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Euler Lagrange equations. Then, space like geodesics on pseudo hyperbolic 2-space le are
obtained. Finally, a system of the differential equations giving geodesics on the cotangent
bundle with pseudo Riemann metric €g of le is get.

1. Introduction

The geometry of the cotangent bundle is one of the most important subjects attracted the attention of mathematicians as well as physicists.
A Lagrange mechanical system consists of a configuration space which contains the trajectory of each of the moving particles of a system
with n-particles and Lagrangian which gives the difference between the kinetic and potential energy at any stage of the each particle in
system [1].

The position and velocity coordinates depended on time parameter t of the motion of the each particle of a system with n-particles are
represented by the coordinates of any point on the tangent bundle of a (pseudo) Riemann manifold. Lagrangian is defined as a real valuable
and differentiable function on the tangent bundle [7].

The position and velocity coordinates of a moving particle in the system at any instant t are found by the Euler Lagrange equations. The Euler
Lagrange equations are second order ordinary differential equations which depend on position and velocity of each particle in system [7].
Gravitational field is given by a (pseudo) Riemann metric. The movement depended on time t of all particles in system by the only effect of
the gravitational field is described by a (pseudo) Riemann manifold. The trajectory of a moving particle by the effect of the gravitational field
describes a geodesic, the shortest one among the curves passing from one point to another, in a (pseudo) Riemann manifold [8].

In different place of space, the effect of the gravitational field on moving particles is different. As metric is change, (pseudo) Riemann
manifold must change. Moreover, in different (pseudo) Riemann manifold, the trajectory of moving particles by the only effect of the
gravitational field, geodesics, must change. So, we examined geodesics on different space forms such as H;2, Si2, S and its tangent sphere
bundle from [[2],[3],[4]].

From the references [1], [5], [7], [8], [9] and [10], we searched some concept such as, the movement of particles in the gravitational field,
total energy function in a Hamilton mechanic system, kinetic and potential energies of a moving particle, the conservation of energy and the
conservation of momentum.

Then, we found out that how obtained space like, time like and null geodesics of the unit 2-sphere with index one by using the Euler Lagrange
equations from [6].

Moreover, we analyzed the general equations of geodesics on the cotangent bundle with pseudo Riemann metric €g which is called as
Riemann extension of the symmetric affine connection [11].

In this paper, we defined Lagrangian on the cotangent bundle and we calculated geodesics on the cotangent bundle with a pseudo Riemann
metric €g by using the Euler Lagrange equations.

Then, we obtained space-like geodesics on the pseudo hyperbolic 2-space by using the Euler Lagrange equations. Finally, we calculated the
general equations of geodesics on the cotangent bundle of pseudo hyperbolic 2-space with the pseudo Riemann metric €g.
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2. The motion of the particles in the Hamilton Space

In this section, we obtain the geometrical interpretations of some concepts, well known in classic mechanic such as the movement of the
particles by the effect of the gravitational field, the conservation of energy and momentum.

In classical mechanic, the motion of a system with n-particles is described by the position coordinates and the momentum coordinates
of each of the particles in system. The position coordinates of a particle depend on the position vector in three-dimensional space. The
momentum coordinates of a particle depend on a one form associated with the tangent vector of the curve determined by trajectory of the
moving particle [10].

If the configuration space represents by an n=3N dimensional manifold whose the local coordinate functions give the positions coordinates of
each of the particles at any instant t, the phase space of the configuration space can represent by an 2n dimensional manifold whose the local
coordinate functions give the position and the momentum coordinates of each of the particles at any instant t. In other words, the phase space
of the configuration space must represent 2n-dimensional the cotangent bundle as the configuration space of moving particles by the only
effect of the gravitational field represents a n-dimensional differentiable manifold M [10]. The arc length between the position coordinates of
infinitely close two points on the trajectory of a particle in the configuration space is determined by

ds® = gy j(x)dx*dx/, 2.1

where g j(x) is a pseudo Riemann metric on M. The trajectory of a moving particle in M is represented by a curve y: 1 C R — M. For any
time t, the position coordinates of y is given by x'(¢) = x o ¥(t), i = 1,...,n and the velocity and momentum coordinates of y are given by
yi= %, and p; = g; jyj , respectively.

The curve ¥y must be called as the space-like, the time-like or the light-like curve if the value under the pseudo Riemann metric g of the unit
tangent vector v at every point of 7, ds? = g(v,v) =g isprovided € = 1, e = —1 or € = 0, respectively [3].

The sum of the kinetic and the potential energies of all moving particles in the system are represented by the function H : T*M — R in the
phase space and it is called Hamiltonian.

