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Abstract

In this paper, we obtain the trace functions of Mantaci-Reutenauer algebra .# % (W,,), where (W,,S,) is a Coxeter system of type B,. We
also show for every A € &2 (n) that each characteristic class function e of the group W, is a trace function of Mantaci-Reutenauer algebra,
where 227 (n) stands for the set of all double partitions of n. Since the dimension of the trace function space on the Mantaci-Reutenauer
algebra is |2 2 (n)|, it exactly coincides with the algebra QIrtW,, generated by the irreducible characters of the group W,,. Although the
multiplication of basis elements d4 and d4 is not commutative in Mantaci-Reutenauer algebra, the images of dqdy’ and dy-dy under e are
equal to each other.
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1. Introduction

Mantaci-Reutenauer algebra .# % (W,) introduced by Mantaci and Reutenauer [6], is a subalgebra of the group algebra QW,, and is also
a generalization of Solomon’s descent algebra for Coxeter group of type B,. Bonnafé and Hohlweg [2] elegantly reconstructed Mantaci-
Reutenauer algebra by using the group structure of W,,. Bonnafé [3] determined the ring multiplication rule and studied the representation
theory of this algebra, more explicitly. In [1], we found all characteristic class function of the group W, and gave a formula to calculate the
size of each conjugacy class 65, of Wy, A € 2.22(n). In this article, at first we show for every double partition A of n that every characteristic
class function e, of Coxeter group W, of type B, is a trace function on Mantaci-Reutenauer algebra .# % (W) and then give an explicit
construction of the commutator subspace of Mantaci-Reutenauer algebra .# % (W, ). The following theorem is the main result of this paper:

Theorem 1.1. The space of trace functions on M R(Wy,) is QIrrW,, where QIrrW, denotes the algebra generated by all irreducible
characters of the group W,.

The trace functions on Iwahori-Hecke algebra obtained by Geck [4]. Iwahori-Hecke algebra is defined as a deformation of the group algebra
of the corresponding Coxeter group W. There are some different properties between Iwahori-Hecke algebra of Coxeter group W,, and
Mantaci-Reutenauer algebra. For instance, though all the basis elements of Iwahori-Hecke algebra of Coxeter group W, are invertible, this is
not the case in the Mantaci-Reutenauer algebra.

2. Preliminaries

Let (W,,S,) denote a Coxeter system of type B, and write its generating set as S, = {t,s,*+,5,—1 }. Any w element of W, acts by the
permutation on the set [, = {—n,---,—1,1,--- n} such that for every i € I,,, w(—i) = —w(i). The Dynkin diagram for (W,,,S,) is as follows:

t s N Sn—1
B,: o«<o—06—---—o.

For J C S, if Wy is generated by J, then it is called a standard parabolic subgroup of W,,. A parabolic subgroup P of W, is a subgroup
conjugate to Wy for some J C S,,. Put#| :=1 and #;1| := s;t;5; for each i, 1 <i <n—1. Thus all elements #; conjugate to 7. Setting
T, :={t1,t3, - ,t}, then the defining relations between the elements of S, and 7}, are stated as follows:

1. tf:l,s%:lforalli,j, 1<i<n 1<j<n-—I;
2. (Slt1)4= 1;
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sisiz1)’ =1foralli, 1 <i<n-—2;
s,-t])zzl,forallli7 2<i<n-—1;
sisj)> =1 forall i,j, |i— j| >2;
titj)? =1 forall i,j, 1 <i,j<n.

(SN I OS]

-
-
-
-

Let [ : W, — N is the length function on (W,,,S,) and let .7, be the reflection subgroup of W,, generated by the reflection set 7. It is
well-known that .7, is a normal subgroup of W,. Now let S_, = {s1,---,s,_1}. The reflection subgroup of W,, generated by S_, is
denoted by W_,, and isomorphic to the symmetric group E, of degree n. Thus W, is a split group extension of .7;, by W_,. In other words,
W, = W_,, X 9},. Therefore, the order of W,, is 2".n!. For further information about Coxeter groups of type B, one may apply [5].
Let K be any commutative ring and let H be an associative free K-algebra with finite generators. If a K-linear map 7 : H — K satisfies the
relation

