)} — 91 (X1, X3)[S' (X3, X4) o f + g1 (W, hVy, X,)}

- z _{gl( UVXZTUiX4; U) — 91 (cﬂxz Ui, thiX4) +9:(n (thiX4)v<p(X2), Ui)
l
+91 (szn(X4)v<p(Ui), Ui) — g (ﬁuicﬂxzxzp U) +g1(n (c/lXZX4)<p(Ui), U;)

—91((hVx, X )vp(U)), Up)—g1 (Vy,n(X)ve(X,), Up) = g1 (Tjx,u 1 Xa UD)
~G IV UDUD}+ ) (=1 ( A,y A, ) =00 (A Ko A )
+0: 01 (Ax X)) ho(X2), Xa) = (1(Ax, X, )hp(X,), Xa) + 91 Toeyn (X )vep (X), X,)
~91(Vx; n(X;))ve(X2), Xa)} + g1 (X1, Xa)[S' (X3, X3) © f + g1 (W, hVx, X3)

- Z.{gl(vaZTUiX& U) — g1 (U‘ZXZ Ui, hﬁUiX3) +9:(m (hﬁuixa)WP(Xz)' Up)
l
+91 (szn(Xg)vw(Ui), U;) - 91(§Uid‘lX2X3' Up) + g1 (TI(UQXZX3)<P(UL'): U;)

—g1(M(hVx,X3)veUY), U;) —g1 (Vyn(X3)ve(X,),Uy) — g4 (T[XZ,U]-]X& Up)
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—91 (mX3)ve([X,, U], U} + Zj {=91(Ax,Xj, Ax,Xj) =91 (Ax, X3, Ax X))
01 (1 (Ax, %) o (X2), X3 ) =1 (1 (A, X)) hp(X7), X3)+ 91 Ty 1 (X Jveo (X;), X3)

—91 (vXjU(Xj)v§0(X2),X3) — 91X, X)[S' (X1, X3) o f +

g1 (N, }ﬁxlxﬂ - Zi{gl(vilTUng,, Up)
—01 (c"lx1 Ui'hvu,-X3) + 91 (n(hWUng,)vgo(Xl), U;) + 91 (Ve n(X3)ve(U), U;)
—91 (/V\U,-C’qX1X3' Ui) + 91 (U(ﬂxlx3)§0(Ui)l U;) — g1 (n(hVx, X3)ve(U)), U;)
—91(vu,-77(X3)77§0(X1), U;) — 1 (T[Xl,Ui]X3l U;)—g1(n(X)ve (X, Ui, Uy)

+ % {01 (A, Xp A, X;) — 91 (Ax, X5, Ax X))+ 917 (A X ) hep (K1), X3)

~g1(n(Ax, X;)ho (X)), X3) + g1 (Vi n (X)) v (X)), X3) — 91 Vx ;0 (X; ) v (X1), X3)313,

91(Z(X1:X2)X3: U1) = 91(vaiv‘lxzx3: U1) + g1(<ﬂxliﬁxzx3' U1) + 91 (n(th2X3)v(p(X1): Up)
+.91(VX177(X3)U<P(X2)1 Up) — 91(WVx, Ax, X3,U1) — 91 (CAthVX1X3; Ul)
—91 (n(thle)wp(Xz), Uy) — 91(VX277(X3)U(P(X1): Up) — 91(m(X3)ve([X1, X2]1), Ur)
1 ~ ~ ~
- m{gl(-xz:xﬂ[z_{% (vVch/lXiXi, Ul) — 01 (cﬂxl U1, hVXiXi) + 91 (n(thiXi)vfp(Xl). Uy)
l
+91(VX177(Xi)WP(Xi)r U1) — 9 (vaicﬂxlxi: Ui) + 91 (cﬂinl' hVXlXi) — 01 (n(hVXIXi)vfp(Xi). Uy)

—91 (inW(Xi)WP(Xl); Ul) — 91 (XDve([X1, X;1,UD} + Zj {91 (valﬁujuj’ Uy1)
—01 (ﬁxln(Uj)q’(Uj): Up) + gl(Tule;cfZX1 Uj) — 91 (W(cﬂxl Uj)”‘P(Uj)' U1) — (ﬁujvvxl Uj’ U1)

