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1. Introduction

Riemann-Otsuki spaces are defined by a Riemannian metric linked to the concept of a general
connection, as introduced by Otsuki [1-5]. When represented in local coordinates, it is established that
the components of an affine connection form a geometric object rather than a geometric quantity. This
distinction arises because, under coordinate transformations, these components do not transform like the
components of a tensor of type (1,2) since they also include terms with second-order partial derivatives
of the local coordinates. However, Otsuki showed that the components of an affine connection and
those of a tensor of type (1,2) are not entirely separate ideas. Both can be seen as special cases of a
more general connection, with the Otsuki connection extending the concept of an affine connection in

differentiable manifolds.

By the concept of second-order tangent bundles, denoted as T2(M ), Otsuki unified classical connections
such as affine, projective, and conformal connections on manifolds within a broader framework. He
defined a general connection as a cross-section of the vector bundle T(M)®@D?(M), where D?(M) is the
dual vector bundle of T2(M). Thus, Otsuki introduced the covariant derivative corresponding to this
general connection and established its relationship with the basic covariant derivative. Nadj [6] derived
Frenet formulas, and in [7], he derived the Gauss, Codazzi, and Kiihne equations for Riemann-Otsuki
spaces. According to Moor [8,9], a Riemann-Otsuki space is a special case of a Weyl-Otsuki space.
A Riemann-Otsuki space, denoted as (R — O,,), is defined by a general connection that satisfies the
equation Dyg;; = 0, where D is the covariant derivative concerning the general connection I'. Recently,

Piringgi [10] investigated the congruences of curves in Weyl-Otsuki spaces.

!jeta@beykent.edu.tr (Corresponding Author); *fakgun1946@yahoo.com
!Department of Mathematics, Faculty of Arts and Sciences, Istanbul Beykent University, Istanbul, Tiirkiye
2Department of Mathematics, Faculty of Science, Istanbul University, Istanbul, Tiirkiye


https://dergipark.org.tr/tr/pub/jnt
https://doi.org/10.53570/jnt.1630419
https://orcid.org/0000-0002-9149-7811
https://orcid.org/0009-0006-3101-1548

Alo and Zeren Akgin / Bertrand Curves in n-Dimensional Riemann-Otsuki Space 39

Infinitesimal deformations of curves in Riemannian spaces have been explored by Hayden [11], Schouten
and van Kampen [12], and Yano et al. [13]. Furthermore, Pears [14] used infinitesimal deformations to
study Bertrand curves in n-dimensional Riemannian space R™. Then, Alo [15] used this method to
study generalized helices in n-dimensional Riemann-Otsuki space. Bertrand curves in 3-dimensional
Riemann-Otsuki space were studied by Yilmaz and Bektas [16]. Besides, Li et al. [17] defined a new
class of Bertrand curves in Euclidean four-space.

This work uses infinitesimal deformations of curves to examine Bertrand curves in n-dimensional
Riemann-Otsuki space. The structure of the paper is as follows: Section 2 presents essential background
information on general connections, Frenet formulas for Riemann-Otsuki space, and Bertrand curves in
Riemannian space, all of which will be referenced in Section 3. Section 3 provides the main results
about Bertrand curves in n-dimensional Riemann-Otsuki space. The last section discusses the need for
further research.

2. Preliminaries

In this section, we present some general knowledge of general connections, Frenet formulas for Riemann-
Otsuki space, and Bertrand curves in Riemannian space. These results will be used to investigate

Bertrand curves in n-dimensional Riemann-Otsuki space.

2.1. General Connections

Otsuki defined a general connection as a cross-section of the vector bundle T(M) ® ©%(M), where
D2(M) is the dual vector bundle of T>(M). In local coordinates u’, a general connection I' can be
expressed as:

