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ABSTRACT

In this paper, we firstly provide a concise overview of S—manifolds, f-biharmonicity and 6,-slant
curves. We then derive a key equation and analyze it in detail to establish the necessary and
sufficient conditions for 6,-slant curves to be f-biharmonic. Finally, we present an example to
support our findings.
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1. Introduction

In 1964, ]. Eells and L. Lemaire explored key aspects of harmonic maps, later extending their ideas to k-
harmonic maps [7]. Based on this, G. Y. Jiang studied the case k = 2, deriving the variational formulas for
2-harmonic maps [15]. B. Y. Chen, in a comprehensive survey, defined biharmonic submanifolds of Euclidean
space, as those satisying the condition AH = 0, with A being the Laplace operator and H representing the mean
curvature vector field [5]. Notably, if the ambient space is Euclidean, the works of Jiang and Chen converge.

Expanding this field, J. T. Cho, J. Inoguchi, and J. E. Lee introduced the concept of slant curves in Sasakian
manifolds, drawing a parallel to Lancret’s theorem for Euclidean space curves [6]. Their findings highlighted
that non-geodesic curves in Sasakian 3-manifolds are slant curves when the ratio of (7 + 1), , where 7 is the
torsion of the curve, to the geodesic curvature & remains constant.

Further advancements were made by D. Fetcu and C. Oniciuc, who proposed a method to generate
biharmonic submanifolds in Sasakian space forms by utilizing the characteristic vector field flow £ [9]. They
demonstrated that this flow transforms biharmonic integral submanifolds into biharmonic anti-invariant
submanifolds. Building on this work, the author and C. Ozgiir examined biharmonic slant curves in S—space
forms, aiming to generalize these findings [10].

In a recent study [13], the author introduced 6,-slant curves, expanding the concept of slant curves within
S-manifolds. This extension introduces an adjustable parameter, 6, allowing a broader classification of slant
curves and providing examples in specific dimensional settings. The paper examines the biharmonicity of these
curves in S-space forms, contributing new insights to the geometry of S-manifolds.

In this present study, we aim to extend the results for biharmonic slant curves by exploring f—biharmonic
f,—slant curves in S—space forms. The subsequent sections provide definitions, examine the necessary
conditions for these curves to be proper f—biharmonic and conclude with an example that demonstrate these
concepts.
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2. Background and Definitions

Let (M, g) be a (2m + s)-dimensional Riemannian manifold. The manifold M is called a framed metric manifold
with a framed metric structure (¢, &, Mo, g), @ € {1, ..., s}, if it satisfies:

¢2X =-X+ 22:1 na(X)fou na((b(X)) =0, %(56) = 5«15’ ¢(£a) =0,
9(X,Y) = g(¢X,6Y) + D> na(X)na(Y), 2.1)

a=1

Na(X) = g(X,8), dna(X,Y)=—dn.(Y,X) = g(X,¢Y),

where ¢ is a (1,1)-type tensor field of rank 2m; &,...,¢; are vector fields; 7, ...,ns are 1-forms, and ¢ is a
Riemannian metricon M; X,Y € X(M) and «, 8 € {1, ..., s} (see [17], [20]). The Nijenhuis tensor N, is defined
by
for all X,Y € X(M). The structure (¢, &, 14, g) is said to be an S-structure if the Nijenhuis tensor of ¢ is equal
to —2dn, ® &, forall @ € {1, ..., s} [2].

If s =1, a framed metric structure is equivalent to an almost contact metric structure, and an S-structure is
equivalent to a Sasakian structure. For an S-structure, we have the following equations [2]:

(Vxo)Y =D {g(X, 8V ) +na(Y)$? X}, (22)

a=1

and

forall « =1, ..., s. In the case of s = 1, (2.3) can be derived from (2.2).