+91(77(va1 Uj)‘P(Uj); Uy) — gl(vujﬂ(Uj)hfp(Xl)' U1) — g1 (ﬁ[xl,u,-] Uj, U1)
+91(77(Uj)§0([X1; Uj]' Ul) - gl(ﬁ'ﬂxlUj) + .91(77(]\7)174)()(1); U1)}
—91 (X1'X3)[Zi{g1( vazcﬂxiXi; U — % (d‘lxz U1, hﬁxiXi) +9:(n (thiXi)vfp(Xz), U1)
+91 (Ve,n(XDve(X), Uy) — 91 (vVx,Ax, X;, Ur) + 91(Ax, U1, V%, X;) — g1 (U(hvxzxi)WP(Xi); U1)

—91 (ﬁin(Xi)WP(Xz), Ul) — g1 (MXDve([X2, X1, U} + Zj{g1(vvxszjUj; Uy)
—91 (vxzﬂ(Uj)q’(Uj):Ul) + 91 (TUle"AXZ Uj) — 5 (U(cﬂxz Uj)v‘P(Uj)' Us)
—91 (’V\U]-va2 Uj, U1) + g1 (W(vaz Uj)‘P(Uj)' U — 91 (ﬁujﬂ(Uj)hfP(Xz), U1)

—01 (’V\[xz,uj] U, U1) + gl(U(Uj) <P([X2' Uj]' U1) — g1 (ﬁ'dqleh) + 91 (TI(]‘?)WP(XZ), Uy),
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91(Z(X1; U)X, Uz) = 91(U§X17U1X2: Uz2) + g1 (dqxlhvulel Uz) +9:(n UﬁUle)WP(Xl)' U,)
+91 (VXJI(XZ)VQD(UQ' Uz) -1 (Vulc"lxlxzr Uz) + g1 (ﬂ(ﬂxlxz)(P(Uﬂ: Uz) — 01 (Tulhvxlxz» Uz)
—91(7l(hVX1X2)v§0(U1): Uy) — 6 (Vu,n(Xve(X1),Uz) — 91 (Tix, u,1X2, Uz)

1 . -
—91(M(X)ve([Xy, U1]), Us) + m{% (X1, X2)[S(U1, Uz) — g1(V, Ty, Uy)
+91 (V) ve(Uy), U2)+Zi{—g1(U(WUiUi)QO(Uﬂ, Uz) — 91 (Vu,n(U)eU)), Uy)
+91((Vu, U)oU), Uz) + 91Ty, Ui, Ty,Uz) — 91 (1(Ty, Ui)vep(U), Uz) + g1 (Vy (U)oU), Uy)

+9: U P(U, UD, U) — Zj{gmvx,:rulxj. Us) — g1 (A, Uz, 'y, X;)
+91(n(h¥0,%;)v0(X,), Uz) + g1 (T (X, v (U), Uz) — g1 (Vu, Ax,X;, U,
+91 (n(Ax, %) WD, U3) + g1 (Ty, Uz, 1 X; ) = g1 (1(h¥x, X, ) v (U, U,)
=91V, 1(X;)ve(X;), U2) = 91 (Tix 0, 1X5» U2) = 91 (X )ve([X;, U1]), U2)}]

+:(Uy, Up)[S' (X1, X3) © f + g1 (IV, hvxle) - z {91 (w v}(1TUL-X2' Up) — 91(Ax, U, h’vuixz)
L

+91 (n(hVuin)wp(Xl), Up) + 91 (vxln(Xz)U¢ WU, V) — g1 (Wuicﬂxlxz» Ui)
+9:((Ax, X2) U, Up) — g1 (n(hVx, X, ) v (U)), U;)
—01 (vuiU(Xz)V(P(Xﬂ: Ui) - 91(7-[X1,U1]X2: Ui) — g1 (m(X)ve([X1, U], U;)

+ z {91 (Ax, Xj, Ax,Xj) — 91 (cﬂxlxz:cﬂxjxj) +9:(n (C/ZX]-X]) ho(X,),X>)
j

— g1 ((Ax, XDho(X;), X2) + 91V, n(X;)ve(X;), X2) — 91 (Tx 1 (X)) v (X1), X313,

91 (Z(Ul' Ux)Us, U4)=91 (R\(Ul; Uy)Us, U4) — 1 (W(ﬁuz U3)(P(U1)' U4) + 01 (Tuliwu2 Us, Uy)
+91((Ty,Us)vep(Ur),Us) — g1(Vy,n(U3)@U2), Us) + 91((Vy,U3)@(U3), Uy)
—91 (TUZTUI U3, Uy) — 91 (U(Tul U3)ve(Uy),Uy) + 91 (VUZU(U3)¢(U1); Uy)

