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Abstract

In this paper, we extend some estimates of the right hand side of a Hermite- Hadamard-Fejér type inequality for functions whose first
derivatives absolute values are s-convex.The results presented here would provide extensions of those given in earlier works.
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1. Introduction

The function f: [a,b] C R — R, is said to be convex if the following inequality holds

fAx+(1=2A)y) SAf(x)+1=A)f(y)

for all x,y € [a,b] and A € [0,1]. We say that f is concave if (—f) is convex.
The following inequality is well known in the literature as the Hermite-Hadamard integral inequality (see, [6], [9]):

where f: 1 C R — R is a convex function on the interval / of real numbers and a,b € [ with a < b.
In [5], Dragomir and Agarwal proved the following results connected with the right part of (1.1).

Lemma 1. Let f:I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If f' € L[a,b), then the following equality holds:

fla)+1(b) 1 /ahf(x)dx:b;a‘01(1—2f)f,(m+(1_t)b)dt' (1.2)

2 b—a

Theorem 1. Ler f:I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If |f'| is convex on [a,b], then the following
inequality holds:

(b—

(@l +1F o). 13

<

'f(a);rf(b) o [ ras

Definition 1. [1] Let s be a real numbers, s € (0,1]. A function f : [0,00)—[0,00) is said to be s—convex (in the second sense), or that f
belongs to the class Kg, if f

flax+(1—a)y) < o' f(x)+ (1 —a)' f(y)
forall x,y € [0,00) and o € [0, 1].

In [4], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality which holds for s—convex functions in the second sense.
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Theorem 2. [4] Suppose that f : [0,00) — [0,00) is an s-convex function in the second sense, where s € (0,1), and let a,b € [0,%0), a < b. If
f € L'([a,b]), then the following inequalities hold:

b
2 (#) <o [ rwaes OO (14)

s+1

The constant k = 1 is the best possible in the second inequality in (1.4).

The most well-known inequalities related to the integral mean of a convex function are the Hermite Hadamard inequalities or its weighted
versions, the so-called Hermite-Hadamard-Fejér inequalities (see, [8], [11]-[16], [19], [20]). In [7], Fejer gave a weighted generalization of
the inequalities (1.1) as the following:

Theorem 3. f:[a,b] — R, be a convex function, then the inequality
b b) P
f at / w(x)dx < / Fx)w(x)dx < M/ w(x)dx (1.5)
2 a b—a 2 a

holds, where w [a,b} — R is nonnegative, integrable, and symmetric about x = #.

In [13], some inequalities of Hermite-Hadamard-Fejer type for differentiable convex mappings were proved using the following lemma.

Lemma 2. Let f:I° C R — R be a differentiable mapping on I°, a,b € I° with a < b, and w : [a,b] — [0,0) be a differentiable mapping. If
f' € Lla,b), then the following equality holds:

2
f()zf( / X)dx— /f (’2“) /Olp(t)f’(ta—i-(l—z)b)dt (1.6)

foreacht € [0,1], where

g

plt) = /t.IW(aH—(l —s)b)ds—/0 w(as+ (1 —s)b)ds.

The main result in [13] is as follows:

Theorem 4. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b, and w : [a,b] — [0,0) be a differentiable mapping
and symmetric to #. If |f| is convex on [a,b), then the following inequality holds: for p > 1,

‘f( a)+ £ (b) / - /f bzaul(g(’))ljdtr(W); (17)

fb*b*“)’w(x)dx) forte[0,1].

where g(t) = at(b—a)t

Definition 2. Let f € Ly|a,b]. The Riemann-Liouville integrals J&, f and J}_f of order a > 0 with a > 0 are defined by

W = g [ =0 S, x> a

and

1

JEf(x) = (@)

b
/ (t—x)*"' f(0)dt, x<b

respectively. Here, T'(t) is the Gamma function and Jg+ flx)= Jg, f(x)=f(x).

Meanwhile, Sarikaya et al.[10] presented the following important integral identity including the first-order derivative of f to establish many
interesting Hermite-Hadamard type inequalities for convexity functions via Riemann-Liouville fractional integrals of the order ¢ > 0.