Let X € X(M) be orthogonal to &, ..., &. The plane section spanned by {X, $.X} is called a ¢-section in X(M),
and its sectional curvature is referred to as the ¢-sectional curvature. Let (M, ¢, &4, 14, g) be an S-manifold. If M
has constant ¢-sectional curvature, its curvature tensor R is given by

RX,Y)Z = {na(X)nﬁ(Z)¢2Y —1a(Y)1s(2)0° X — g(¢X, 0Z)1a(Y )5 + 9(9Y, ¢>Z)77a(X)€ﬁ}
o8

BT g6V, 02)8X + g(0X, 077V | @4

+ 29X, 02)8Y — g(Y,62)0X +29(X,6Y)9Z |,

for X,Y,Z € X(M) [4]. In this case, M is called an S-space form and is denoted by M (c). If s =1, an S-space
form is equivalent to a Sasakian space form [1].

Let (M, g) and (N, h) be Riemannian manifolds, and ¢ : M — N a differentiable map. A harmonic map is a
critical point of the energy functional of ¢, defined as

+

1
B6) =3 [ 16,

(see [8]). The first tension field of ¢ is defined by 7(¢) = traceVd¢. The Euler-Lagrange equation of the energy
functional E is given by 7(¢) = 0, which characterizes harmonic maps. Furthermore, a biharmonic map is a
critical point of the bienergy functional

Bao) =5 [ 170 v,

Recall that the Laplacian (also called the rough Laplacian) of a section X of the pullback bundle ¢*T'N is given
by
A?X = traceV?V?X,
where V? is the pullback connection induced by the Levi-Civita connection V¥ on N. Also, the curvature tensor
field RN of N is defined by
RN(U V)W = ViVEW — VIVEW — Vi, W.
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Using these formulas, Jiang derived the biharmonic map equation [15]:

2(¢) = —J?(7(¢)) = —~A7(¢) — traceR" (do, 7(¢))d¢ = 0,

where J? denotes the Jacobi operator of ¢. It is evident that harmonic maps are biharmonic; thus, non-harmonic
biharmonic maps are referred to as proper biharmonic.
The f-bi-energy functional of a smooth map ¢ : (M, g) — (N, h) is defined by

Bas0) =3 [ 1),

for every compact domain Q@ C M. A map ¢ is called f-biharmonic if it is a critical point of the f-bi-energy
functional [18].
In [18], Y.L. Ou proved the following lemma:

Lemma 2.1. [18] A curve ~y : (a,b) — (M, g) parametrized by arclength is an f-biharmonic curve with a function
f:(a,b) — (0,00) if and only if

f(VTVTVTT - R(T, VTT)T) + Qf/VTVTT + f”VTT =0.

As aresult, v is a proper f-biharmonic curve if and only if

! "

73 = VoV VpTl — R(T, VTT)T + 2f7VTVTT + fTVTT =0,

where f is a non-constant function.

Let v : I — M be a unit-speed curve in an m-dimensional Riemannian manifold (14, g). The curve ~ is called
a Frenet curve of osculating order r (1 < r < m), if there exist g-orthonormal vector fields V1, V5, ..., V; along the
curve satisfying the Frenet equations:

T = Vi=+,
VrVi = kiVa,
VoV = —kjiaVioi+kiVi, 1<j<r, (2.5)
VrVe = —k Vi1

Here, k1, ..., k,—1 are positive functions known as the curvatures of ~. If k; = 0, then  is referred to as a geodesic.
If k4 is a non-zero positive constant and r = 2, v is called a circle. If k1, ..., k,_; are all non-zero positive constants,
then ~ is called a helix of order r (r > 3). When r = 3, it is simply referred to as a helix.

A submanifold of an S-manifold is said to be an integral submanifold if n,(X) =0, o € {1,..., s}, where X is
tangent to the submanifold [16]. A Legendre curve is a 1-dimensional integral submanifold of an S-manifold
(M?™F5 ¢, €4, M0, g)- More precisely, a unit-speed curve v : I — M is a Legendre curve if T is g-orthogonal to
all¢, (a=1,...,8) [19].

