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1. Introduction

Brood parasites are organisms that use of host individuals either of the same or different species to raise the young of the brood-parasite. We
consider the Common Cuckoo (Cuculus canorus), formerly European Cuckoo, and host birds interaction deterministic model. Cuckoo is a
brood-parasite, which lays its eggs in the nests of other bird species, particularly of Dunnocks, Meadow Pipits, and Eurasian Reed Warblers.
The cuckoo egg hatches earlier than eggs of the host bird. Cuckoo chick is much larger than its hosts [1]. It grows faster and monopolizes
food supplied by the host parents [2]. Shortly after hatching it evicts all host eggs and chicks by rolling and pushing the other eggs and
chicks out of the nest [2]. For the sake of simplicity we assume that it evicts all host chicks and eggs immediately after hatching and that the
host bird takes care of only one cuckoo’s chick living in the nest. If the hen cuckoo is out-of-phase with the host eggs, she will eat them all so
that the hosts are forced to start another brood [2, 3].

In this paper, we present a common cuckoo and a host species interaction deterministic model described by a coupled system of integro-PDEs
and prove the existence of its separable solutions. We take into account age of birds and a finite set of eggs in the nest and generalize
a one-sex population model given in [4]. We assume that all individuals have pre-reproductive, reproductive, and post-reproductive age
intervals. Individuals of reproductive age are divided into single and those who care of young offspring. Individuals of pre-reproductive
age are divided into young (under maternal care) and juvenile classes. Juveniles can live without maternal care but cannot produce their
offspring. It is assumed that after the death of mother all her young offspring die.

For the sake of simplicity, we consider (i) the joint parental care period which consists of the incubation and chick feeding periods and (ii)
the same reproductive period for cuckoos and host birds. We also assume that the brood parasite lays his egg before incubation of clutch has
started and do not take into account migration of cuckoos. To the best of our knowledge deterministic differential models have not been used
yet for description of the interaction of cuckoos and host bird species.

The paper is organized as follows. In Section 2 we formulate the problem. In Section 3 we consider separable solutions of the model.
Concluding remarks are given in Section 5.

2. Notation

(0,T) and (T1,73) (T < Ty < T3, T < T3 —T}): the child care and reproductive age intervals, respectively, (the same for host birds and
cuckoos),

u(t,71): the age density of host birds aged 7| at time  who are of juvenile (7] € (T,T})), single (1] € (T1,73)), or post-reproductive (7 > T3)
age,

uy(t,71,7): the age density of host birds aged 7| at time # who take care of their , 1 < k < n, offspring aged 7, at the same time,

v(t,7)): the natural death rate of host birds aged 7; > T at time ¢ who are of juvenile or adult age,
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Vi (¢, 71, ): the natural death rate of host birds aged 7; at time ¢ who take care of their k offspring aged 1,

Vis(t,T1,T2): the natural death rate of k — s host young offspring aged 7, at time ¢ whose mother is aged 7; at the same time,

oy (¢, 71 )u(t,7)dTidt, i (t,71) < 1,: the average number of host birds of age from interval [71, 7| +d7y], 71 € (T1,T3), at time ¢ who lay k
eggs in their nest in time interval [¢,7 + d1],

uc(t,71,m): the age density of host birds aged 7| at time 7 who take care of a cuckoo chick aged 1,

Ve (t,71,72): the natural death rate of host birds aged 7, at time 7 who take care of a cuckoo chick aged 1,

Veo(t,71,72): the natural death rate of cuckoo chick aged 7, at time ¢ whose host mother is aged 7; at the same time,

Oer (2,71 ) O (2,71 Ju(t, 71 )dT1de, 0 < 04 (2,71 ) < 1,: the average number of nests formed of one Cuckoo’s and k of host bird eggs laid in time
interval [r,7 4 dt] by host birds of age from interval [t1, 7] +d 1],

f(£,7): the age density of Cuckoos aged 7. at time ¢ who are of juvenile (7. € (T,T})), reproductive (1. € (11, 73)), or post-reproductive
(Te > T3) age,

