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Abstract

We derive various weighted summation identities, including binomial and double binomial identities, for Tribonacci numbers. Our results

contain some previously known results as special cases.
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1. Introduction

For m > 3, the Tribonacci numbers are defined by

Tn=Tn1+Tn2+Tn3, Tho=0T1=T=1.

(1.1

By writing 7, = T,,,_» + T;,—3 + T,,,—4 and eliminating 7,_, and 7,,_3 between this recurrence relation and the recurrence relation (1.1), a

useful alternative recurrence relation is obtained for m > 4:

Tn=2Tn1—Tn-a, To=0, TT1=T=1, T3=2.

Extension of the definition of 7,, to negative subscripts is provided by writing the recurrence relation (1.2) as
Tom =2T i3 —T_ppia.

Anantakitpaisal and Kuhapatanakul [2] proved that

2
Ty =Ty-1"—Tu-2Tn-

The following identity (Feng [3], equation (3.3); Shah [7], (ii)) is readily established by the principle of mathematical induction:

Tntr =T Tn—2+ (Trfl + Tr)Tmfl + T 1T

Irmak and Alp [5] derived the following identity for Tribonacci numbers with indices in aritheoremetic progression:
Timtr = MO Tigm—1)1r + 22O Tm—2)1r + 23O Ty(m-3)4r»

where,

Mo)=d' +B" +7, A()=—(aB) —(ay) = (By), ()= (aBy),

where o, B and ¥ are the roots of the characteristic polynomial of the Tribonacci sequence x> — x> —x — 1. Thus,

1 :
a=z (1+{/19+3¢3§+{/19—3¢§) :

1 ‘
B=3 <1+w{/19+3\/§+w2{/19—3\/§>

and

y= % (1+w2</19+3\/§+w\3/1973\/§> :

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

where @ = exp (2im/3) is a primitive cube root of unity. Note that A, (), A,(¢) and A3() are integers for any positive integer ¢ [5]; in

particular, A1 (1) =1 =2,(1) = A3(1).
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2. Weighted sums

Lemma 2.1 ([1], Lemma 2). Let {X,,} be any arbitrary sequence, where X, m € Z, satisfies a three term recurrence relation X, =
J1Xm—a + f2Xy—p, where f| and f, are arbitrary non-vanishing complex functions, not dependent on m, and a and b are integers. Then,

kX i X
—ka—b+
) g%:#_flxm—(k+l)av 2.1
Jj= i
k mekbfaerj X
h beij = f?‘ — X () (22)
Jj= 2
and

5 X (p-aphtarb-a)j _ fiXm
- e - 2.3
j;) (=f2/f1) (/i) S Xin— (k1) (0-a) 23)

for k a non-negative integer.

Theorem 2.2. The following identities hold for any integers m and k:

k
Y 2T g = 2T — 27T, 2.4
j=0

k . .

2Y (1T sp—rvaj = (=) T+ Tsi—s 25

j=0
and

g k+1
Y YT sii143i =2 T — T3 (2.6)
j=0
Proof. From the recurrence relation (1.2), make the identifications f; =2, f, = —1, a =1 and b = 4 and use these in Lemma 2.1 with
X=T. O

Particular instances of identities (2.4)—(2.6) are the following identities:

k .
Y 2T =427 T4, ()
j=0

giving,

Y 27T =4, (2.8)
j=0

and

2Y (—1) Ty = (— 1) Ty — 1 (2.9)

9

0

J

and

k .
Y 21y =2y, (2.10)
j=0

Lemma 2.3 (Partial sum of an n’" order sequence). Ler {X i} be any arbitrary sequence, where X, j € 7, satisfies a n+ 1 term recurrence
relation X; = fiXj—¢, + foXj—c, + -+ fuXj—c, = Lm—1 fnXj—c,,» where fi, fo, ..., fn are arbitrary non-vanishing complex functions, not
dependent on j, and cy, ¢y, ..., ¢, are fixed integers. Then, the following summation identity holds for arbitrary x and non-negative integer k

n ¢ C —Jj k j

i ix, = =" et (5 x T 19X }
X i = .