3. 0,—Slant Curves in S—Manifolds

In this section, we review the concept of 6, —slant curves in S-manifolds:

Definition 3.1. [13] Let M = (M?™"%,$, &4, N4, g) be an S-manifold, and let v : I — M be a unit-speed curve. y
is called a 0, —slant curve if there are constant angles 6, (a = 1,...,s) such that 7, (T") = cos6,. These angles 0,
are referred to as the contact angles of .

It is easy to observe that Definition 3.1 generalizes the family of slant curves to 6, —slant curves. In particular,
a 0, —slant curve is called slant if all its contact angles are equal (see [10]).

For a 6,—slant curve, it is known that 7,(V2) =0 for all « =1,...,s. The following notations are used
similarly to [13]:
a= Z cos?l,, b= Zcos@a, V= Z cos 0,&,-
a=1 a=1 a=1
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Corollary 3.1. [13] If y is a slant curve, then
a=scos’f, b=scosb, V= cos@me

where 6 denotes the common contact angle of .

Let v be a non-geodesic unit-speed 6,—slant curve. Then, g(¢T,¢T) =1—a > 0. If a =1, we have ¢T =

which implies 7' = V. Hence, V1T = V)V = 0, meaning that ~ is a geodesic as an integral curve of V.

Proposition 3.1. [13] For a non-geodesic unit-speed 6,,—slant curve in an S-manifold,

S
a= Zcoszﬁa < 1.
a=1

Proposition 3.2. [13] For a non-geodesic unit-speed 0, —slant curve in an S-manifold (M, ¢, {q, 1w, g), we have

VrdT = (1-a) Y &a+b(-T+V) + k1Va.

a=1

4. f-biharmonic ¢,-Slant Curves in S-Space Forms

0,

(3.1)

In this section, we consider proper f-biharmonic 6,-slant curves in S-space forms. Let v be a unit-speed

f4-slant curve in an S-space form (M, ¢, &4, N, ¢). In [13], it is shown that

R(T,VT)T = —ky |b? + 6235

(1 - a)| Vo — 3k, =" (6T, V) 6T,

7 () =VrVrVrT — R(T,V7T) T

Thus, we can calculate

!/ 1
3 = VoVprVeT — R (T VTT) T+ QJ; VrVrT + fTVTT
f/
= (—3k1k’1 - Qkff> T (4.1)
1"
+ [k’{kffklk%kl [b2+ 0238(1f )] +2fk’ J; V2
/ —
+ <2k’1k2 Fkakh + 2§k1k2> Vs + kikoksVa + 3k1 S g(6T, V)T
As a result, we can state the following theorem:
Theorem 4.1. +y is a proper f-biharmonic 0,,-slant curve in an S-space form (M, ¢,Eq, Mo, g) if and only if
f/
2— = .
k1 + 7 0, 4.2)
5 g2 _ 1 "k 2 ¢ +3s
L Y 1— S 2 g(eT, 4.
/ c—
ky + 2k2 5 + ngj; + 3ng(¢T, Va)g(¢T,V3) =0, (4.4)
kaks + 35 g(6T, V2)g(T, Va) = 0 (45)
and g(73,¢T) = 0.
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Proof. Let v be a proper f-biharmonic §,-slant curve. Then 75 = 0. From equation 4.1, if we apply T, V5, V3,
Vi, and ¢T, we obtain equations (4.2), (4.3), (4.4), (4.5), and g(73, 1) = 0. Conversely, if the given equations are
satisfied for a 6,-slant curve, it can be easily shown that 75 = 0. Therefore, ~ is a proper f-biharmonic curve. [J

The following Lemma will be crucial for the reader to understand the results of next cases:

Lemma 4.1. Let y = y(z) be a real valued function. Furthermore, let ¢ > 0, A > 0 be real constants, ¢ € {—1,0,+1}
and u = u(x) = 2 x + ¢4 for an arbitrary constant c4. Then the autonomous ODE