I'=0u;® (deQu}C + I’;kdui ® duk)

and it can be written as I' = (P]’, F;k). It can be observed that P]’ represents the components of a
(1,1)-tensor, denoted by P = A\(I"), which is referred to as the principal endomorphism of T'(M). If P
is the identity isomorphism of T'(M ), meaning that P; = 6}, then the connection I' simplifies to an
affine connection. Otsuki also defined the covariant differential concerning this connection as

ki..kp k1...kp h
DVt T —le g hdu
where
1. zp
ki...k __pk Ji.. ]q i 7 k ks—11ks 9+1 k’ 11...lp pj J
le...’n:q;h _Pill'“Pip 9 7 Pnlll Pq —|—ZP L..P e 1 FZ hP p‘/jl ijl Pﬁgq
q
k k 91...9 . :
_ Zpi11 p‘/;f ]PP]I P#t 11AJtmt 1P#t++11 P#fq
t=1
, , i
and A}, =T, — (895?}' Moreover, he demonstrated that the product of a tensor @ of type (1,1)

and a general connection I' results in another general connection. These connections, denoted by
T =QI = (Q};Pf, Q};F?h) and "T' =TQ = (P,iQ?, };hQ?), are referred to as the contravariant and
covariant parts of the connection I', respectively. In local coordinates, they can be given by
T = 0u; © (QPFd*u! + QiThdu! @ dut) = 0uiQ}, © (Pfd*u! + Thdw! ® du") = QU
and
T = du; @ (d (PLQSdw ) + Ay, Qfdu" @ du?) = TQ
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If T is a regular general connection and Q = P~!, then
T = P'T = (55, Qi) = (5, T5,)
and
3 ik S
T =TP™" = (5, A1, QF) = (85, "Tj1) (2.1)
i.e., T and "T are affine connections. Furthermore, Otsuki defined a basic covariant differential by

DV = Vi duh

J1---Jq J1---Jqlh
where o
o “eetp P , I
11...1p _ J1---Jq ITls 1. 1s—1Rls41.--1p _ / X 11.-.1p
le..‘jq\h T ouh + Z Fkhvjlu-jq Z FJth Ji-Ji—1kjet1...4q
s=1 t=1
and showed that
i1...’ip _ 71 ip kl‘..kp h1 hq
lequ;m = Pkl"'Pkahl...hq\ijl ...ij

For a general connection v = (P;, ;h) and an identity isomorphism I,

Dét , ‘ da®
J _ h h
e (F;zkpj - Pf%jk) s
and when I' is regular,
Dé: ; ;N\ daF
g _ ([t i ) &
= ("5 = "T5) - (2.2)
which does not necessarily vanish. From (2.1),

. . OP! . OP! . opP! -
T PF = A}, QLPF = <_8u2 + F?h) QP = _372 + I, = —a—ufl + BT,

and thus the equation obtained called the Otsuki equation,
oP}
ouh

gives the relationship between the covariant and contravariant parts of a general connection T.

+ //FZhPJk - Plinh =0

The components of the curvature tensor with respect to 'I" and "T', respectively, are given by

/i A0
i 9Ty 9Ty
Ikl oz! oxk

- Tiklr?z + /FZlT?k (2.3)
and . ,
npt o _ aﬁr;cl . aUF;l

TR Dl ozk

The components of the torsion tensor of 'T" and "T", respectively, are given by

"Rt 11a "Rt 1Ra
—"T' Fﬂ—i- r ij

al

e 1 =
Tjk: ij_rkj

and
112 s O /A ut. =}
T ="T —"Thy

2.2. The Frenet Formulas for the Riemann-Otsuki Space

Nadj [6] derived the Frenet formulas for the Riemann-Otsuki space using the contravariant and covariant
parts of the general connection I'. Let C' be a curve in n-dimensional Riemann-Otsuki space given by
C : s — x%(s) with Vi1ys V(2)» -+ V(n) the unit tangent, 1-normal, ..., (n — 1)-normal vector, respectively,
and K1, K2, ..., K(n—1) its curvatures. Then,
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1. Frenet formulas of the basic covariant differential applied on the contravariant components of the

tangent and normal vectors ("D = D for contravariant vectors) are as follows:
"DV {a) = DV{o) = =Fa-1Vja_1) + faVarn) + Vi) DY, (2.4)

where

NI

Ko = (955 ('DViay + Fa1Vso1y = ViDL ('DViy + BatVi_y) = VDY) )
with kg = 0 and k, =0 and « € {1,2,...,n}.

i1. Frenet formulas of the basic covariant differential ” D applied on the contravariant components of
the tangent and normal vectors are:

" i _ pJ * 3 * 171
DViy =B (—’f(a_l)v(a_l) + K“a‘/(a—i-l))