PN (S Ty
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Proof. Recurrence relation:
n
Xj=Y fuXjc,-
m=1

We multiply both sides by x/ and sum over j to obtain

ko n ko n k—cm
Y X =) (fm foch,,,> =Y (x"’”f;n r x’Xj>,
j=0

j=0 m=1 m=1 Jj=—Cm

after shifting the summation index j. Splitting the inner sum, we can write

ko n -1 ko k—cw
A (VR E  We )

j=0 m=1 Jj=—Cm j=0 Jj=k+1
Since
-1 Cm ) k—cm k .
Jx. = —Jx . ix. = _ Jx .
ZxX],Zx X_jand ZXXJ, Z X' Xj,
J=—Cm Jj=1 J=k+1 J=k—cmt1

the preceding identity can be written

k o ko k A
ijXj: ixcmfm (ZX_JXJ-+ZXJXJ Z x]Xj).
=0 m=1 j=1 =0 S —

Thus, we have
n Cm . k .
S = Zxc’"fm Z)Ci]X,j—FS— Z xJXj s

m=1 j=1 J=k—cm+1

where
k .
S=Sx) =Y ¥X;.
j=0

Removing brackets, we have

n Cm . k . n
S = Zxcmfm<ZxJXj— Z x]Xj) —|—SZ’xC"‘fm7
m=1 j=1 j=k—cpm+1 m=1
from which the result follows by grouping the S terms. O

Lemma 2.4 (Generating function). Under the conditions of Lemma 2.3, if additionally x*X; vanishes in the limit as k approaches infinity,
then

Koot (¥ X 27X )
I Zlnnzl XEm fin ’

Seo(x) = Z XX =
=0

so that Se(x) is a generating function for the sequence {X;}.

Theorem 2.5 (Sum of Tribonacci numbers with indices in aritheoremetic progression). For arbitrary x, any integers t and r and any
non-negative integer k, the following identity holds:

k .
<1 — i (t)x = Ma(1)x* — A3 (l)x3> Y Ty =Tt (A (6) + 2723 (1) Ty +223 (0 Ty — X Ty, = X2 (A () 4323 (1)) Ti 4
=0

- xk+22’3 (I)T(k— D)t+rs
where,

M) =o' +B"+7, ht)=—(aB) —(an) = (By), A()=(aBy),

where a, B and y are the roots of the characteristic polynomial of the Tribonacci sequence x> — x*

—xt—x—1

Proof. Write identity (1.6) as X; = f1Xj_1 + f2X;j_»> + f3X;_3 and identify the sequence {X;} = {T; 4} and the constants c; = 1, ¢y =2,
¢3 = 3 and the functions f; = A;(¢), f> = A2(t), f3 = A3(t), and use these in Lemma 2.3.

O
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Corollary 2.6 (Generating function of the Tribonacci numbers with indices in aritheoremetic progression). For any integers t and r, any
non-negative integer k and arbitrary x for which x*T;, vanishes as k approaches infinity , the following identity holds:

i T = It 2 28) Ty + X231y
tj+r 1— fo A2x2 _ l3x3

where,

M=d +B'+7, =—(aB) —(ay) =By, A3=(aBy),

where a, B and y are the roots of the characteristic polynomial of the Tribonacci sequence P —x—1

Many instances of Theorem 2.5 may be explored. In particular, we have

(A1(2) +22(t) + 23(1) — 1) ZTu+r =T — (A () + 3() Tt = A3() T2t + Ty 1) + (A2(0) + A3(0)) T + A3 () T 114 »

2.11)
which at » = 0 gives
(A (1) +22(1) +A3(r) — 1) ZTz/* () + A3(O)T2 ) = T2 T) = A3(6) (T3 — Ta—2Tog) + Ty + (A2 (0) + A3(6)) T + A3 (6) T,
2.12)
and
k
(L 21(8) = 22(0) +A3(0) ¥ (= 1) Ty jr = T+ (A3(1) = M2 (0)Trs = A3(6) Trp + (= 1) Ty + (= 1D)¥(A3(1) = A2 (£)) Tier o)
Jj=0 .
= (=D A3() Tty
which at » = 0 gives
k
I+ = 220) +23(0)) Y (1) Ty = (Aa (1) = M (1)) (T2 = Tr-2Ts) — A3 (1) (T — Tor—2T) + (= 1) T 1y + (= 1) (Aa () — A2.(0)) Ty
j=0
— (=1 A3(0) Ty, -
(2.14)

Many previously known results are particular instances of the identities (2.11) and (2.13). For example, Theorem 5 of [6] is obtained
from identity (2.12) by setting t = 4. Sums of Tribonacci numbers with indices in aritheoremetic progression are also discussed in
references [4, 5, 6] and references therein, using various techniques.