Lemma 3. Let f: [a,b] — R be a differentiable mapping on (a,b) with a < b. If f' € L|a,b], then the following equality for fractional
integrals holds:

fa) 2 /) _T@tl) a ppyy e )] =

b—a [ a_a) g
2 2(b—a) [(1=1)* —1%] f'(ta+ (1 —1)b)dr. 18)

2 Jo

It is remarkable that Sarikaya et al.[10] first give the following interesting integral inequalities of Hermite-Hadamard type involving
Riemann-Liouville fractional integrals.

Theorem 5. Let f : [a,b] — R be a positive function with 0 < a < b and f € Ly [a,b]. If f is a convex function on [a,b)], then the following
inequalities for fractional integrals hold:

a+b . )
/ ( ; ) = 2F((ba_+a;()x %, £(B) + I f(a)] < w o)

with o« > 0.

For some recent results connected with fractional integral inequalities see [2], [3], [17], [18], [21], [22].

In this article, using functions whose derivatives absolute values are s-convex, we obtained new inequalities of Hermite-Hadamard-Fejer type
and Hermite-Hadamard type involving fractional integrals. The results presented here would provide extensions of those given in earlier
works.
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2. Main Results

We will establish some new results connected with the right-hand side of (1.5) and (1.1) involving fractional integrals used the following
Lemma. Now, we give the following new Lemma for our results (see, [12]):

Lemmad. Let f:I° CR — R be a differentiable mapping on I°, a,b € I° with a < b and let w : [a,b] — R. If f',w € L[a, D), then, for all
X € |a,b], the following equality holds:

b [t « b a b a

/ / w()du | £ ()di — / /b wydu | f)dt = / w()du | [f(a)+ £(b)] @1

a a a

where o« > 1.
Now, by using the above lemma, we prove our main theorems:

Theorem 6. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b and let w : [a,b] — R be continuous on [a,b]. If | f'|
is s—convex on [a,b], then the following inequality holds:

b o b ‘ o—1 b b a—1
(/W(u)du) [f(a)+ f(b)] —Otl/ (/W(u)du) w(t)f(t)dt—a(/ (/W(u)du) w(r) f(¢)dt (2.2)

a a a t

(2.3)
< Wl (=)™ Aless) (£ (@) + |£ 0)])
where
Aa,s) = Lx+ls+1 (l— 2061H> +B% (s+l,oc+l)—B% ((X—!—l,s—l—l)} ,
>0, [Wllg ). = sup |w(t)| and By is the incomplete beta function defined as follows
t€la,b]
By(m,n) = /()xtm71(1 —0)"Yar, mn>0,0<x<1.
Proof. We take absolute value of (2.1), we find that
b a b ' oa—1 b b a—1
( / w(u)du) [f(a)+ f(b)] — o / ( / w(u)du) w(t)f(1)di — / ( / w(u)du) w(t)f(0)dt
a a a a t
b| [/t o b o
< wdu | — | [w)du | ||f(©)|at
[\Jreos) =] |
b
< Wl [ 16" = b=0%||£ ()] d
# b—t t ; b—t t
a a at |/ b~ —a a at | ¢ a
= HwH[a,b],w / [(b*t) 7(1‘7&) } f(ma+b_ b) df+/ [(l‘*a) 7(b*t) } f(md“’b b) dt
Since ‘ f/’ is s-convex on [a,b], it follows that
b @ b (1 a-l b [ b a-l
/ w(u)du) [f(a) + f(b)] — / / wiydu | w(t)f(t)di —a / / w(u)du) w(t)f(0)dt 2.4)
a a a a t

atb

< ||W\|F;,b],oo /2 [(b—t)a—(t—a)a][(:%;;)s

a2

—

+

>

a+

N‘
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= HWHEZJ?]-,W (bfa)s / [(b—t)“+s_(t—a)a(b ) dt+ / —t ) (t—a)OHs]dt

b
/ &) — (b—1)% (1 —a)"] dt | .