1 A -
+9:(MU3)@([U1, Uz]), Us) — m{gl (U2, U3)[5(U1,Uy) = 91 (V, Ty, Us)

+9:(n(F)ve(U), Us) + Zi {(=0:(n(Vu,U:) 0 (W), Us) = 91 (Vu,n W@ (U1, Us)
‘|'91(77(’V\U1 Ui)q)(Ui): Us) + <91(f7~wu1 Ui'TUiU4-) — 01 (U(TulUi)WP(Ui)' Us)

+91 (ﬁuiﬂ(Ui)q’(Uﬂ. Uy) + g1 (U)o ([Uy, U;D, U} — X i{ 0 (va,-frulxj' Us)
—91(Ax; Uy, RV, X)) + 91 (hVy, X;)ve(X;), Us) + g1 (ﬁij(Xj)WP(Ul)' Us) = 91(Vy,Ax Xj, Us)
+91 (77 (dqijj) oUy), U4) + 91Ty, Us, thij) -9:(n (thij) vo(Uy),U,)

—01 (Vuln(Xj)vw(Xj), U4) — g1 (T[xj,UI]Xj' U4) —9:(m (Xj)WP([Xj: Ul])' U}l
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—g1(U, U3)[S(U2, Uy) — 91(ﬁ;TUZU4) + 91(n(W)ve(U,), U,) + Zi {—91 (U(’V\UiUi)(P(Uz), Us)

—9: (Vy,n(UD W), Uy) + g1 (Vy,U:) 9 Uy), Uy) + g1 (T, Uz, Ty, Us)
— 91Ty, UDveU), Us) + 91 (Vun(WU) @ U3, Uy) + g1 (U ([Uz, U;]), Us)

T (vVx,70,%5,Us) — 91 (Ax,Us 10, X;) + 91 (1 (hT0, X, v (X;), Us)
+9: T 1(X;) 0 (U2), Us) — g1 Ty A X5, Us) + 91 (0 (Ax, %) 0 (U2), Us)
+01 (Ty,Us b5, ;) = 0.1 (h¥x,%;) v (U2), Us) — 91 Tu,n (%) v (X)), Us)
~91(Tix,0,1%5, Us) — 911 (X))ve([X), Uz]), U] + 91Uy, UD[S (W, Us) — g4 (IV, Ty, Us)

+91(n(WV)vp(U,), Us) + zi {91 (n(ﬁuiUi)(p(Uz), Uz) — 91 (Vy,n(WU)eU,), Us)
+9:(n(Vy, U)oU), Us) + g1 (Ty, Ui, Ty,U3) — g1 (T, U:)ve(Uy), Us)

+91 (Vyn(UDe(U3), Us) + g1 (U e([Us, U, Us) — X {91 (vﬁXjTUZXj' Us)
—01 (cﬂXjU3r thZXj) + 91(U(th2Xj)WP(Xj): Us) + g1 (7Xj77(Xj)U<P(U2); Us)
—g1 (Wuzcﬂxjxj: Us)+ g1 (77 (cﬂijj) @(Uy), U3) + 91Ty, Us, hﬁXij)

g1 (n (A¥x,X;) v (U3), Us) — g1 Tu,n(X) v (X,), Us) — 91 Tix 0,1, Us)
—g: (X)) vo([X;, Uz]), U} = g1 (U2, UD[ S(U, U3) — g1 (W, Ty, Us) + g1 (n(W)vep(U,), Us)
D 1=0:0(T,U) 002, Us) = g T, n W90, Us) + g1 (T, U)o (U, Us)
+91 (T, Ui T,Us) = g1 (n(Ty, U )vp(U), Us) + g1 (Vyn(UDp(Uy), Us)