Assuming that all particles in the system act only the effect of the gravitational field. Then the Hamiltonian H equals to the sum of the total
energies of the moving all particles in system and the Hamiltonian H of the test particles i.e. unit mass particles are described by

) 1 ..
H(x',pi) = Eg” (xX)pipj, (2.2)

where g'/(x) is a metric tensor with type (2,0) given by Ty = 5} [ 5]. The Hamilton space M consists of n-dimensional differentiable

manifold M and a Hamiltonian H on the cotangent bundle of M. Assuming that ) = p;dx’ is the basic 1-form on T"M. The exterior
differential = —dn of the basic 1-form 1 is the 2-form given by ¥ = dx’ A dp; with respect to the induced local coordinates of T*M.
Since ¥ is closed (i.e. d© =0 ), non degenerate 2-form on T*M, ¥ is called as the canonic symplectic structure on T"M. The cotangent
bundle T*M with the symplectic structure ¥ is called as a symplectic manifold [1]. A vector field Xy : T*M — TT*M is called as Hamilton
vector field if there is a function H : T*M — R such that ix, ¥ = dH. The condition iy, ¥ = dH is equivalent to & (Xg,Y) = dH(Y) for
Y € TT*M. The local expression of the Hamilton vector field is

Xpg= oo — o 2.3)

with respect to the induced coordinates (x',pi)ii=1,...,non T*M [1].
The curve ¢ : ¢t — (x'(¢), pi(t)) is called as the integral curve of the Hamilton vector field Xy since the equality Xy (¢(¢)) = ¢ (¢) provides.
The condition Xz (¢(t)) = ¢(¢) is equivalent to

dx! _JH dp; JoH

@ ap dr . od 24

The equations in (2.4) are called as Hamilton equations. The solution curves of these 2n first order differential equations describe a symplectic
transformation called as phase flow in phase space [1]. The Hamilton equations are also obtained by the Legendre transformation of the
Euler Lagrange equations described as follows:

d (dL\ dL
7 (Tyi) ~ 57 =0, 2.5)

where y = %i. Legendre transformation is differentiable transformation from TM to T*M defined by

o . oL
£:(x’,y’)%(x’,p,'=a—yi). (2.6)
There is a relation between H and L as follows:
H(x,pi) = piy' —L(x',)'), 2.7
where L is a differentiable function on TM called as Lagrangian with local expression as follows:
o 1 .
L(x',y") = 5 8ij(x)y'y/. 2.8)

2

The Lagrangian of all particles in the system is equal to the difference between kinetic and potential energies of these particles [1, 7].
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The Hamiltonian H is a differentiable function on 7*M given in (2.2). Let ¢ be a curve in T"M. The curve ¥ is called as the projected curve
of ¢ by canonic projection 7 from 7*M to M i.e. o ¢ = y. If the curve ¢ is an integral curve of the Hamilton vector field Xy, the curve y
must be geodesic [1]. In other words, the particles in the system exposed gravitational field act along geodesic curves in the configuration
space [8].

The sum of kinetic and potential energies of each of the moving particles by the only effect of the gravitational field is equal to Hamiltonian
H which has constant value along the integral curves of the Hamilton vector field. In other words, the Hamiltonian must be constant on every
point of the curve ¢ as the particles act along the integral curve of the Hamilton vector field. In classical mechanic, this fact is known as the
conservation of energy [1].

Since the Hamiltonian H is constant along the integral curves of the Hamilton vector field, the Lagrangian L to be real valuable a function on
the tangent bundle TM of the configuration space M must be constant along the integral curve of a vector field called as geodesic spray,
which is the horizontal vector field in TTM [1].

The Lagrangian of the system with n-particles acting the only effect of the gravitational field is defined by (2.8). In addition, the momentum
pi = dL/dy" of each particle in the system must be constant. In classical mechanic, this fact is known as the conservation of momentum [7].

3. The Euler Lagrange equations on (T*M,g)

In this section, the Lagrangian on (7*M, Cg) is obtained and the general equations of geodesics of (T*M , Cg) in terms of the Euler Lagrange

equations are found.

Definition 3.1. The disjoint union of each tangent vector space at all point of 7*M is called as the tangent bundle of T*M denoted by
TT'M= ) TpoT™. (3.1

Y(p,w)eT*M

Any point on TT*M is represented by (p, o, X( p}w)) where p is any point in a neighborhood U of M, w is a cotangent vector at a

point p of M and X(p’w) is a tangent vector at a point (p,®) of T*M. T« : TT*M — T*M is called as the canonical projection map.