Vr(t,7): the natural death rate of Cuckoos aged 7. at time ¢,

uo(T1), uk (71, 72), 40 (T1, T), fo(Tc): the initial age distributions,

T, = T1 4+ T: the minimal age of an individual finishing care of offspring of the first generation,

T4 = T3 + T': the maximal age of an individual finishing care of offspring of the last generation,

a=Y" o, V= v+ v,
O={(t,m):n1€(N+n,T+nm),ne(0,T)}

3. The model

In this section we present a deterministic model for co-evolution of an age-structured population of host birds and cuckoos taking into
account a finite number of eggs in the nest. We assume that all young offspring become juveniles at age 7| = T and all juveniles become
adults at the age ) = T7. Let n be the biologically possible maximal number of eggs of prey laid in the nest. Denote

Liu= diu+ oy u+vu, 3.1

Lyz = 0iz+ 0y 2+ 0,z forz=uc, uy. (3.2)

The model is composed of the following coupled system of integro-differential equations:

L2uc + aTguc + (VC + VCO)ML' = Oa (Tl ) 72) S Qa > Oa
n
Ue| o= k):l aaogu, 7€ (N,T3), t>0, (3.3)
ML‘!t:O = Uco, (T17T2) € Q7
n—1
Lyup+ (Vo + ¥ Vis)un =0, (71,m) €0, t>0,
s=0

k-1
Loug+ (Vi + Zo Vies ) Ui
=

n 3.4
= Z vXkMSa 1§k§n717 (T1372)€Q7 t>07
s=k+1
uk’t:O =uy, (1,m)€0, k=1,...,n,
wel o= gu(l—ay), me(T,B), 120, k=1...n,
0, 7 €(T,T1)U(Ty,), >0,
u=T1 n
—ou-+ f (Z Vkouk—i-vcouc)dfz, T € (Tl,Tz), t>0,
0 k=1
T n
—ou+ | (kZl Vol + Veotte ) d T
0 k=
n
+(kzluk+uc‘)|’f2:T7 T € (T27T3)7 > 07
_ T oa
Liu= I (X Vioux + Veoue)dm, (3.5
71-T3 k=1

n
+(k):1 Up +MC) |T2:T7 T € (T37T4)7 r> 07

T, n
u|Tl:T:T£k§1kuk‘T2:Td'L’1, >0,

M|t:0 =up, T1€ [Tvoo)a
i=1,2,3,4, 1>0,

M|‘L'1:T,'70 :“’r,:mov
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Of+0rf=—vef,7e>T,t>0,
I
f|TF:T = Tj uc|TZ:Td‘L'17 t>0, (3.6)

2

f|t:0:f0> TCE[T,OO).

Here d; and dy, signify partial derivatives. We describe fraction o, by the function

T
Tf Bi(t,t1,7) f(t,7e)d e

(Xck(l,fl) = (37)

T
[ f(t, 7).
T

The first term on the right-hand side in Eq. (3.5) is conditioned by individuals who produces offspring, the second and third terms are
k=1

conditioned by individuals whose all young offspring die and who finish child care, respectively. The transition term ) Vi on the
s=0

left-hand side in Eq. (3.4) is conditioned by individuals aged 7; at time # who take care of k young offspring and whose at least one young

offspring dies. Similarly, the term on the right-hand side in this equation is conditioned by individuals aged 7] at time ¢ who take care of

more than k,1 < k <n—1, young offspring aged 7, whose number after the death of the other offspring is equal to k. As follows from the

foregoing, the given functions Vv, Vi, Vis, Ve, Ve0, V5 Qs Ceks U0, Uk, Ucos fo must be positive supported. Constants 7', 71, and T3 are assumed

to be given and positive. The assumptions T < Tj, T < T3 — T7 given in Section 2 are natural.