1

} . . . . . 1
where £} = (g;;”DV{"DV4)? > 0 and k¥ = (g;;("DVy + ki VE_)("DV? + k% _1VZ_,))2. Here, *,
by scalars, denotes that the curvature is expressed with Otsuki’s covariant differential ” D applied to
the contravariant components of the vectors.

iti. Frenet formulas concerning covariant differential D applied on the covariant components of the

tangent and normal vectors are

'DV (i = P! (*fi’(k;l)V(a_l)j + f’vZ*V(aH)j) — Vi) (D&)Qy,

where o € {1,2,...,n}, ko =0, kK, =0, and

1

ki = (97 ('DV (ayi + K51 Va1 + Viey' D7) ('DV (0 + K571 Via1)j + Vieye' D ) )?

Here, **, by scalars, denotes that the curvature is expressed with Otsuki’s covariant differential D
applied to the covariant components of the observed vectors.

iv. Frenet formulas concerning the covariant differential /D applied on covariant components of the
tangent and normal vectors ("D = D for covariant vectors)

"DV ()i = DV(ayi = =K{50) Via-1i T 55" Vit

where

=

e = (gij(//DV(a)i + Hyflv(afl)i)(”DV(a)j + K:;kjlv(afl)j)

Here, *** by scalars, denotes that the curvature is expressed with Otsuki’s covariant differential
applied to the covariant components of the observed vectors.

2.3. Bertrand Curves in Riemannian Spaces

Bertrand Curves in 3-dimensional Euclidian Space (E3) were first introduced by Bertrand in 1850.
When a curve C' can be brought into a point-to-point correspondence with another curve C so that at
corresponding points P and P, the curves have the same principal normal, then these curves are called
Bertrand mates. Pears [14] used the infinitesimal deformations of curves to examine these curves in
R™. He obtained the following results: If the distance between these two curves measured along the
normal is small enough for its square to be neglected, then

i. Corresponding points are a fixed distance apart

71. There are constraints on its curvature

iii. If C'is a curve with constant torsion, then the tangent to C' at P, when parallel transported back
to P, maintains a constant angle with the tangent at P
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3.Bertrand Curves in (R — O,)

In this section, we introduce Bertrand curves in n-dimensional Riemann-Otsuki space, defining them as
curves that share the same principal normal at corresponding points. We then explore the conditions
for two curves to be Bertrand mates. To establish these conditions, we use infinitesimal deformations
of the curves since there is no presumption regarding the existence of such pairs of curves in the
Riemann-Otsuki space. We prove the following theorem.

Theorem 3.1. Let C be a curve in n-dimensional Riemann-Otsuki space given by C : s — 2(s)
with unit tangent, 1-normal, ..., (n — 1)-normal vectors, respectively, V1), Vi2), -+ Vin), and curvatures
K1, K2, e K(n—1)- Let T'(3) = :L'Z(S)—FE)\‘/(ZQ) be an adjacent curve denoted by C, where € is an infinitesimal
constant for its square to be neglected and X is a function of s. Let P and P be corresponding points
on C and C, respectively. Then,

i. The distance A between corresponding points of these curves satisfies the equation % d )\V(Q)V( 2)i ds- D6

1. If the second curvature of the curve C, and A are constant functions then the angle between the
tangent to C' at P and the tangent to C' at P, when parallel transported back to P, remains constant.

741. There are restrictions, called Bertrand equations, on its curvatures.
PROOF. Let C be a curve in (R — O,,) space given by
zt = z'(s)

and let §z° = dfé) be an infinitesimal displacement at each point of this curve, where € is an infinitesimal
constant for its square to be neglected. Denote by C the deformed curve given by

T'(3) = a'(5) + eAVy (3.1)
where ) is a function of s.