+9: (U@ ([Uy, U], Us) - Z {91 (UﬁvijulXj' Us) = g1 (d‘lx,-Us; hvulxj)
j
+91 (n(thIXj)mp(Xj), Us) + g1 (Fﬁxjﬂ(Xj)WP(Uﬂ, U3) — 01 (vulcﬂxjxj, Us)
+91 (77 (CAXij) oUy), Us) + 91 (Tu1 Us, hﬁijj) -0 (77 (hﬁijj) vo(Uy), Us)

—gl(ﬁUIU(Xj)WD(Xj)' U3) — g1 (T[xj,ul]Xj' U3) —J1 (n(Xj)v(p([Xj, Ul])' U333,

91(L(X1, X2)Uy, X3) = 91(h(vx10‘1x2 Uy, X3) + gl(ﬂxlvvxz Uy, X3) + g1 (U(Vﬁszﬂh‘P(Xﬂ’Xs)
+91 (Vx,n(U)ho(X3), X3) — 91 (hVx,Ax, Uy, X3) — g1(Ax,vVx, U1, X3)
—91(M(WVx, U)he(X3), X3) — 91(Vx,n(U1)ho(X1), X3) — 91 (A[x,,x,1U1, X3)
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1 .
g DR (X1, XD, X) = s (910 XY, {02 0T, A Xis V)

—91(Ax, U1, thiXi) + 91(U(hﬁxixi)v€0(xz): U)+ 91 (WXZW(Xi)v(p(Xi)' U1)
—01 (vaqusziJ U1) + g1 (C"lx Ui, hVXZX') — 01 (U(hVXZX')V(P(Xi): Ui1) — (VXiU(Xi)U‘P(Xi)' U1)

~ v XL UDY+ ) (91 (97,03 U) = 9 Fen(U)o (1), U
+1 (T,Us, Ax,U;) = g1 (n(Ax, U))vo (U), Ur) = g1 (Vu,v7,U;, U ) + 9. (v, U7 (U;), Un)

=91V (U))he(X2), Up) = 1 (V[x,u 1U; U + g1 ((Up)e([X2, Uj]), U}

—91(]\7; CAXZUl)‘l' 91(77(]\7)V§0(X2), U] — 91X, X3)[Xi{g1 (VVxldqxiXi ,Up)
—91(Ax, Uphvxixi) + 91 (U(hvxixi)VQO(Xﬂ: U+ g1(Vx,n(X)Dve(X),Uy)
- gl(VWXiv‘lxixi: Uy)
+91 (Ax,Ur, V%, X;) — g1 (n(hVx, X )ve(X;), Ur) — 91 (Vi,n(X)vep(X1), Uy )

—91((XDve([X1, X;1, U} + zj {91 (VﬁxﬁujUj: Uy) — 91(Vx,n(U;)e(U;), Uy)
+91 (TU Uy, Ax, U, ) gl(n(cﬂxlU)wp(U) Uy — 91(VU]VVX1 i, Uz) +91(W(va1Uj)<P(Uj)'U1)

—9 (vujU(Uj)h¢(X1)' Ul) 9 (v[xl,uj] Uj» Ul) + 91 (n(U;) e ([X1, U;]), U}

—g1 (W, Ax, Up) + g1 (W )vp(X1), Uy)].
Proof. We can easily demonstrate the first equation by using (2.29) and (2.35) in equation (3.9)

for the inner product of L and X,.The proofs of other equations can be done similarly.

Corollary 3.9 Let (M;,g,) and (M;, g,) be Riemannian manifolds, with, f: (M, g:) = (M3, g,)
representing a Riemannian submersion endowed with Q-SNM(, and R,R' and R be Riemannian
curvature tensors, S,S’ and § be Ricci tensors of M;, M, and the fiber (f~1(x), §ix)
respectively. If the Riemannian submersion has total umblical fibres (N = 0), then the
conharmonic curvature tensor is given by
91(Z(X1'X2)X3rX4) = g1 (R' (X1, X2)X3,X4) + 91(04)(2)(4' c"1)(1)(3) - 91(C'QX1X4; c/lXZXs)
+g1(77(cﬂX2X3)h<P(X1),X4) - gl(n(ﬂxlxs)h(P(Xz) X))+ o (vxl X3)ve(X2), X,)

91(VX277(X3)U<P(X1) X,) - n— ){91(X2'X3)[5 X1, X o f — Z {91(vVx, Ty, X4, Uy)