Let p = (p, ®, X(, o)) be a point on (my otrp) '(U) € TT*M. Then (!, X, Py, puu XY, X%, Py, .py) is a the induced local

coordinates of a point j on TT*M where {x'},i = 1,...,n is the local components of a point 7y o 77+ (f) = p of Mand {p;}, i =1,....n s

the local components of the cotangent vector @ providing p; = a)(%) {x}, i =1,...,n is the local coordinate function of the tangent vector

X(p,a)) proyiding b = dx’ (X([w,)) = X(l’-,w) [¥]] and {p;}, i =1,...,n is the local coordinate functions of the tangent vector X(p,w) providing

pi =dpi(X(p.0)) = X(p,w)[Pi]- Thus TT*M has 4n dimensional manifold structure.

Definition 3.2. The pseudo Riemann metric Cg is a tensor field of type (0, 2) in the cotangent bundle 7*M, whose components g4z are given

by
_ —2p ¢ &
gAB:( Sy 6> : (32)
J 2nx2n

where A, B € {1,...,2n} and i, j € {1,...,n}. The line element of a pseudo Riemann metric €g is given by

Cg = —2pI¥dxidxl +28]dpidx’, (3.3)
with respect to the induced coordinates (x, p;) of T*M. Cg is called as the Riemann extension of the symmetric affine connection V of M
[11].

Theorem 3.1. The difference between kinetic and potential energies of the moving particles by the only effect of the gravitational field in the
momentum phase space with a pseudo Riemann metric Cg is given as follows:

L, pi, ', pi) = —pal§px'a! + pi'. (34)
Proof. The difference between kinetic and potential energy of the moving particles by the only effect of the gravitational field at any stage

(#,7) on TT*M, L, is calculated by

- 1
L) = 5gAB¢yB;A,B,D =1,..2n,

where g , A = 1,...,2n corresponds to the local coordinates of a point j = (x,p;), i=1,...,non T*M and # corresponds to the coordinate
components (', p;) of a vector field X : T*M — T(T*M), X = X4 a‘; such that d#[X] = &', d#T[X] = p;. The Lagrangian L is a
differentiable function from T7*M to IR. The local expression of L is

oo (AN (—opare ST\ (i
L(xl’pi’xl’pi)zi(ﬁi> ( 5;? "o pj = —palif'a! + pit'.

Definition 3.3. The one with minimum arc length of among the curves given by 7: 1 € [t9,1] C R — (x(t), pi(t)) € T*M is described by
integral

O

o) = [ LW(O.pi(0).#.)) ds 3

where @(7) is called as functional.
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Theorem 3.2. A curve 7:1t — (x'(t), pi(t)) in (T*M, Cg) is geodesic iff ¥ satisfies the Euler-Lagrange equations given by
d (JL JdL _ d ( JL oL _
dr (W) —w =0 @ (a,-,[ —ap =0 (3.6)

where L is defined as (3.4).

Proof. By solving the differential equations in (3.6), we get the general equations of geodesics of T*M with the pseudo Riemann metric €g
as follows:

il

W +F,-jx’xf = 07 (37)

dp, oary. . . ary. . o

o FPag A = 2pa—hild = 20 pail + 2p a4 =0, (3.8)
which is also obtained by classical method in Yano and Ishihara’ s book [11]. O

4. Geodesics on H}

In this section, the space-like geodesics on pseudo hyperbolic 2-space are obtained by using the Euler Lagrange differential equations.
Definition 4.1. Non-degenerate, symmetric, bilinear form g is called as a semi Riemann metric in semi-Euclidean space E ? and g is defined
by

g(u,v) = —uivy +uzvy 4 u3vs, 4.1

for any vectors u,v € E 13
Definition 4.2. H 12 is a surface in Ef given by

I-Il2 = {u = (Xl,XZ,Xg) : Hu”2 :g(uvu) =-lLue E?} 4.2)

H 12 is called as pseudo hyperbolic 2-space. H 12 may be considered as hyperboloid of two sheet in Euclidean space.
The representation of le with respect to Cartesian coordinate system is given as follows:

B3 =—1. (4.3)

The parametric representation of H 12 is given as follows:

x1(a,0) = cosha,
x3(a,0) =sinhasin 6, 4.4)

x3(a,0) = sinhacos 6.

Any curve on the surface H12 is described by giving the following coordinates as functions of a single parameter t

a=al(r)
4.5)
6=0().
Theorem 4.1. The length between infinitely close two points on H12 is determined by the following metric:
ds® = da* + sinh?ad 6. (4.6)

Proof. In order to find length of a one parameter curve in H 12 we use the covariant differentiations of x,x,x3 as follow:

dx| = sinhada
dxp = coshasin 8da + sinhacos 0d 6 “.7)

dx3 = coshacos 8da — sinhasin0d6.