By simple computation,

atb
2

[ ats a s b—a)*tst! b—a)*™H!
/[(b—f) L a+)s+1 _2a£S+1(r)x+s+1)

a

—(b=a)* T B (a+1,5+1), (2.5)

a+b

a a+ o+s+1 (b—a) ot
K X3 _ S
/[(b—l) (t—a) —(t—a) }dt—(b—a) B%(S‘i‘],a—"l)—m, (26)
a
b
o a+ o+s+1 (b— “)OHS+1
— b—t)’—(b— ldt = (b— B 1 ) ———, 2.7
/h[(’ a)®(b—1)"—(b-1) } (b—a) %(SJF o+ 1) 200+ (g 5+ 1) @7
“
b 1 ots+l
o+s a s (b— “)OH_H_ (b—a) o+s+1
_ —(b— _ = — —(b— B 1 1). 2.
/b[(z a) (b—0)%(t—a)’]dt e Py e (b—a) t(atls+1) (2.8)
a+
=
Writing (2.5)-(2.8) in (2.4), we obtain (2.2) which the proof of theorem is completed. O
Corollary 1. Under the same assumptions of Theorem 6 with w(u) = 1, then the following inequality holds:
fla)+f(b INa+1 b—a / /
A0 B o)+ ]| < 5 V) ([ @]+ 0] .9

Remark 1. Ifwe take s =1 in (2.9), the inequality (2.9) reduces to

e ot g+ 50| < e [ (1 o )+ ey (1 )

((f’(@h’f’(b)‘). (2.10)

Remark 2. Ifwe take oo =1 in (2.10), the inequality (2.10) reduces to (1.3).

Corollary 2. Under the same assumptions of Theorem 6 with s = 1, then the following inequality holds:

b a b ' a—1 b b a—1
( / w(u)du) [f(a) + f(b)] - / ( / w(u)du) w(t)f(1)di — / ( / w(u)du) w(t) £ ()dt

a a a a

< i S0 (- 5 )+ s (1 )| (@l + ).

Theorem 7. Let f:I° C R — R be a differentiable mapping on I°, a,b € I° with a < b and let w : [a,b] — R be continuous on [a,b). If
|9 is s-convex on [a,b), g > 1, then the following inequality holds:

b o b/t ol b /b o1
( / w(u)du) [f(a)—i—f(b)]—a/ ( / w(u)du) w(t)f(6)dt — / ( / w(u)du) w(t) £ (0)dr @.11)

. 22— N (@ e
< ||W|[a,b],°°(l);(12ap> T E—

op+

where o > 0, %—0—% =1, and Wl . = sup [w(t)].
o t€(a,b]
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Proof. We take absolute value of (2.1). Using Holder’s inequality, we find that

b @ b [t a-l b [ b o=l
( / w(u)du) [f(a) + f(b)] — / ( / w(u)du) w(t)f (1)t — / ( / w(u)du) w(t) f()dt

a a a a

b| [/t o b op v /b i
< (/ (/W(u)du) - (/w(u)du) dt) (,/‘f, (t)‘th)
b ) i
< %y ( / \(ra)“(bz)“!"dr) ( / f’(z)]qdr) .

a

By simple computation, since (M —N)q <M9—N4forany M > N >0 and g > 1, then

(b—t)P* —(t —a)’*, fortec [a,#}
}(l—a)a—(b—t)a|p§
(t—a)’* —(b—1)P*, forte [#,b].

Hence, it follows that

atb
b

b _ g\t
/‘(tfa)af(bft)a’pdtg / [(bfz)”o‘f(zfa)”a}dt+/ [(tfa)”af(bfz)”“}dt:%<17T%p>.

a a atb
2

. N
Since ’f (t)’ is s—convex on [a, b]

i b—t t—a
b
f <b—aa+b—a >

2.12)

From (2.12), it follows that

b « bt
( / w(u)du> @)+ ) - [ (

w20 (b—a)®Tr 1\
Wlapeo———T (1= 3a
(ap+1)r

IN

(b—a)**
(ap+1)

.

=
N
|
[\*)
5]
'3‘ [y
~— N

(b—a)®H! (2_ 1

W2 51 00
b pt 1y

which this completes the proof. O

Corollary 3. Under the same assumptions of Theorem 7 with w(u) = 1, then the following inequality holds:

“ ~a slF@| o\
‘f( );f(b) *zlﬂ((bajai?x [Jﬁf(b)JrJﬁf(x)}‘ < 2(((xbp+1)); (2720‘:’_0 (‘f ’si‘lf b ’ ) ) (2.13)

Corollary 4. Let the conditions of Theorem 7 hold. If we take ot = 1 in (2.11), then the following inequality holds:

b b PN RPN i
( / w(u)du)W [0 < ol 2= (2= L) (‘f( >]ij (b)’) . @19

1
u A (p+1)r

Remark 3. Ifwe take o =s=1in(2.13) or w(u) = s = 1 in (2.14), we have
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