— 01 (Ax, Ui, hVy X,) + g1(m(hVy,X4)ve(X1), U +9: (Ve n(X)ve((U),U;) —
g1 (vuid‘lxlti Ui)
+91 (n(UleX4)§0(Ui)' U;) — 1 (n(hVX1X4)v(p(Ui), Ui) — g1 (Vul- n(X)ve(Xy), U;)

—01 (T[XI,UL-]X4' U) —g1(m(X)ve([X, UD, U} + Z ] {—91 (fﬂxlxj' cfq)ng)
jj

—91(Ax, X4, Ax X)) + g1 (77 (U‘lijj) h(P(Xl)'X4) —91 (n(JleXj)hcp(Xj),X4)
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+91(§X177(Xj)v§0(Xj);X4) - 91(vxj77(Xj)v<P(X1);X4)} — 91X, X3)[S' (X3, X4) o f

- Z .{91( vvszuinh U) — 91 (d‘lxz U, thiXAL) +9:(n (h,vuin;)v(P(Xz)' Uy)
l

+91 (VXZTI(XAL)WD(UL'): Ui) - 91(ﬁuiﬂxzx4: Up) + 91 (ﬂ(d‘lXZXz;)(P(Ui)' Ui)
—01 (U(hVXZXzL)WD(Ui): Ui)—91 (VUiU(X4)V€0 X2),U) — g1 (T[XZ,UL-]XAL: Ui)

~0 (DKo, UD.UDY + D (=01 (A Ax, )01 (A Ko )
+0:(1 (Ax, X ) Bo(X2), X2) =1 (1(Ax, X)hep(X7), X4) + 91 (T (X )vep(X,), Xa)

—91(vxj U(Xj)UQD(Xz),XD} + 91 (X1, X4)[S' (X3, X3) o f — zi{m(vVXZTUiX&Ui)

—91(Ax, U, hﬁuixﬂ +9:(n (thiX3)U<P(Xz), Uy)
+91 (VXZU(X3)V<P(UL'): Ui) - 91(Vui<ﬂxzx3. Up) + g1 (U(AX2X3)¢(U1'), Ui)
—g1((hVx, X3)veU), U;) —g1(Vyn(X3)ve(X2), Uy) — 91 (Tix, v X3, Us)

~91((X3)ve([X,, UiD, U} + z,- (=01 (A, X, Ay X)) =1 (A, X3, Ax X))
+91 (n (A, X)) ho (X2, X3 ) =91 (1 (A, X))o (X,), X+ 1 Ty (X Jvp(X,), X3)

—g1 (ijn(Xj)v¢(Xz),X3) — 91(X2, X)[S' (X1, X3) o f — zi{gl(vvxlTuixs» Ui)

—01 (cﬂxl Ui, hWUiX3) + 01 (n(thiX3)v(p(X1), Ui) + g1 (vxln(Xs)U(P(Ui)» Ui)
~91(Vu,Ax, X3, Ui) + g1 (n(Ax, X3)0(U), U;) — g1 (n(hVx, X3)ve(Uy), Uy)
—gl(VUiW(X's)WP(Xl); Ui) — 91 (T[xl,ui]X& Ui)_gl (m(X3)ve([X,, U], Uy)

+ % =01 (Ax, Xy A, X) = 91 (Ax, X5, Ax XD+ 911 (Ax,X; ) hp (K1), X5)

—91(77(c/lX1Xj)h<P(Xj):X3) + gl(vxln(xj)V(P(Xj)'Xs) — 91 (ijn(Xj)V¢(X1), X3)}}

g1(L(X1, X2)X3,Uy) = gl(Vﬁxlﬂszs; Uy) + gl(cﬂxlhﬁxz){& Up) + 9 (U(hvxzxs)WP(Xﬂ; U1)

+91(§X177(X3)V€0(X2); Uy) — gl(vﬁvvxzd‘lxle, U1) — g1 (ﬂxthX1X3, U1)
—91 (U(hVXIXs)WP(Xz), Uy) — 91(VX277(X3)17<P(X1)' Uy) — 91(m(X3)ve([X1, X2]1), Ur)

1 - . -~
— e B XD (g (T, A X Ur) = 91 (A, Un, W X0) + 92 01Ty X v (X,), Uy)
i

(n—2)