t(hh') = T(H'h)
for every h, K € H, then 7 is called a frace Jfunction on H and the set of all trace functions defined on H is a K-module [4].
For any finite Coxeter group W, Solomon introduced a remarkable subalgebra Y W of the group algebra QW, called the Solomon’s descent
algebra [7]. In [2], Bonnafé and Hohlweg reconstructed Mantaci-Reutenauer algebra .# % (W,,) by using the methods which depend more
on the group structure of W,,.
Now, we mention the structure of Mantaci-Reutenauer algebra due to [2]:
For a positive integer n, a signed composition of n is an expression of n as a finite sequence A = (ay,--- ,a;) whose each part consists
of non-zero integers such that the summation of the absolute value of all parts equals n. It is denoted by .7 (n) the set of all signed
compositions of n. Note here that the size of .7 (n) is 2.3"~!. Now let 2.22(n) be the set of double partitions of n. A double partition
A = (AT;17) of n consists of a pair of partitions A and 2~ such that |1| = [A|+ |1~ | = n. If the length of A (resp. the length of 1)
is equal to zero, then we write 0 instead of A (resp. A~). Fora A = (A*;A~) double partition of n, 4 denotes the signed composition of n
obtained by concatenating A+ and —A~, that is, A=ATU-A"isa signed composition obtained by appending the sequence of components
of At to that of —A ™. Let S, be the set {s -+ $p_1,71,02,+ - 1n}.
In [2], Bonnafé and Hohlweg introduced some reflection subgroup of W, for any signed composition of n as follows: For A = (ay,--- ,a;) €
€ (n), the set Sy is defined as

Sa={sp €S—p : |ar|+--+lai-1| +1 < p<lar[+--+]ai| - 1}
U{t\uleJrla_,-lel €Thlaj>0}CS,.

The reflection subgroup Wy of W, is generated by S4 and (Wy4,S4) is a Coxeter system [2]. For any A € . (n), the set of all distinguished
coset representatives of Wy in W, is defined in the following way:

Dp={xeW, : VsS4, l(xs)>1(x)}.

For A,B € /% (n), the set Dap = D;' N Dp stands for the collection of elements with minimal length in (W4, Wg)-double cosets. For
A€ SE(n), set
dy = Z w € QW,,.

weDy
Then by [2], Mantaci-Reutenauer algebra is described explicitly as follows:

MAEW,)= B Qdy.
AeS € (n)

Moreover, dimg.# % (W,) = [2.3"~!|. Let the map ®,, : .#%(W,) — QIrtW, be the unique Q-linear map such that &, (d4) = Ind& 14
for every A € . % (n), where 14 stands for the trivial character of Wy. This map is a surjective algebra morphism as well. Furthermore, it is
well-known from [2] that the radical of .#Z%Z(W,) is Ker®, = Y 4= 4Q(ds —du), where A =, A’ means that W, is W;,-conjugate to Wy.
The multiplication structure in .# % (W,,) is given in the following proposition due to [3]:

Proposition 2.1. ( [3, Proposition C]) Let A and B be any two signed composition of n.
(a) Then, there is a map fap: Dap — % (n) satisfying the following conditions:

o Forevery x € Dap, fap(x) C Band fap(x) =p “'ANB.
e dpdp — ZXEDAB deB(X) S <ﬂ%§1A (Wn) ﬂ.ﬂ%.ﬂ;(wn) N Kerd,,.

(b) If A parabolic or B semi-positive, then fap(d) = ' AN B and dydp = YDy da-1 g JOr every d € Dyp.
In the Proposition 2.1, the inclusion fsp(x) C B means that W, (v 1s @ subgroup of Wp. By [3], the symbols C and < are a pre-order and
an ordering defined on .¥’% (n), respectively.

3. Trace functions on Mantaci-Reutenauer algebra

Let ¢, = Ind% 1, for each A € 92(n). For a double partition u of n, let denote by cox;, a Coxeter element of Wy in terms of generating

set Sp. Since the matrix (¢ (coxy))y . is upper diagonal and has positive diagonal entries, then (¢, (coxy ), is invertible in Q. Thus the
inverse of (¢ (coxy)), , will be denoted by (17 )5 - We have obtained in [1] that for each 4 € 2 (n), orthogonal primitive idempotent

of QIrrW,
e =Y udu
HED P (n)
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is also the characteristic class function on W, corresponding to the conjugate class €} . More explicitly, we have e (coxy ) = &, , for any
Au€ 2P(n). Forevery A € 2% (n) and A € Y% (n), if e, is extended by linearity to group algebra QW,,, then we have

ex(da) =Y ex(x) =%, NDal.
x€Dy

Lemma 3.1. For every A € 9P (n), the orthogonal primitive idempotent e, is not an irreducible character of QIrrW,,.