3(y)° —2uy" = 49? [(1+3) y* — eN?]

has the general solution of the form

+VvVN+ M
— L’ (4.6)
D
where the functions N, M and D denotes
(i) fore =4+1land X > 0 :
N =Nsec®u. [— (1+c3+c3)sec’u+ (1+c5—c3)], 4.7)
M = Aegsec®u, D = (1+ c3)sec>u— (143 —c3); (4.8)
(1) fore =—land A > 0:
N = M sech? u. (143 +c3) sech? u — (1+c3+a3)], (4.9)
M = Aesgsech?u, D = (1 +c3) sech? 1 — (145 + cg) ; (4.10)
(t3i) fore =00r A =10
N =0, M = 4cs, (4.11)
D = c3a? + 2c3cyx + c3cs 4 16¢35 + 16. (4.12)

Note that the arbitrary constants of the general solutions in Lemma 4.1 are denoted by c3 and ¢, to distinguish
from ¢; and ¢y, which will be used in some other equations later.

Now, we are all set to consider the equation g(73, $T") = 0 from all points of view. Notice that if the coefficient
of ¢T vanishes, then g(73, ¢T') = 0 is satisfied directly. The cases are:

Casel.c=s.

Case II. ¢ # s and g(¢T,V2) = 0.

When the coefficient of ¢T does not vanish, we will investigate two more cases:

CaseIll. ¢ # s and ¢T || V.

Case IV. ¢ # s and g(¢T, V») # 0 or £/1 — a.

One might ask what happens if ¢T itself vanishes as a vector field. In this case, as shown in [13], we have
T=V=>"_,cos0,& and k; = 0. Thus, equation (4.2) implies that f is a constant. Consequently, v cannot be
a proper f-biharmonic curve. Note that being proper f-biharmonic means f-biharmonic but not biharmonic.
Likewise, being proper biharmonic means biharmonic but not harmonic.

Casel.c=s.

In this case, equations (4.2-4.5) become

f

k1 Ly 25 =0, (4.13)

k3 4 k3 = Z+J;+2J;k;+62+s(1—a) (4.14)
f

K, + 2k2k + 2ko = 7 =0, (4.15)

feoks = 0, (4.16)

By solving these equations, we can state the following theorem:
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Theorem 4.2. Under the assumption ¢ = s, v is a proper f-biharmonic 6,-slant curve in (M, ¢, &, Na, 9) if and only if:

(i) ~yis of osculating order r = 3 with f = clka/z, % = co, and k1 = k1 (t) is of the form

=N+ M

k1 (¢) )

where the functions N, M and D are denoted by equations (4.7) and (4.8) and

A=/ +s(l—a)>0, u=u(t) =2\t+cq,

c1 >0, co >0, c3 and cq are arbitrary constants, t is the arc-length parameter; or
(it) v is of osculating order r = 2 and satisfies the above equations and inequalities, except for the inequality c, > 0,
where instead co = 0.

Proof. Let ki = k1(t), where t denotes the arc-length parameter. From equation (4.13), it is easy to see that
f=ck; 32 for an arbitrary constant ¢; > 0. Thus, we obtain

o315 (K3 (4.17)
f 2k f 4 \k 2k’ ‘

If k5 = 0, then + is of osculating order r = 2, and equations (4.13) and (4.14) must be satisfied. Therefore, the
second equation combined with (4.17) yields the ODE

3(KY)? — 2ki kY = 4k [k — (0* + s(1 —a))]. (4.18)

This ODE can be solved using Lemma 4.1. Firstly, 1 + ¢ = 1 gives us ¢, = 0. Since s > 1, 1 —a > 0 and b* > 0,
we have b? + s(1 — a) > 0. We can write

V4 s5(l—a) = sgn(b2+s(1—a)).( b2—|—s(1—a))2

= e\

where we denote \; = /b2 + s(1 — a). Now that e = +1 and A\; > 0, using Lemma 4.1 (i), we find that %; (¢)
is of the form (4.6) where N, M and D are as in equations (4.7) and (4.8) (with ¢, = 0). Notice that c; = 0 is
equivalent to ks = 0 = cpk1 when r = 2.