+91(WX177(X1')17§0(X1')' Ul) — 01 (vaid‘lxlxi: U1) + 91 (d‘linp hﬁxlXi) —01 (n(hvxlXi)v(p(Xi), U1)

— 91 (Vx n(XDve(X1), Uy) — g1 (n(XDve([X1, X1, U} + X {g1 (valvUjUj’ Uy)

~g1(Vx,n(U;)0(U)), U) + 91Ty, Us, Ax, Up) — g1 ((Ax, Uj)ve(U;), Ur) — g1 (Vy, vV, Uj, Up)

‘|‘£]1(77(1ﬁx1 Uj)q’(Uj): Uy) — 91(vUjT7(Uj)h<P(X1)' Ui1) — g1 (v[xl,uj] U;, Uy)

IJPAS 2025, https://doi.org/10.29132/ijpas.1523117 https://dergipark.org.tr/tr/pub/ijpas



https://doi.org/10.29132/ijpas.1523117
https://dergipark.org.tr/tr/pub/ijpas

International Journal of Pure and Applied Sciences 11(1); 30-55 (2025) 51

+91 (U(Uj)ﬁﬂ([Xp Uj]: U1)} - 91(X1,X3) [ Z .{91(vazcﬂxiXi: U1) — 01 ("qu Uy, thiXi)
l

+91(7I(hvxixi)vﬁ0(Xz), Up) + 91(§X277(Xi)v§0(xi): Ui) — g1 (vﬁXiquZXi' Up) + g1(Ax, Uy, hWXZXl-)
—9: (hVx, X )vo(X),U) — g1(Vx,n(XDve(X,), Us) — g1 (XD ve([X2, X;1, U}

+ 2 {91 ( vvxﬁujUj: Ui) — g1 (vXZU(Uj)QO(Uj)'Uﬂ + 91 (TUJ-UL c/lszj)
g1 (n(Ax,U))vo(U), Ur) — g1 (Vu,v7,U;, Uy ) + 9. (0 (vx, U)o (U;), U)

—91(vUjTI(Uj)h§0(X2), U1) — g1 (/V\[XZ,Uj]Uj: U1) + 91(77(Uj) o([X2, Uj]' UM,

91(LX1, UX,, Us) = g3 (UVX1TU1X21 Uz) + g1 (Ax, hVy, X2, Up) + g4 (n(hvule)v(p(Xl, U,)
+91 (Vx, n(X)veU1), Uz) — 91 (Vy, Ax, X2, Uz) + 91 (n(Ax, X2) (U1, Uz) — g1 (Ty, hVx, X5, U,)
—.91(77(hVX1X2)V<P(U1): U,) — 6 (Vu,n(Xve(X1),Uz) — 91 (Tix, v,1X2, Uz)

1 X
—9:(m(X)ve([X,,U1D,Us) + (n——Z){‘ql (X1, X2)[S(Uy, Uz)
+Zi{_gl(n(vuiUi)<P(U1): Uz) — 91 (vuln(Ui)¢(Ui)' Uz)
+91(n(Vy, U)oU), Uz) + 91(Ty, Us, Ty, U2) — g1 (0(Tu, Ui )vep(U), Uz) + g1 (Vy n(U)(Uy), Uz)

+ UL UD.UD = D 162 (vF, Ty X3 Un) = 92, U, W0, X)
+91(n(h90, X, v (X;), U2) + g1 (Va;n(X)vo (U, U;) — g1 (Vo Ax X, Uz )
+91 (n(Ax, %) 0D, U;) + g1 (T, Uz, 1T X; ) — g1 (1(h¥x, X, ) v (U, U,)
=91V, 1(X;)ve(X;), U2) = g1 Ty, 0,1X5» U2) = 91 (X)) vep([X;, U1]), Ua)

+91(Up, Up)[S' (X1, X3) o f — Z {91V, Ty, X5, Up) — g1 (Ax, Ui, hVy, X5)
L

+91 (U(hﬁUiXZ)WP(Xﬂ; Up) + 91 (WXIW(XZ)U(.D W, U) — g1 (vuicﬂxlxz; Up)
+91 (M (Ax, X2) U, Up) — g1 (n(hVx, X, ) v (U)), U;)
—91 (’ﬁuiﬂ(Xz)WP(Xﬂ; Ui) — g1 (T[XI,UI]XZ' Ui) — g1 (m(XDve([X1, Ui, U}