Proof. We first note that for every A € 247 (n), the cardinalities of %, and W, are different. By definition of the inner product of characters,
we have

1 _
(ep,ey) = Wi Z ey (w)ey(w 1)
| ”| wew,
€2
=24 1.
|Wn| )-J’#
Thus, the proof is completed. O

Morever, in [1], we obtained that for any A € 2.9 (n) the size of the conjugacy class €}, is equal to [Wy| - ¥;c 7.5 (n) Ua -

For any A € 227(n), by [2] the algebra homomorphism 7y : A Z(W,) — Q, x — ®,(x)(cox, ) is an irreducible character of .#Z %Z(W,),
where cox; denotes a Coxeter element of Wj .

If H is a K-algebra, the commutator of any two elements h, /' of H is defined as [k, h'] = hh' — h'h and commutator subspace [H,H] of H
is a K-subspace generated by all commutators [4]. The commutator subspace [H,H]| lies in the kernel of every trace function on H and
conversely, if 7: H — K is any K-linear map which is identically zero on the subspace [H, H], then 7 is a trace function on H [4]. Thus,
from [4], there is one to one corresponding between the space of all trace functions on H and Homg (H /[H, H],K) dual space of quotient
module H/[H,H]. Therefore, we can now give the following proposition without proof.

Proposition 3.1. As the set of all irreducible characters of M R(W,) is {7y : A € DP(n)}, the dimension of the space of trace functions
on MAEWy)
dimg MREWn) [ MR Wy), MR (Wn)| = |2 P (n)|.

Since all elements of Ker(®,,) are nilpotent and ¢, is a characteristic class function of W,,, then e, vanishes on the Ker(®,).
Lemma 3.2. For any two signed compositions A and A" of n, we have e (dady) = e;, (dardy).

Proof. Taking into consideration Proposition 2.1, since the expression dada’ — Y.xep,,, 4,/ (x) belongs to Ker(®,) and faa (x) =4/ XA NA/,
then we get

ep(dada) = Y. exldy, ()

x€D
Because of fyu (x) =n fara(x~") for every x € Dyyr, we obtain that e, (df,,(x) = ealdy, (1)) Hence it is immediately seen the equality
el(dAdAr) =e,1(dArdA). O
Lemma 3.3. The commutator subspace of Mantaci-Reutenauer algebra M H W) is [ MR Wy), M K% (W,)] = Ker®,,.

Proof. Since every x € .# % (W,) can be uniquely written as an expression of basis elements d4,A € % (n), for every x,y € .4 % (W,) we
immediately obtain from the proof of Lemma 3.2 that

xy —yx € Ker®,,.

Therefore, we get the inclusion [.#Z Z(W,), # % (Wy)] C Ker®,. If we take into account the fact that .#Z % (W,) /Ker®, = QIrrW, (since
®,, is a surjective algebra morphism) and Proposition 3.1, then we obtain

[ R(Wy), MR (Wy)] = Kerd,.

It is clear that the quotient space .4 % (Wy) /[ M B (Wy), # FW,)] = M R (Wy) /Kerd, is also a free Q-module.

Theorem 3.1. (Main Theorem) The space of trace functions on M X Wy ) is QIrrW,,.

Proof. For each A € 2.9 (n), the characteristic class function e, is also a trace function on .#%(W,) from Lemma 3.2. Moreover, by
Proposition 3.1 the space of trace functions on .# %Z(W,) and QIrrtW, have the same dimension, that is |2 .9?(n)|. So we have obtained that
the trace function space of .# % (W, ) exactly coincides with the algebra QIrrW,,. O

As @, is an algebra morphism, the 7, corresponding to A € 2.27(n) is another trace function on .#Z%Z(W,).
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Example 3.1. We consider the Coxeter group Wa. Forall A, u € 222(2) = {(2;0), (1,1;0), (1;1), (0;2), (0;1,1)}, the values ¢ (cox)
are given in the following way:

—_
—_

(@2 (coxp))pp = s () =

cocooco~
cooN~
OO NN =
ocnvo o~
I N O
Scococo R~
o o o)
o onlo
or—o ol
ool Hn‘ Lb‘ 1 ool—pim

Thus, a basis of the space of trace functions on .# % (W) is stated as follows:

1 1
e0) = 920 ~ 590.10) ~ 5P02) T 7 P01

1 1
€(1,10) = 590,10 ~ 59051 F g P

5911 — 7 9@:1,1)

5902 — 790:1,1)

1
4
1
€0:2) = 4

D;1,1)-

1
2
1
e = 2
1
2
1
w1, =3
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