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ABSTRACT. This work proposes a matrix called the minimum covering Seidel Laplacian matrix and a new type of
graph energy called the minimum covering Seidel Laplacian energy ES . (&), which depends on the appropriate
minimum covering set of the graph G. Upper and lower bounds on ES ;. (G) are presented.
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1. INTRODUCTION AND PRELIMINARIES

In this work, G is considered as a simple graph that has vertex set V and edge set E of cardinality 7, e. The adjacent
vertices v;,v; and degree of a vertex v; are consecutively indicated as v; ~ v; and d;. The ordinary graph energy is
considered in [5] as sum of the absolute values of the graph eigenvalues. Inspired by this concept, many researchers
have worked on other types of graph energy related to minimum covering set [1, 8, 9]. The reader can follow more
background on graph energy and applications from [6,7, 10, 14] and the references therein.

Let @ # C c V. The set C is called vertex cover, if each edge of G has at least one of member of C as an endpoint.
The smallest vertex cover for a graph, called the minimum vertex cover or minimum covering set, which will be

denoted by C. The minimum covering Seidel matrix S, = S.(G) = (si j) is defined [8] as

-1 Vi ~ Vj
o 1 Vi *Vj
STy 1 iz j&vieC
0 i=j&vi¢C
and the minimum covering Seidel energy ES . (G) is known as

n

ES.(G)= ). 16,

i=1
where 6,6, ..., 6, are the eigenvalues of S .
We introduce the minimum covering Seidel Laplacian matrix S;. = S (G) = (sjj) of G as
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1 Vi~V

-1 Vi * Vv

STy n-2-2d; i=j&vieC
n—1—2d[ l=]&v,¢c

with eigenvalues p1, p», ..., p,. The reader can conclude that S ;. = D—S ., where D = diagiln—1-2d,,n—1-2d,....n—
1 -2d,).

This paper focuses on the bounds for the minimum covering Seidel Laplacian energy of a graph. The presented
bounds are related to many graph parameters. This new type of energy will be examined from a mathematical perspec-
tive. It is possible that this new energy may have applications in chemistry and other fields.

Theorem 1.1 ( [3]). Let M, N € C™" be symmetric matrices. Then,
O’,(M+N) SO’,‘(M)'FO',‘(N),

where o (\), i = 1,2, ..., n stands for singular value of a matrix.

2. MAIN REsuLTS

This section is concerned with the bounds on the minimum covering Seidel Laplacian energy, which will be defined
here. Let us give the below theorem related to the trace of S ., which is essential for the study we will carry out.

Theorem 2.1. The assertions below hold.

tr(Sie) =n(n—1)—4e - |C|,

zr((ch)2) =Zn:(n— 1-2di—&)*+nn—-1), 21
i=1

here & = 1, v,-eC
where g; = 0. vi¢C

Proof. We have

n

(S 1) =Zn]pi = s
i=1

i=1
=Z(n— 1-2d; - &)
i=1

=n(n-1)- 2Zn:d,~ - ansi
i=1 1

i=

=n(n—1)—4e—-|C|.
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Also, we get
rdmuﬂ=§}%
_ZZ sl]sﬂ)
i=1 j=
_Z 1] + Z (s§i)2
i#j i=1
=2y (o) + > (1= 1-2d; - &)
i<j i=1
fer+ (M =D )y +Zn:(n— 1 —2d; — &)
2 < 1 1
=n(n-— l)+Z(n— 1 -2d; — &),
i=1
which completes the proof. O

Proposition 2.2. If G is a k-regular graph and 6., 6,, ..., 0, are the eigenvalues of S, thenn—1-2k—-0;, j=1,2,..,n
are the eigenvalues of S ..

Proof. AsS;.=(n—-1-2k)I,—-S,, the proof is clear. O

The study in [12] implies that the energies of graphs can be considered as special cases of matrix norms defined on

C™" Trace norm of B € C"™" is defined as ||B||, = Z o; (B), where o; denote singular values. Clearly,

-3

tr (B)
=l

HB B I tr (B)
n

i -

2.2)

holds, where 4, ¢, ..., ¥, are the eigenvalues of B. By setting A (adjacency matrix) instead of Bin (2.2) and tr (A) = 0
then graph energy coincides with ||Al|.. The energy of B € C"™" is introduced as

EB) = Z tr (B)

9 — (2.3)
i=1
in [2], which is a generalization of the graph energy.
By considering (2.1) and (2.3), we may define the minimum covering Seidel Laplacian energy of G as
z n(n-1)-4e-IC|
ES1(©) =) |oi- : 24)
n

i=1

/\/
\/\

Ficure 1. G
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Example 2.3. The graph in Figure 1 with possible minimum covering sets C; = {v,,v4, vg} and Cy = {vy, v4, vs} has
the following corresponding matrices.