If k; = constant # 0, we find that f is a constant, indicating that -y is not proper f-biharmonic in this case. For

ko # constant, from equation (4.16), we have k3 = 0. Thus, v is of osculating order r = 3. Using equation (4.17),

equation (4.15) gives us %2 = ¢,, where ¢, > 0 is a constant. Substituting these results into equation (4.14), we
q g k1 g q

obtain the ODE
3(k1)? — 2kik] = 4kT[(1+ B)kT — (° + s(1 - a))]

which gives the general solution using Lemma 4.1 and the proof is completed. O

CaseIl. ¢ # s and ¢T L V5.
In this case, g(¢T, V3) = 0. From Theorem 4.1, we obtain

35 428 =,
kY f” ! K} f/ 2 c+3s
k%‘i’kg: k711+7+2k71T+b +T(1*a),
’ X
kg + 2ka I 4 2ky 72 = 0,
koks = 0.
Firstly, we need the following Lemma from [13]:

Lemma 4.2. [13] Let y be a 0,—slant curve of order r = 3 in an S-space form (M, ¢,&q, N, g) and ¢T L Va. Then,
{T, V3, V3, ¢T, N1 ¢T, &1, ..., Es } is linearly independent. So dimM > 5 + s.

Now we have the following theorem:
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Theorem 4.3. Let vy be a 0, —slant curve in an S-space form (M>"45 ¢, €q, N0, g), a € {1,..., s}, c # sand ¢T L Va.
Then ~y is proper f-biharmonic if and only if

(1) v is of osculating order r = 3 with f = clka/Q kj

7?2627771237

{T = Vl; Vv27 VE% ¢T7 VT¢T7 517 '-'758}

is linearly independent and ky = k1(t) is of the form

=N+ M

k1 o)

where the functions N, M and D are denoted by
(a) equations (4.7) and (4.8), for b* + [(c + 3s) /4] (1 —a) > 0;
(b) equations (4.9) and (4.10), for b* + [(c + 3s) /4] (1 — a) < 0;
(c) equations (4.11) and (4.12), for b + [(c + 3s) /4] (1 — a) = 0;

with
ho = ¢

or arbitrary constants c; > 0, co > 0, c3 and c4; or
bitrary constant, 0 0 d
(2) v is of osculating order r = 2 and satisfies the above equations and inequalities, except for m > 3, ¢ > 0,

b +

3
(c—z S>(1—a) , u=u(t) = 2ot + ¢y,

{T=Vv1,V2, V3, 9T, Vr¢T, &1,y ..., s}
is linearly independent, where instead m > 2, co = 0,
{T =V, Vo, ¢T, V1T, &1, ..., s}
is linearly independent.

Proof. The proof is similar to the proof of Theorem 4.2. In this case, we have the ODE

(c+3s)
4

3(K))? — 2k kY = 4k2[(1 + 2)k? — [b2 + (1— a)} .

We use Lemma 4.1 using the fact that

b2 + 8238 a sgn <b2—|— C—ZBS(I—a)> <\/

= e\l

2

—~
—_
I
~
I

b2 4+ C238(1 —a)D

For b2 + [(c + 3s) /4] (1 — a) > 0, we have ¢ = +1 and Ay > 0. For b + [(c+ 3s) /4] (1 —a) < 0, we find ¢ = —1
and Xy > 0. Finally b? + [(c + 3s) /4] (1 — a) = 0 gives e = 0 and Ay = 0. O