) (=00 A, Xy A X)) — g1 (A X, A, X)) + 9101 (A %)) ho (), X2)
]

—gl(ﬂ(ﬂxlxj)hﬁo(Xj)'Xz) + gl(vxlrl(Xj)WP(Xj)'Xz) - 91(ij77(Xj)UfP(Xﬂ,Xz)}]},

91 (Z(Up U)Us3, U4)=g1 (ﬁ(Ul; U)Us3, U4) - n(ﬁuz U3)g1 (U1, Us) + g4 (Tuquu2 Us, Us)
+91(M Ty, Uz)vepU1),Us) — g1(Vy,nU3)@Uz),Us) + g1(m(Vy,U3)@(U,),Us)
—9J1 (TUZ:TUl Us,Us) — g1 (U(TU1 U3)ve(Uz),Us) + g1 (VUZTI(U3)<P(U1): Us)
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1 A
+91(M(U3)@([U1, U2]), Us) — D) {91(U2,U3)[S(Uy, Usg)

+)" o0, U)eWy), U) - 0, (T, n U0, U,)
+91(77(§01 U)oU), Uy) + 91Ty, Ui Ty, Us) — g1 (U(Tului)U(P(Ui), Us)

+91(Vun W)U, Us) + g1 WU @([U1, UD), Us) = T j{ 91 (WVx Ty, Xj, Us)
~01(Ax;Us, By, X)) + g1 (0(RVy, X; ) v (X;), Ua) + g1 (Vx 1(X)vp (U), Us) — g1 (Vy, Ax X, Us)
+01 (1 (Ax, %) 0 UL, Us) + 91Ty, U, h¥x, X)) — 910 (1T, X; ) vop (U), Us)
~g1 (Vo n(X;)ve(X;), Us) = g1 (T[X,-,Ul]xj' U4) — g1 (X;)ve([X;, U1]), U}

g (UL UDBWLUD + ) (=g 0(T5,U)9 W), U) = g2 T, n(UD@(U), Us)

+9: M (Vy, U)oU), Uy) + g1 (T, Ui, Ty,Us) — g1 0Ty, UDve(Uy), Uy)
+0: VynWU)eU,), Uy) + g1(n(U)D([Uz, U; 1), Uy)

T g1 (v9x,70,%5, Us) — g1 (Ax,Us hT0,%;) + g1 0 (hT0, X, )0 (X;), Us)
+9, T, 1(X) v (W3), Us) — 91 T, Ax, X, Us) + 9101 (Ax ;) 0 (U2), Us)
+01 (T, Vs h95,%;) — 9101 (h¥5,X;) v (U3), Us) — g1 Tu,n (X, ver(X;), Us)
~91(Tix,0,1X) Us) = g1 (X;)ve([X;, Ua]), U} + 91 (Us, U [S (U2, Us)

+ zi {—91 (U(vuiUi)q’(Uz)' Us) — 91 (vuzn(Ui)¢(Ui); Us)
+91(U(vuz Ui)(P(Ui): Us) + 91 (TUZUL"TUL'U3) — g1 (U(TUZUL')WP(UL'); Us)

+91 (vUiU(Ui)QD(UZ): Us) + g1(n(UDe([Uz, U], Us) — Zj {91 (VﬁijUZXj; Us)
—J1 (CAX]'U3' thZXj) + g1(ﬂ(th2Xj)U(P(Xj)' Us) + g1 (ﬁij(Xj)WP(Uz); Us)
—01 (vuquijj: Us)+ g1 (77 (d‘lijj) @(Uy), U3) + 91Ty, U3, hﬁX]-Xj)

—91(n (thij) U‘P(Uz); Us) — gl(ﬁuzn(Xj)WP(Xj), Us) — g1 (T[X]-,UZ]Xj' Us)
—gl(U(Xj)U‘P([Xj: Uz])' Us3)} — g1(Uz, Uy)[ §(U1' Us)
Zi {-91 (W(’V\UiUi)QD(Uﬂ; Us) — g1 (Vy,n(UD U, Us) + g1 (W(vul U)oU), Us)