1 1 -1 1 -1 -1 0 1 -1 1 -1 -1
1 =2 -1 1 -1 1 1 -1 -1 1 -1 1
P B B B R N I I B e R L
=1 1 -1 -4 1 1 PPLTl11 -1 -4 11
-1 -1 -1 1 1 1 -1 -1 -1 1 1 1
-1 1 1 1 1 -4 -1 1 1 1 1 -4

SILC has eigenvalues p; ~ —5.5311, p, = —4.6032, p3 ~ —1.2864, ps =~ —0.2451, ps ~ 2.5311, pg ~ 4.1347 and
Sic has eigenvalues p; = —5.5604, p, = —4.3521, p3 = —1.0280, ps = —0.4433, ps =~ 2.3222, pe ~ 4.0615. We have
2r=D-delCl 0, 8333. Consequently, ES 1, (G) ~ 17,8414 and ES 1, (G) ~ 16,8809. Thus, the minimum covering
Seidel Laplacian energy depends on C.

Theorem 1.1 helps us to find the bound below involving ES . (G) and the average degree.
Theorem 2.4.

ES1. Q) <ES.(@+ ),

i=1

— 1
2(d-di)+ - ICI' , (2.5)

where d is the average degree.

Proof. We have § — (“=14lA) = [p - (2Dl ] 4+ (=S.,), as Sy = D + (=S.). The diagonal matrix
ed=

[D - (w) I,l] has eigenvalues 2 d- di) + ﬁ |C|, whert % By Theorem 1.1, we have

ES1(G) =Y oi(See - (”(” ~D—de- 'C')In)
i=1

n

Yo, (D _ (”(” - 1);46 - 'C')In " <—SC>)

' D_(n(n— 1)—4e—ICI)In)+ZO_i(_SC)
i=1

n

2(d-a)+ + 1]+ E5. @),
n

Thus, (2.5) is obtained. |
LetB; :=pi — w in (2.4). Then, we express ES 1. (G) as

ES1 (@) =) |B)]. 2.6)
j=1

The following lemma serves to find new bounds on ES ;. (G) .

Lemma 2.5. The assertions below hold.

S0

Jj=1
n

g 1
Z/g;: ' (n—1—Zdj—sj)2+n(n—1)—;(n(n—l)—4e—|C|)2::M. Q.7

Proof. By Theorem 2.1

Zn‘ﬁj =Zn:pj - %Zn: (n(n—1)—4e—-|C))
Jj=1 Jj=1 Jj=1

=n(n—1)—4e—-|Cl-n(n—-1)+4e+|C| =0.



N.FE. Yal¢in, N. Kirmizi, Turk. J. Math. Comput. Sci., 17(1)(2025), 59-66 63

Zﬁ Z _ n(n= 1) de- |C|)

=Zp§—;(n(n—1)—4e—|6|>2pj LS w1 -de- i)

j=1

—Z(n—l—Zd —s) +n(n—1)——(n(n—l)—4e—|C|)2
j=1
+n—lzz [(n(n=1) = 4€)* = 2(n(n - 1) - o) |C| + ICP
j=1
—Z n—l—Zd —s) +n(n—1)——(n(n—l)—4e—|C|)2
j=1

+’11 (n(n—1)=4e—|C))?

n 2 ]
=Y (n=1-2d;—&;) +n(n=1D =~ (n(r-1)=4e-|C]7,
n
=1
O
In the rest of the work, some bounds will be established on ES ;. (G) with the help of Lemma 2.5 and mathematical
inequalities.

Theorem 2.6.

n n

[ ]5

i=1

M +n(n-1) <ES;. (@) < VnM.

Proof. Using Cauchy-Schwarz inequality leads to
n 2 n n
2
S| <5155
j=1 =1 =1

ESi.(G) < VnM.