The length between infinitely close two points on H]2 is calculated with

ds® = g((dx,dxa,dx3), (dx,dx,dx3))

(4.8)
= —dx% + dx% + dx%.

By using the covariant differentiations of x1,x2,x3 in (4.4), we get

ds? = da®* + sinh®ad6?

and also the matrix representation of this metric is given as follows:

1 0
8ij - (O sinhza) . 4.9)
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Definition 4.3. A differentiable function from T H 12 to R is defined as follows:
R 1 ,
L(a,0,d,6) = 5(az+sinhzae2) (4.10)

where L is called as Lagrangian of le‘
Definition 4.4. The one with minimum arc length of among the curves y in le is described by

151
o(y) = /L(aﬂ,d,é) dt, (4.11)
fo

where ¢(7y) describes a map from family of curves passing through different two point in H12 to real numbers and ¥ is also a curve such that
@(y) has minimum arc length on H7. ¢() is called as functional. To find ¥, the Euler-Lagrange equations are used.
Definition 4.5. The trajectories of moving test particles on H12 are determined by the following equations:

d (dL JL
d (JL oL
4 (E)_EZO‘ (4.13)

These equations are called as the Euler Lagrange equations in H 12 The particular solution providing the initial value of differential equations
in (4.12) and (4.13) is a geodesic ¥ passing through initial point (a(z), 0 (ty)) and the end point (a(1), 6(1)). The curve Y may be visualized
as the trajectory of moving a test particle by the effect of gravitational field on throat of hyperboloid of two sheets.

Definition 4.6. The line element of H 12 is given by

ds® = (a)* +sinh’a () = &. (4.14)
The curve connecting different two point to be infinitely close on H 12 is called as the space-like curve of H12 fore =1.
Theorem 4.2. The general equation of geodesics on H 12 is given by

\/esinh*a — k2sinh?a
da ! . (4.15)

a0 ky
Proof. In order to obtain the general equation of geodesics, we should consider the Euler Lagrange equations in (4.12), (4.13) together with
metric on le From the solving of the differential equations in (4.13), we obtain
d /., . k
4 (esinh2a) —0=6=—1,
dt sinh“a
If we put the value of 0 in (4.16) into at (4.14)

da 2Jrsinh2 a0 2—£=> da & 2Jrsinh2 a0 2—8
d Nar ) — d6 di Nar ) =©

we can obtain the general equation of geodesics on le as follow:

da \/ esinh?a — k%sinhza

a6 ky

k; —real constant. (4.16)

O

Since the gradient vector field to be normal to tangent vector space at any point of H 12 is time like, H 12 must be called as a space like surface.
So, H12 has only space like geodesics. The general equation of these geodesics on le is given by the following theorem.

Theorem 4.3. The space-like geodesics on H 12 are given by the following equations:

/ 2 2 .
1 — ki cosech=a _ sin x% x% .

Vi1 CINCERNS

with respect to generalized and cartesian coordinates.

Proof. If we chose € = 1 in (4.15), we can obtain following surface:

/ 2 2 .
1 —kjcosech=a _ sind 3 3 .

fi2 +1 ky kP41 K3

with respect to generalized coordinates (a, 6) and cartesian coordinates. O

The space-like geodesic characterized by trajectory of a moving test particle by the effect of gravitational field acts faster than speed of light
on the surface H12 This mechanical interpretation was inspired from [9].



66 Universal Journal of Mathematics and Applications

5. Geodesics on (T"H;?,gC)

In this section, the general equations of geodesics on the cotangent bundle of pseudo hyperbolic 2-space with the pseudo Riemann metric €g
are calculated.

Definition 5.1. Let le be pseudo hyperbolic 2-space and T*le be its cotangent bundle. As any point q on H12 has the generalized
coordinates (a, 6), the point (q, qu) on T*le has the local coordinates (a, 0, p;, p2) where pj, p, are the local coordinate function of

the cotangent vector 1), at q. In addition, the point (q., nqu(q,nq)) on TT*HI2 has the local coordinates (a, 0, p1, p2,d, 8, p1, p2) and the

point (q,nq, a)(qﬁnq)) on T*T*H]2 has the local coordinates (a,8, pi, p2, W4, Wg, ®p, , B, ) Where @y, Vg, @y, , @p, are the local coordinate

. . 2
functions of the cotangent vector at (q, nq) ie. wyn) € T(tz,nq)T*Hl .
Theorem 5.1. The general equations of geodesics of H12 are represented by the following equations:
d—coshasinha (9)2 =0, 6 +2cothaa §=0.