Let P and P be corresponding points on C' and C' , and Wg) the principal normal vector at P. Denote
by V(g) the parallel transported vector of VEQ) from P to P and then find conditions which must be

satisfied for ﬁg) = V(ZQ)

From (3.1), '
N dVigy — d\ ds
ds—<d ‘os TnVe ) &
and ,
_ av, d\ d
i _ 2) s
Vi = (V(l>+ A T V(z)) e (3.2)

To find %, we substitute (3.2) in
gi;dz'dz? = (d5)?
then from (3.1),
_ 0gij . _
9ij = gij + 872(96]“ — 2%) = gi; + eX(gia TG, + 95" Tit) (3.3)

From (2.2), (3.2), and (3.3),

2 J i
d3 . N N dV d\ dV d>\ P
(ds) = (gz‘j + AV, (9ia Ty + gjasz‘k)) ' (VU)V(l) Tt V(l)g)‘ L+ V(l)6 V(2) ted— o V(l) V(2>V(Jl)
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ds 2 dV'(J) // k (o]
(ds) —1+2€*9wV<1>( 2 T TRVEVE
ds 2 7 d‘/(]z) ] «
<d8) — 1+ 2eAg; V) (ds + (Tha — 61, VEVS)

and ,
j

ds)* [PV - jik
(ds) :1—1—26)\91-]-‘/(1)( —C — Dajv

By using Frenet formulas in (2.4),

ds\? ds
(ds) =1—2eAk; and 1= 1—elry
Thus,
d
df =1+ €elky (3'4)

Substituting (3.4) in (3.2),

. A vy A
Viy = (V(Zl) +ex—2 + ed)‘Vé)> (1+ eXrr) 35)

Let ‘7(11) be the parallel transported vector of V(li) from P back to P. Since the vector field \7(i1) is
parallel transported it satisfies the equation

Then, for infinitesimal deformations,

= — —i ik k\ _ ri i vk
Vi = Vi + TV @ = ob) = Vi) + XT3V, V)
By using (3.5),

= , av: dX vy A T,
% i (2) (2) k l
Vi = V(i) (1+€Xk1) + el o T Vi + €A ( (1) (14 €Ar1) + €A oo teos V(fz) VE | T + ex—4= o . V(Q)

then since € is small enough such that its square is neglected,

o DViy  dx
Vi = Vi (14 em) + ed— = + eV,

By using the Frenet formulas in (2.4),

- . . . Do} LAy

If we multiply (3.6) by V(2)i» since the angles are unchanged during the parallel transport, then

A _ . Do

= (Q)VWK (3.7)

which proves 1.

If we use (3.7) in (3.6), then

Vi = Vi + edna iy
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From here, we find sin (17(1), V(l)) = eAko. Hence, the angle between 1:/(1) and V{y) is constant if and
only if A\ and k9 are constant, which proves the part 7.

To determine 1_/(2), by using the definition of basic covariant differentiation and the Frenet formulas,

Wy _ v v V2, Dl — T3, Vi VE 3.8
ds —Ra—1V(a—1) T KaV(at1) T V)P = Lk Vi) V(1) (3.8)

If we substitute (3.7) into (3.5) and use (3.8), then
Vi = Vi) + edmaVy) — eNT5 Vi V) (3.9)

If we differentiate ‘_/(il) by using the basic covariant differentiation, then

IR A VAR I
; Wds i o ok
DV = —o 2 T 1V Vi

Then, by using (3.9), (3.4), and Frenet equations,
_ d /.. .
F1Vyy + V3, D6} = { = (Vi + exmaV - eXr]kv(ﬂz)V(’;))] (14 eAny)

/1t

o, N )
+l D+ A 2V | (V) + ednaV) — eNTLVE V) ) (V) + edraVis) — eXTRVE V)
Thus,
_ . . V
RV + (V<1> +eAraVig) — eN'T] V<12>V(’§>) Dy = T 4 AtV BV + ra D — T Vé)Vﬁ)

ATV,

<2)V(I§) - GAlrék%Vﬁ) - EA,FJ’CV] ‘o

(2) ds

d
+elk1

V(ll) / 7 '3
D LTV VE) + ThenaV

&) LV — drzkl sV

)
Vi)

Vi Vi

+E)\I£2/F]kvj

GVE) = NTUWTLVVEVE) + e/\ ik A

(1)
since € is an infinitesimal constant, which is square to be neglected. By using Frenet equations, after
some algebraic operations,

el g ) i i dh)g i .
Iil‘/@) — 6)\/Fq ‘/(2)‘/(’51)5(1 :Iil‘/@) + €\ ((Ii% — Iﬁg)‘/@) Is ‘/'(3) + ,{.12%3‘/( ' — K'/F]k;‘/é)‘/(g)>