Densities of offspring of hosts and cuckoo we define by formulas

T3+ n B+1
ult,v) = / Y kw1, m)dT,  f(1,0) = /“c(tvfl:TZ)dfl (3.8)
Ti+1 k=1 Ti+1

where 7, € [0,7].
4. Separable solutions to problem (1)—(7)

In this section we restrict ourselves to the case where the vital rates v, V¢, Veo, Vf, Vi, Vs O, Ok and By do not depend on r. We seek
solutions of the form

u=Uv(t)p(t,71,A),v(T) =1,

uk:Uv(’L'l —Tz)vk(fl,’fz)p(hfhl), (4'1)
ue =Uv(t) — 0)ve(T1,2)p (8, 71,A),

f=Uw(t)p(t, e, ),

u():Uv(Tl)p(O,Tl,;L),

uro = Uv(t) — 12)vie(71,72)P (0,71, 1) 42
uco = Uv(t) — )ve(71,72)p (0,71, 1)

fo=Uw(1)p(0,7,2),

where p(f,71,A) =exp{A(t — 71 +T)}, U > 0 is an arbitrary constant while constant A and functions v, vy, v, and w are to be determined.
Obviously, separable solutions are the steady-state solutions if A = 0, die if A < 0, and grow if A > 0.

Theorem 4.1. LetV and Vy, By, G, and functions Vi, Vis, Ve, Veo be positive in domains [T,e0), [Ty, T3] x [T1, T3], [T, T3), and Q, respectively,
and let o < 1in [TI,T3], Bk <lin [T17T3] X [T17T3].

If B € CYO([11, T3] X [T1, T3]), Vi Vis, Ve and v € C°(Q) NC'(Q), oy € CO([T1, T3] NC(T1,T3), v and vy € CO[T, o), then system
(1)—(7) has at least one class of positive separable solutions of type (4.1), (4.2).

If 9:. B = 0 and By € CO([T1, T3] NC ((T1, T3)), then system (1)—~(7) has only one class of positive separable solutions of type (4.1), (4.2).
In both cases of By, ve and vy € C°(Q)NCH(Q), k=1,...,n, v € CO([T,))NC! ((T,oo) \{T1,T», T3, T4}).

Proof. Inserting Egs. (4.1), (4.2) into (1)—(7) we derive equations for v, vy, w, v,

O ve+0,ve + (Ve +Veo)ve =0 inQ,

n 4.3)
ve(11,0) =k§1 or(t)qr(ti,A), € (T, T3),
Ot Vn + 05,V + Vv, =0 inQ,
n
I+ +Vive= L Vgvs, 1<k<n—1inQ, 4.4

s=k+1
vi(71,0) = g (1 —qi(1,14)), k=1,....n, 11 €(N,T3),
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w =—vw in (T,e)
I 4.5)
w(T) = [v(x)ve(x+T,T)exp{—Ax}dx,
T
0 in (T,1)U(Tye), w(T)=1,
T
—av+ [K(t, 1 —x)v(x)dx in (T1,T2),
T
T
, —av+ [ K(t1,71 —x)v(x)dx+A(t)v(t) —T)
V4vy= o—T (4.6)
in (72, T3),
T3
f K(Tl ,T1 —x)v(x)dx +A(Tl)V(T1 — T) in (T3, T4)7
71—T
V(TZ_O):V(TI_'—O)7 i:17273747
and the characteristic equation for 4,
T
/exp{ Ax} Zkvk (x+T,T)v(x)dx =1 4.7
T
where
T3 T3 —1
g(e1,4) = [ Bz, )w(x)exp{~Ax}dx( [w(x)exp{~Ax}dx)
T T
n
K(t,1,A) = kf.l Vio (T1, T2) Vi (T15 T2) + Veo (T1, T2)ve (T1, T2),
A(’L’]7 ) Z (T], )+VC(T1,T).
Here and in what follows the prime indicates differentiation.
We integrate Eq. (4.5) obtaining
T
w(te) = w(T)exp{f/vf(é)dé} 4.8)
T
Therefore
o) - B0l vy (©)dE)da
J17 exp{—Ax— [Fv;(&)dE} dx
Then integrating Egs. (4.3) and (4.4) we determine functions v, and v,,
n 2
(71, %2) Z (11 — ) q(T1 — T2, A) X exp{— / Ve(X+T1 = T2,%) + Veo (x + T1 — T2, X)) dx}, 4.9)
k=1 0
T
Vn(T1,72) = 0 (71 — ) (1 — (1 — Tz,l))exp{f/\?n(er o~ 7,0)dx} (4.10)
0
and derive equations for vy, k=1,...,n—1,
vi(T1, ) = o4 (11 — ) (1 — g (71 — 12, 1)) (4.11)
2 2 2
x eXp{—/ Vi(x+ 11 — T2, x) dx} +/ Y (Vave) v+ —72,y) exp{— / Vi(x+ 11 — T2, x) dx}dy
0 - y
Equation (4.11) can be solved in the recurrent way starting with k = n — 1 and using function (4.10). It is evident that v, and v; €