Proof. To find the general equations of geodesics on H 12, we need to the general formula of the geodesic equations on Riemann manifolds
given by

i+ Tl =0, G.1)
and the Christoffel symbols given by
1
Thy =58 (8ur.B + 8By — 8Byn) > (5.2)

and where g, is the components of the matrix representation of the metric tensor of H 12 and g% is inverse of 8ap- The non-zero components
of the Christoffel symbols of le are obtained as follows:

'}, = —sinhacosha, I'?%, =TI% =cotha. (5.3)
If we put the non-zero Christoffel symbols in (5.3) into (5.1) , we get the general equations of geodesics on H 12 as follows:

i — coshasinha (6)> =0, 6 +2cothad § = 0. (5.4)

Theorem 5.2. The pseudo Riemann metric €g on T*H 12 has components

Cg = —4p,cothadad® + 2p; sinhacosha(d@)2 +2dadp +2d6dp,. (5.5)

Proof. By using the equations in (3.3) and (5.3), the pseudo Riemann metric €g on T*le has following component
Cg=(~2piT} —~2paT%)) (da)® +2 (<21, ~ 22T, ) dad + (~2p1Thy ~ 20213, ) (46)? + 2dadp +2d0dps.

The matrix representation of €g is as follows:

0 —2pscotha 1 0

| —2pacotha 2pgsinhacosha 0 1
8AB - 1 0 o ol

0 1 0 0

and the matrix representation of inverse of Cg is as follows:

0 0 1 0
<C )*1 10 0 0 1
g 11 0 0 2pycotha
0 1 2prcotha —2p;sinhacosha

O

Theorem 5.3. The non-zero components of the Christoffel symbols of T*le with the pseudo Riemann metric €g has the following
components:

'}, = —sinhacosha
2, =T3% =cotha
3 _ 3 _ 2 3 3 _ 3 _
I'{, =15, =2pscoth“a,I’5, = —pj cosh2a,I3, =15, = —cotha (5.6)

I, =2pacosech’a, T}, =13 = —p1, T3 = —2pycosh’a,
I}, =%, = —cotha,I'3; = [}, = sinhacosha.
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Proof. By using the general formula of the Christoffel symbols in (5.2), it is seen to be correct of theorem. O

Theorem 5.4. Any curve ¢:t — &(t) = (a,0,p1,p2) on (T*le,cg) is geodesic iff following differential equations system must provide:

i —sinhacosha (9)2 =0,
6+2cothaa 6 =0,
D1 +4p2c0th2a @ 6 — pjcosh2a (9)2 —2cotha 0 p, =0,

P2+ 2pacosech’a (a)? —2py a 0 —2pacosh’a (9)2 —2cotha d py +2sinhacosha 6 py, = 0.

Proof. By using the general formula of the geodesic equation in (5.1) and components of the Christoffel symbol in (5.6), it is seen easily to
be correct of theorem. O

Theorem 5.5. The general equations of geodesics of ( T*le,cg ) obtained in Theorem 3.2 by using the Euler Lagrange equations provide
the geodesic equations obtained by classical method at Theorem 5.1.

Proof. If we rewrite with respect to the components of the general equations of geodesics of (7*M,Cg) obtained by Theorem 3.2 for
(T*H 12,Cg), we get the following equations:

di!
-t %% =0,

di?
% +2r, 1% =0,

dpi 9T 55

2 . .2 2 12 .12
o T F X°X° =20y pax” +2poI'p 15547 =0,
dp or3 T}
% ~2p2— Al —2p, 5 225! +2p Doy Ia%x! +2pol5 Thyi®i? — 2175, poi! — 2y p1i? = 0.
X X
When we use the coefficients of the Christoffel symbol in (5.1), it is seen to be the above equations is equal to the geodesic equations
obtained by classical method at Theorem 5.4. O

6. Conclusion

This study contains six sections. In the second section, the geometrical interpretation of the mechanic concepts are considered such as the
movement of the particles by the effect of the gravitational field, the conservation of momentum or energy, well known in classic mechanic.
In the third section, the general equations of geodesics on the cotangent bundle (T*Hl z,gc) are found by using the Euler Lagrange equations.
In the fourth section, the space-like geodesics on pseudo hyperbolic 2-space are obtained by using the Euler Lagrange equations.

Finally, in the fifth section, the general equations of geodesics on the cotangent bundle of pseudo hyperbolic 2-space (T*le,gc) are
obtained by using general formula of geodesics on a Riemann manifold and then it is shown that the general equations of geodesics on
(T*le,gc) are equal to the geodesic equations obtained by using the Euler Lagrange equations in the second section.
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