+91 (TU1 Ui::TUiU3) — 01 (TI(TUIUL')WP(UL')' Us) + g1 (ﬁuiU(Ui)fp(Uﬂ: Us)

IJPAS 2025, https://doi.org/10.29132/ijpas.1523117 https://dergipark.org.tr/tr/pub/ijpas



https://doi.org/10.29132/ijpas.1523117
https://dergipark.org.tr/tr/pub/ijpas

International Journal of Pure and Applied Sciences 11(1); 30-55 (2025) 53

+91 (WU ([Uy, Ui, Us) - Z'{‘% (VvXjTulxj: Us) — 91 (Ax;Us, hVy, X))
j
+91 (U(hvulXj)VQD(Xj): U3) + 91 (ijﬂ(xj)wp(uﬂ, U3) — 01 (vulcﬂxjxj' U3)
+91 (77 (d‘lijj) oUy), U3) + 91 (TU1U31 }ﬁxjxj) - 01 (77 (hWXij) v (Uy), U3)

=91 (Vu,n(X))ve(X;), Us) — g1 (ﬂxj,ul]xj: U3) — 91 (X)) ve([X;, U1]), U3},

91(L(X1, XUy, X3) = .91(h(vx1c"lx2 Ui, X3) + g1(c/‘lxlvvxz Ui, X3) + U(vﬁxz U1)g1(ho(X1),X3)
+91 (Vx,n(U1)ho(X32), X3) — 91 (hVx,Ax, Uy, X3) — g1(Ax,vVx, U1, X3)
—91(7I(VVX1U1)h§0(X2):X3) - 91(VX27I(U1)h§0(X1)'X3) — 01 (cﬂ[xl,xz]Ul'X3)
1 .
—g1(MUhe([X1, X2]), X3) — m {91 (X1:X3)[z_ {91 (vVchleiXi, Uy)
L

—91(Ax, U1, thiXi) + U(hﬁxixi)l% (vo(X2),Uy) + g1 (VXZU(XL')WP(XL')» Uy)

—g1 (vaicﬂszi: U1) + 91 (C’quUll thZXi) —91(n (hVXZXi)v(p(Xi); U1) — g1 (VXiU(Xi)WP(Xz)' Uy)

—91(MXDve([X,, X;1,Uy) + zj {91 (vazﬁujUj: Ul) — 1 (szn(Uj)q)(Uj), U1)
+91 (TU,-UL Ay, Uj) — 01 (U(cﬂxz Uj)WP(Uj): Ul) — 01 (Wujvvxz U;, Ul) + 91 (n(viz Uj)(p(Uj), U1)
=91 (Vun(U)he(X2), Ur) = 91V, u 1U;, U + g1 (1(U;) ([ X2, Us]), U3

—91 (XZ'XS)[Z_{gl(valJlXiXi UD) — 9 (c/ZX1 U1, hﬁxiXi) + 91 (n(hVXiXi)wp(Xl), Uy)
l

+ 91 (Vx, n(XDve(X), Uy) — 91 (vVx,Ax, X;, Ur) + g1 (c/linp hVXlXi)
—91(n(hVx X )vp(X), Us) — g1 (Vx n(XDve(X1), Us) — g1 (X )ve([X4, X1, U1}

+ Z, (9. %%, 9,03, U) — 9: T, n(U) 0 (U)), Us) + g1 (T, Us, Ax, Uj)
—91 (U(cﬂxl Uj)WP(Uj); U1 — g1 (’V\Ujvﬁvvx1 Uj, Uy) + g1(n (V.Vle Uj)‘P(Uj); U1)
—01 (Vujn(Uj)th(Xl), Ul) - 01 (W[XI,U].] fs Ul) + 9:(n(U)o([X1, U;]), U}

4. Conclusion and Discussion

This study presents significant geometric results by computing the Weyl projective curvature tensor,
the concircular curvature tensor, and the conharmonic curvature tensor under quarter-symmetric non-
metric connections in Riemannian submersions. In particular, the interplay among these curvature ten-
sors sheds light on the underlying structure of submersions, especially when totally umbilic fibers are
present. Therefore, the results indicate that quarter-symmetric non-metric connections play a pivotal role
in shaping the curvature and geometry of Riemannian submersions.

The results obtained in this study are expected to inspire further investigations into the interrelations
among various curvature tensors and potential generalizations to other geometric structures.
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