c(Q)nCcl(Q),k=1,....n
Now we solve Eq. (4.6). From (4.6); for 1) € [T, T] it follows that
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T

vim) =exp{ - [v(E)dE}.

T
To determine v for 1) € (77, T»] we integrate Eq. (4.6), together with the initial condition v(7}) = exp{— [TT‘ v(E)dE} getting

T T T y
v(m) = v(t)exp{~ [(v(&)+ (@) po(m)+ [exp{ [(v(&)+al@))dt Jdy [ Kiny—r.Ap(x)ax
T T y T

Then changing the order of integration we reduce it to the Volterra type equation

W(1) = v(T}) exp{ — T?(v(&) +a(E)dE)
i 4.12)

ot Ky v yesp(- [ (v(&) + al@))az)ay

which has a unique positive solution v for any finite A.

To determine v in (7, 73] we have to solve Eq. (4.6)3 with the initial value v(7>) determined by Eq. (4.12). Because of the retarded structure
with delay T we consider this equation going with the step T along the axis 7. For 7| € [T> +sT,min(T> + (s+ 1)7,T3)),s =0, 1,..., we
rewrite it in the form

W) =v(Ty+sT)exp{— | (v(E)+a(&))dE}

Tr+sT
T

+ J exp(- f( V(E)+ a(€))dE}dy | K(y.y—xA)v(x)dx @13
Ty+sT y-T
71—T T

+ [ exp{— [ (v(f:)+(X(§))d§}A(x+T,7L)v(x)dx

L+(s—1)T x+T
Since {(x,y) :x € [y—T,y],y € [l +sT,7]} =D UD,UD3,
where

HR S [yiTvrliTLye [T2+ST511]}

xe[Lh+(s—1)T, 7 —Tl,ye [h+sT,x+T|},
X E [T] -T,1;, +sT],y€ [T2+ST,T|]},

/exp{—j(v(é) dy/yKy,y X, A)v(x)dx
Yy

Tr+sT y—T
T x+T T
= [ vwar [ Koy-xajew{- [(vE)+a(&)dE fay
L+(s—1)T Tr+sT y
T+sT T
b [ viwx / Kny—n2)esp{~ [ (v(E)+a(&))dE by
=T T+sT y
+ / V(x)dx / K(y.y—x.A)exp{ - / (V(E)+al&))dé fdy
T+sT X y
Denote
s(01,2) = v(T +sT)exp{ - / V(&) +a / Al T)v(exp] - / (V(E)+ (8)) g
Tr+sT T+ (s—1)T x+T
, =T o
+ / 0dr [ Kiy—xhexp{~ [(v(&)+a(@)ds fdy
D+ (s—1)T T+sT y
Tr+sT T

+ [ v / KOy —x2)exp{ [ (v(6)+ (&)t hay

71—T Tr+sT y
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and rewrite Eq. (4.13) in the Volterra form

v =gs(m )+ [ vdr [Key—najew{~ [(v(E)+a(&)dg by @14
T+sT x y

for 1) € [Th +sT, min(Tr + (s + 1)T,T3)].

Starting with s = 0 and using the recurrent way we first determine g;(7;,4) and then solve Volterra Eq. (4.14) getting v € CO([T», T3]). It is
evident that v € C! (T + sT,min(7> + (s + 1)T, T3)) for every fixed s. Direct calculation shows that v/ is continuous at points 7> +sT < T3
with s > 1.