By (2.6) and (2.7), we obtain

From AM-GM inequality, we get

n(n 1) Zlﬁlwﬁf' = ijl lﬁf]

i#j i#]

n(n 1)
([ 7wt

i=1

. Using this fact with (2.7) implies

Thus, ; 1Bi118,| = n(n - 1)‘1’1[1.[31‘ n
i#j =

(ES 1 (G))? Z B+ 1B 3]
i
[e
i=1

n

>M +n(n—-1)
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Theorem 2.7. Let G be a graph with |81] > |B2] > ... = |8, > 0. Then,
Iﬁll + Iﬁnl
2\nM |B1] B,

ES1(G) 2

Proof. Letaj,b; e R* (1 < j < n). Then,

n n 2 n 2
1 U,U uu
2N\ 2 1Us U2
N DN BV e WP 2.8
j:1a]j:1 B 4[ U U U1U2] j:1aj ]] @9

where U = 112}3;; {aj}, U, = 112}% {bj}; up = 112/121 {aj}, uy = 1121}121 {bj} (see [11], p.60). Setting a; = 1 and b; = |ﬁj| in
(2.8)

Sisier =45 ] (501

_ LB+ 1B

holds. Then, by (2.7)

M ES. (@),
Mg ESe©@)
ie.,
1 w1|+wn|]
ESL.(G) > :
- 2 VM [ N

Theorem 2.8. Let G be a graph with |31] > |82] > ... = |8, > 0. Then,

2
ES1.(G) > \/nM - ”Z (B1] = B>

Proof. If aj, bj (1 < j < n) are nonnegative real numbers, then

n

2
n n 2
n
Z“?Zbi - [Zajbj} <7 Wt - wu)” (2.9)
j=1

=1 =1
where U, u; defined as in (2.8) (see [13]). By setting a; = iﬁj|, bj=11in(2.9) leads to

n n 2 2
> B - [Z |ﬁ,-|) < Bil- B,
j=1 j=1

ie.,
2
n
nM = (ES 1 (@) < 7 (Bil = 1Ba])”
Now, the proof is clear. m]
Theorem 2.9.
1:11 |'8j ey 1 :
ES1(©) = Bl +2m- )| ———— - [ [IB]"|
|,31|2(n71) 2 j=1

Proof. Let by, by, ...by > 0 and k1, ka. ....ky > 0 with 3 k; = 1. Then,
=

zn:bjkj - ﬁb’]‘/ > nk %Zn:bj - ]_[bj] (2.10)
j=1 1 Jj=1 J=1

j=
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where K = min {ky, ks, ..., k,} [4]. By setting b; lﬁ]| 1<j<nk = 2n, kj = 22(”” 11) for2< j<nand K = 5 in
(2.10) implies

Iﬁl' 25(,1 I)Zlﬁj |ﬂ1|2”l_[|ﬁ|2"("_l) —2[ Zlﬁj|_n|ﬂ/

(2.11)
1
= E Q) - = ik
5 ES 1 (6) 21_][ I8;
, n 2t , n 2nm1 ﬁll /|°”‘" b n
We also have |B;|> 1‘[2 lﬁj W=D = |By | WD ]‘[l |,3j =) — F and 22 |ﬂj| = ES ;. (G) — |B1]. Using these facts in
Jj= Jj= [ J=
(2.11) yields
2n-1
H w.] 2n(n—T) "
1 2n -1 2n -1 1 =1 1 L
— = ES,.@>"——-[|BI.
(2n 2n(n — )'B" (2 (n-1) 2n) (@) 1617 21__1[ ;
ie.,
Zn(n l)
LB+ S (g>>’nl|ﬂ el
2m-D " 21 g 24 PP
Then, we get
1—1 |,B |2»t(n—l)
17,2
ES1c (@) 2 Bil+2m- )| ———— -] |I8]"
81|70 21:[
Thus, the statement holds. m]
Theorem 2.10. M
ES.(G) < > + VMn.
Proof. By Minkowski inequality, we have
5oy
[Z(1+|,3, ] {Z|ﬁ|] +( 1] (2.12)
J=1 J=1
Using Bernoulli inequality in (2.12) and applying (2.7) states that
(n+2ES 1. (6)? < VM + vn,
which implies
M
ES;.(G) < > + VMn.
O

CONCLUSIONS

In this work, we introduce the minimum covering Seidel Laplacian energy of a graph ES . (&), which depends
on both the underlying graph G and its particular minimum covering set C. We study the minimum covering Seidel
Laplacian energy from the mathematical aspects and establish some upper and lower bounds on ES ;. (G) using mathe-
matical inequalities. The obtained bounds involve |C|, vertex degree, average degree, and eigenvalues of the minimum
covering Seidel Laplacian matrix.
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