CaseIIL. ¢ # s, ¢T || Va.
As a result of the assumptions of this case, we have ¢T = ev/1 — aVa, g(¢T, V2) = ev/1 — a, g(¢T,V3) = 0 and
g(¢T, Vy) = 0, where € = sgn(g (¢T, V2)) = £1. From equations (4.4) and (4.17), we can write

-3 ki k1
ks + 2k (1) +2ky - =0. 4.19
2k (5 ) + 2k (419)
Integrating (4.19), we have
k2
E = C2,

for some constant ¢, > 0. Likewise in [13], for non-constant k1, one can show that if 7" = ¢y/1 — a5, then

ko = Vad? — as + b2 + 2ebd + s,
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where d = £, /v/1 — a. So we get

Vad? — as + b2 + 2ebd + s

=cCy
k1 ’

which is equivalent to

2¢eb
2 2

If this equation is quadratic or linear in terms of k;, then k; becomes a constant and ~ cannot be proper f-
biharmonic. Let us assume
- O’
+ 1
2¢eb
a—1

as—b>—s=0.

The second equation above gives that b = 0. Then the last equation reduces to as — s = 0, that is, a = 1. But in
this case v becomes a geodesic as an integral curve of V and cannot be proper f-biharmonic. Hence, we give
the following result:

Theorem 4.4. There does not exist any proper f-biharmonic ,—slant curve in an S-space form (M?>*™, ¢, 0, 0o, 9)
with ¢ # s and ¢T || Va.

Case IV. ¢ # s and g(¢T, V2) isnot 0 or /1 — a.

In this final case, let (M*™"%, ¢,£,, 74, 9) be an S-space form and v : I — M a 6,-slant curve of osculating
order r. Note that r = 2 corresponds to ¢T espan{V,} , which was investigated in CaseIll. Solet 3 < r < 2m + s.
If v is f-biharmonic, then ¢T € span{Vs, V3, V,}. Let 5(t) denote the angle function between ¢7" and V3, that is,
g9(¢T, Vo) = +/1 — acos (t). If we differentiate g(¢T, V>) along v and use equations (2.5) and (3.1), we get

—V1—af(t)sinB(t) = Vog(oT,Va) = g(VrdT, Va) + g(¢T,VrVs)

=g ((1 —a) Zﬁa +b0(=T+V) + k16Vs, Vz) + g(¢T, —k1 T + k2 V)

a=1
— kag(6T, Va). (4.20)
If we write ¢T = g(¢T, Va)Va + g(¢T, V3) Vs + g(¢T, Vi) Vs, Theorem 4.1 gives us
3 + 2f—/ =0, (4.21)
k1 f
A A c+3s c—s
2 2 F1 ) J M 2 _ _ 2
ki + k5= k1+f+2fk1+ b + 1 (I—a)+3 1 (1—a)cos” |, (4.22)
!
K+ 2k2 + 2k2J; y — /T —acos Bg(¢T, V3) = 0, (4.23)
koks + 3T\/1 —acos Bg(dT, Vy) = 0. (4.24)
If we substitute (4.17) into (4.22) and (4.23), we find
2
24 k2 24 c+3s,.. _ KM 3 (R
ki +k5=10 1 —— (1 —a)+ +3¢ (1 a) cos? 3 T t3 W) (4.25)
/
kb — k 4 VI acos Bg(¢T, V3) = 0. (4.26)

If we multiply (4.26) by 2k, and use (4.20), we obtain

K 3(c—s)
ep Ky — 2]?1/«5 +=

Let us denote v(t) = k3(t), where ¢ is the arc-length parameter. Then (4.27) becomes

(1 —a)(—28' cos Bsin B) = 0. (4.27)
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1ok 3(c—s)
k1 4
which is a linear ODE. If we solve (4.28), we get the following results:
1) If B is a constant, then

(1 —a)(—28' cos Bsin B), (4.28)