Then we solve Eq. (4.6)4 for 7 € (T3, T;] with known the right hand side to get

v(m) = v(T3)exp{ - / v<é>d§}+fexp{ / 7 K(yy—x A)v(x)dx
13 T3 —T

+ / exp / é)dé} (y+T,A2)v(y)dy

+T
For 1) > Ty we solve Eq. (4.6); to get v(T}) = v(T4)exp{ffTT41 v(€)déE}.
From Egs. (4.5), and (4.9) we get

T

T3
)= [v0) ¥ actanterexn{-re [(E.8)+vole £)de Ja
T 0

where v is determined by Eqs. (4.12) and (4.14). It is evident that

ve C[T,2))NC ((T,0)\ {T1, 12, T3, 1}).

At last, inserting vy and v determined above into Eq. (4.7) we derive an equation for A,
3 n
L(A)=1,L(A) = /e*“ Y kvi(x+ T, T)v(x)dx. (4.15)

If B is independent of 7., then gy, is independent of A too. Hence, g = B (71 ). Therefore, v, v, and v, do not depend on A as well. Because
of the monotonicity in A and since L — o0 as A — —oo and L — 0 as A — oo Eq. (4.15) has a unique real root A such that Ao < 0, if L(0) < 1
(in this case cuckoo and host bird populations die), Ay = 0, if L(0) = 1 (both populations die), and Ay > 0, if L(0) > 1 (both populations
gIrow).

In the case where dz f; # 0, we have

O<Bk*: min ﬁk<qk(fl,l)< max ﬁk:l}]j< 1.
(11, T3] % [1h, T3] (71, 13]x[11, T3]

Let v (71, 72) and ve+ (71, 72) be functions defined by Eq. (4.9) with gy replaced by ;" and ., respectively. Let v; (71, 72) and v (71, 72), k=
1,2,...,n, be functions defined by Eqs. (4.10) and (4.11) with gy replaced by By, and B, respectively. Then v, < ve < v and vy, < vg < V{.
Hence,

Ki(11,72) : Z Vio (1, 2)Vies (T1, ) + Veo (71, T2)ves (71, 2) < K(T1,72,4)
k=1

<K'(1,m): kao 71, T2) Vi * (715 T2) + Veo (T1, T2)ve * (71, T2),
k=1

) = i vk*(T17T)+vC*(T17T) <A(T1,A)

<A* ‘L'] ka* T, T +vc*(Tl,T).

Then we solve Egs. (4.12) and (4.14) with K(7},T,4), A(7],A) replaced by Ky (71, 72), A«(71) and K*(71,72), A*(7) getting v, and v*,
respectively, for 7 € [T, T3]. Obviously, v. <v < v*.
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Therefore,
L(A) = / MY kg (x+ T, T ()dx < L(A)
k=1
T

B n
<L'(A) = / Y oA (e T, T (1)
k=1
n

These equations show that Eq. (4.15) has at least one real root A. Moreover, A > 0, if L,(0) > 1, and A < 0, if L*(0) < 1. The proof is
complete.

Knowing v, v, v, k= 1,...,n, we determine densities of cuckoo and host chicks of age 7, < T by formulas (3.8),
T
F22) =U [Vivels+ T m)expld (e —x-+T =)},
T

u(t, ) = U/ v(x) Y kv (x+ T2, ) exp{A (1 — x+ T — 1) bd.
7 k=1

5. Conclusions

The rather generic phenomenological model for Common Cuckoo interaction with the other bird species is presented. The model is composed
of a system of integro-partial differential equations. All individuals have pre-reproductive, reproductive, and post-reproductive age intervals.
Individuals of reproductive age are divided into single and those who care of young offspring. Individuals of pre-reproductive age are divided
into young (under maternal care) and juvenile classes. Juveniles can live without maternal care but cannot produce their offspring.

In the case of special initial distributions, the existence of separable solutions of type (4.1) is proved. The conditions for the convergence of
separable solutions to a steady-state solution, populations death and growth are given. The solvability of the model for the initial distributions
of a general type is an open problem.
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