Weighted sums of the form le‘:o JPT, j1r, where p is a non-negative integer, may be evaluated by setting x = ¢” in the identity of Theorem 2.5,
differentiating both sides p times with respect to y and then setting y = 0. The simplest examples in this category are the following:

k
2 Z j7}+r =T, 2+3T 1+ (k_ 1)Tk-'rr—l + (Zk_ 1)Tl<+r + (k_z)Tk+r+l (2.15)
j=0
and
k
2y PTjr = =311 = 5T, = 6T41 + (K = 2k+3) Ty + (2K = 2k+5) T + (K — 4k +6)Tiy 41 (2.16)
j=0

with the particular cases

k
2Y T =2+ (k—1)Tiy + (2%k— )T+ (k—2) Ty (2.17)
j=0
and
k
2 AT = —6+ (k* — 2k +3) Ty 1 + (2K — 2k +5)Tjc + (k* — 4k + 6) Tis 1 - (2.18)
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3. Weighted binomial sums

Lemma 3.1 ([1], Lemma 3). Ler {X,,} be any arbitrary sequence. Let X,,, m € Z, satisfy a three term recurrence relation X, =
fi1Xm—a + [rXm_p, where fi and fy are non-vanishing complex functions, not dependent on m, and a and b are integers. Then,

Kk (A Xon
) x = 3.1
];)(j) (f2> m—bk+(b—a)j f2 ’ 3.1
K\ Xt (a—b)ktbj ( f1)k
- ={-2) X, 3.2
,Zo(f) (5 5 G2
and
L k Xer(bfu)kJraj ( f2)k
AT — L2 X, 33
,ZO(J) F1) fi G

for k a non-negative integer.

Theorem 3.2. The following identities hold for any integer m and any non-negative integer k:

k
R\
(-1 (j) 2T akr3j = (=1 T, (3.4)

j=0

ko /k .

Y (]) Tn—3k+4j =2"Tn (3.5)
j=0
and

k K . L

Y (-1 (J) 2 T =27 T (3.6)
j=0
Proof. Identify X =T in Lemma 3.1 and use the f{, f>, a and b values found in the proof of Theorem 2.2. O

Particular cases of (3.4), (3.5) and (3.6) are the following identities:

k A
Y (-1 (j)ijSj = (=1 Ty, (3.7)
&

J

Lok
Y (1) Ty = 2Ty (3.8)

k
Mk . _
Y (=1 (J')z Iy = 27Ty — T2 Tat)- (3.9
j=0

4. Weighted double binomial sums

Lemma 4.1. Ler {X,,} be any arbitrary sequence, Xy, satisfying a four term recurrence relation X;y = fiXm—a + f2Xm_p + f3Xm—c, where
f1, f» and f3 are arbitrary nonvanishing functions and a, b and c are integers. Then, the following identities hold:

EE OO () 5w
]ioéio (i) <§) <fT)J <%)Sxm7ak+(afc) jt(e—b)s = % 4.3)
EL OO () e (2 x
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k . f j 1 N f k
GO (&) () 5 cmicarn=(-£) w5
LR (AY (1Y £Y

21 ()0 (R) (7) 5vanoaa=(-7) o wo
J=0s=

Proof. Only identity (4.1) needs to be proved as identities (4.2)—(4.6) are obtained from (4.1) by re-arranging the recurrence relation. The
proof of (4.1) is by induction on k, similar to the proof of Lemma 3 of [1]. O

Theorem 4.2. The following identities hold for non-negative integer k, integer m and integer r ¢ {—17,—4,—1,0}:

k J k . s .
J —s 1
Jj=0s= ;. r
k J k . T./'*STS T
J ! r+1 m
. ki = s
j;os;] (/) (s) (T, +T)/ " (r+1)k—j+2s T+ T
koJ N s
k J) T (T 2+T1) T,
. Ty ety 4.9)
;)sg(’] (/> <S T/ m—(r—1)k=2j+s T*
-y s(k\ (] (Tr—1+Tr)j_S _ i (Tt k
/‘;03;)(71) i) \s TTm,zkHwﬂ)s—(*l) =) T wi0)
k J 2 . ijs - . '
J r+1 k r—1+ r)
(" L i = (—DE (L) g .
J;)s;)( ) (]) (S) T/ mokt2jtrs (=1) ( T, m
and

f i (=1)° (k) (J> LT e jirs = (=1 <Tr)kTm- (4.12)

j=0s5=0 ) \s) (T—1+ Tr)j " T +T

Proof. Write the identity (1.5) as T, = T, Tyy—r—2 + (Tr—1 + T)Tp—yr—1 + Tr 1 Typ—r, identify fi =T, o=T,_ 1+ Ty, s =T,11,a=r+2,
b=r+1, c=rand use these in Lemma 4.1 with X =T. O
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