8,P’;'€l /Fz'l It 1Ta It IRa 7 k !
—eM = toagk T e U — Ta T | Viy Vi Vi
d\ . . d)
+ E%Hg‘/@) — 6/‘4]1‘/(1)%
Then, by substituting (2.3),
d/€2

RV = Vi + e ((Fg —~ AV + o

d\
Dds

5 Vo rarsViy — k1T Vi) Vi) + R?kl‘/fl)‘/(’%)v(ll)) 10

dA ,
+ 6%/62‘/(2) 6/€1V(

Since ‘:/(2) is the parallel transport of the normal vector 17(2) of C at the point P to the point P of C,

i i =i i =k k i i i 1k
Vi) = Vi) + TjVig) (3" — 2%) = Vi) + XT3 Vi) V) (3.11)
From (3.11), B
[/ J
Viby = Vo) — XT3V Vi)

and
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— i = (tri e oysJ sk g k
Faly = Fa (Vi = XT3V V) = Ve — N Tiu V) Vi
:El‘_/(i)—e)\(m—}—e)\a”l‘/ )Tk
= R1Vy — A Ty Vi) Vi
Subtituting this equation in (3.10),
RV = M TV V) = mV,
e ((“% 1) Vi) + G Vi) + waka Vi + BV Vis) Vi — "ClrakV@)V(z))
+eR V) —em Vi) 5
RV = Vi + X (61 = m8) Viyy + G Vi) + momsViy + RiViy Vi V) (3.12)
+6%I€2Vé) — emVé)%
Multiplying (3.12) by V(3);,
RV Vi = mVy Vi
i dk % i 7
+eX ((’f% — K3) ViV + 2 VisyViyi + ks Vi Visy + 'R le(1)V(]§)V(l1)V(3)i)
i 1i ; )
FegsraVinVisy — eriViy Visyigs

and
dﬁg i d\
0=¢€e\ < ds + R leé)V(g)V(ll)V(s)z) + 6$l€2
Then, by using (3.7) and the notation ’Rzle(j)V( )V(I)V( 3 = V3121,
dks Dé:
/ _ e q L q
V121 = T +VioyVieyi g5 2 (3.13)
Multiplying (3.12) by V(4);,
Kok + Y4101 = 0
or
"Vi121 = —HK2K3 (3.14)
Finally, multiplying (3.12) by V{;);, for p > 4,
Vpr21 =0 p>4 (3.15)

(3.13)-(3.15) represent the n — 2 Bertrand equations, which establish the relationship between n — 1
curvatures of the curve C' in n-dimensional Riemann-Otsuki space, thereby proving part i of the

theorem. [
4. Conclusion

In this study, we use the infinitesimal deformations of curves to examine the properties of Bertrand
curves in n-dimensional Riemann-Otsuki space, as there is no assumption regarding the existence of
these curves within this space. Theorem 3.1 provides the conditions for such curves’ existence. From
part ¢ of Theorem 3.1, we conclude that the distance A between corresponding points of the Bertrand
mates satisfies the differential equation (3.7). This condition corresponds to A being constant in R™.
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From part ¢ of Theorem 3.1, we deduce that the angle between tangents at corresponding points
remains constant if both the second curvature ko and A are constant functions. In part i of Theorem
3.1, we derive the n — 2 Bertrand relations, as given by (3.13)-(3.15), which relate the n — 1 curvatures
of the given curve C' in n-dimensional Riemann-Otsuki space. These relations are consistent with the
corresponding relations in Riemannian space, with Z—? = 0, obtained by Pears [14]. Furthermore,
applying these results to Euclidean space yields the well-known result in E3, ko being constant. In E"
for n > 4, we have k3 = 0 or k3 = 0, implying that the Bertrand curves in E" for n > 4 are degenerate.

Future research may focus on (1,3) — V Bertrand curves in the Riemann-Otsuki space. These curves,
as introduced in [17], are characterized by the property that the plane spanned by the principal normal
and second binormal of the curve coincides with the plane spanned by the principal normal and
second binormal of its Bertrand mate. Moreover, the focus of interest is other unique curves in the
Riemann-Otsuki space.
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