Ry _

ki
where ¢; > 0 is an arbitrary constant. From (4.20) and (4.30), we find g(¢T, V3) = 0. Since ||¢T|| = /1 —a and
¢T = /1 —acos Vo + g(¢T, Va)Vy, we obtain g(¢T, Vi) = /1 — asin 3. Using (4.22) and (4.29), we have

ca, (4.29)

c+3s+3(c—s)cos? 3

3(k))? — 2k k) = 4k3 | (1 4+ 3)kT — b — 1 (1—a)l.
i1) If B = B(t) is a non-constant function, then
k2 = fw(l —a)cos? B+ p(t)k3, (4.30)
where
3(c—s cos? Bk}
u(t) = — ( 5 ) (1—a) / kf Lat. (4.31)
i

If we substitute (4.30) into (4.25), we find

2
o 4o, CH3s 3c—s) . o, K3 (k
1+ p(t)] ki =0+ 1 (I1—a)+ 5 (1 —a)cos”p o 3 )

Hence, we can state the following final theorem:

Theorem 4.5. Let vy : I — M be a 0, —slant curve of osculating order r in an S-space form (M?"%5 ¢, 0, N, g), Where
r>3,c#s,9(¢T,Va) = /1 —acosB(t) isnot 0or £v/1 — a. Then ~ is proper f-biharmonic if and only if f = clk1_3/2
and

(2) if B is a constant,

L
ke
_ 2
3(k))? — 2k k) = 4K {(1 + k3 - {bQ A h 3(2 s)eos By a)] }
by = £ e )
(12) if B is a non-constant function,
k2 = —3(64_ 5) (1 — a) cos® B 4 p(t).k3,

3(k})? — 2k, k) = 4k2 {(1 + )k — [bQ L otdst 3(2_ $)cos* By _ a)} } :

3(c—s)sin2fsinw

/{52]{13 =+ 3 (1 - a) )
where ¢y and cy are positive constants,
¢T = /1 —a(cos fVa % sin 8 coswV3 £ sin SsinwVy) , (4.32)

w = w(t) is the angle function between V3 and the orthogonal projection of ¢T onto span{Vs, Vi}. w is related to 3 by
cosw = Ff' [ko and p(t) is given by
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Proof. The proof follows directly from the preceding calculations. The equation cosw = :F% is derived using
equations (4.20) and (4.32). O

In case 3 is a constant, we can give the following direct corollary of Theorem 4.5:
Corollary 4.1. Let v : I — M be a 0,—slant curve of osculating order r > 3 in an S-space form (M>™F ¢, €4,y 9),
where ¢ # s, g(¢T,Va) = /1 — acos B is a constant and 3 € (0,2m) \ {g, , 37"} Then + is proper f-biharmonic if and
only if f = ciky */*, &2 = ¢y and ky = k1 (t) is of the form

by — +VN + M
D
where the functions N, M and D are denoted by
(a) equations (4.7) and (4.8), for b* 4+ {[c + 3s + 3(c — s) cos® B] /4} (1 — a) > 0;
(b) equations (4.9) and (4.10), for b + {[c+ 35+ 3(c — s) cos® 8] /4} (1 —a) < O;
(c) equations (4.11) and (4.12), for b*> + {[c + 35+ 3(c — s) cos? 8] /4} (1 — a) = 0;

with
A = ¢

for arbitrary constants ¢, > 0, ¢ > 0, c3 and cy;

c+3s+3(c—s)cos?

b2
+ 4

(1 —a)|,u=u(t) =2\t + cq,

3(c—s)sin2p

kzk‘g =4+ 3 (1 — CL)

and ¢T = /1 — a (cos BV, £ sin 5V}).
Proof. In this case, we have the ODE

c+3s+3(c—s)cos? B

3(K})% — 2k kY = 4k2[(1 + Ak — |2 + ;

(1—-a)l.

Using Lemma 4.1 and Theorem 4.5, the proof is clear. O

5. Construction of an Example in R°(—6)

Firstly, let us recall the structures defined on a special S-manifold. Consider M = R*™"¢ with the coordinate
functions {x1, ..., Zm, Y1, -, Ym, 21, - .-, 2s } and the following structures:

0
fa: £7 0421,...,87
= - Za — AL ; y a=1,...,8,
n 9 '719

m 8 m a m S a

g= " @n"+

a=1

= d o g d
X = ; (X"axi +Yiayi) +) <Zaaza> € x(M).

a=1

e~ =

Z (dz; ® dx; + dy; ® dy;) .
i=1

Here,

Then, (R2m+s, 0, €0,n%, g) becomes an S-space form with constant ¢-sectional curvature —3s. This manifold is
denoted by R?""¢(—3s) [14]. The following vector fields

X, =2

B, "9 9
Xppos = 0 X; = 2 E = —9 Y
oy;’ meti = OXi <8xi+yla_1 8za>’ Lo 0z
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form a g-orthonormal basis of x(M), and the Riemannian connection is given by

VX X; = Voo Xty =0, Vi, Xty =065 bar Vi Xj= =05 &a,
a=1 a=1
Vxla =V, Xi=—Xmpi, Vx,.6a =V, Xmpi =X
[14]. Let us choose m = 2 and s = 2. Now, let v : I — R5(—6),y = (1, ..., 76) be a unit-speed 6,,-slant curve. We
can calculate .
T'=35 [v3 X1 + 7 X2 + 71 X5 + 75 Xa + &

where we take 0, = 7 and 6, = Z. Then, g(T,T') = 1 gives us
()7 + (%) + (1)* + ()" = 3. (5.1)
We also have 1
T = 3 [ X1 — 75 X2 + 73X5 + 74 X4] . (5.2)

After calculations, we obtain

L (v +7) Xa+ () +73) Xeo
ver=<| B, 4T : 5.3
TR OF ) Xk (F — ) X &3
Let us select
1
kl - m7 (54)
1
k2 - 9 ¥+ tg)
V1T
ks = (241, (5.5)
g(oT, V) = ? cos 3 = constant,
2
cosf = i%;(5z13%9m18%ﬂ,
fo= @+
From (5.3) and (5.4), we get
W+ + 0+ 1 4

+(0f =) + (38 =) (2+%)*
We also have n'(T) = cosf; = 0 and n*(T) = cos 6 = 1/2, which leads to
V5 =173 + V3,

Y6 = 1+7173 + 1371
Using V7T = ki1 V>, we get

1

2+t2 "/ 1N

= — (34w — 173 + Y9 vs — 12vd) -

Notice that for ¢; =1, ca =1, c3 = 4, ¢4 = 0, Corollary 4.1 (c) is satisfied. In fact, since b=1/2, ¢ = —6, s = 2,
sin2f = £v/17/9 and a = 1/4, we have

2+c+3$+3(c—s)00525

b
4

(1_0’):07
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by — 1 o 463
YT o2 2a? 4 2ckcum + A3 + 1662 4 167
1
ky = —— = cok
2= 5 Cak1,
VIT | 3(c—s)sin2
k2k3::|: 1 — + (C 88)Sln B(l—a).

As a result, under these circumstances, ¥ becomes a proper f-biharmonic 6, —slant curve for f = (2 + t2)3/2 in
RS(—6).

6. Conclusions and Future Work

In this study, the properties of f-biharmonic §,—slant curves defined on S-manifolds have been investigated.
In the future, it will be important to explore broader classes of these structures and conduct studies on
applications of 6,—slant curves and their implications in various systems. Recall that §,—slant curves are
defined as all the contact angles are constant seperately. As an idea, two possible generalizations can be given
as

S
a= E cos? 0, = constant
i=1

or
s

b= Z cosf, = constant,

i=1
where the contact angles do not need to be constant but their sum or squared sum to be constant. Then 6, —slant
curves will be a subclass and the results on these curves will be corollaries of those future studies.
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