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ON SOME NEW INEQUALITIES OF HERMITE-HADAMARD
TYPE INVOLVING HARMONICALLY CONVEX FUNCTIONS
VIA FRACTIONAL INTEGRALS

ERHAN SET, IMDAT ISCAN, AND FATMA ZEHIR

ABSTRACT. In this paper, some new results related to the left-hand side of the
Hermite-Hadamard type inequality for harmonically convex functions using
Riemann Liouville fractional integrals are obtained.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The following inequality holds

(L.1) f(”b)s L jf(x)dxsf(“”f(b).

2 b—a 2

In [4], the author introduced the class of harmonically convex functions, defined as
follows.

Definition 1.1. Let I C R\ {0} be a real interval. A function f: I — R is said to
be harmonically convex, if
LY
— | <t 1-1
iy ) <t +a-0f@
for all z,y € I and t € [0, 1]. If the inequality in (1.1) is reversed, then f is said to
be harmonically concave.

We recall the following special functions and inequality
(1) The Beta function:

B(x,y) = m = /t“l (1—t)Y"dt, xy>0,
0
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(2) The hypergeometric function:
1

m /f“ (L=t " (1 —2)""dt, c>b>0, [z < 1.
’ 0

In the following we will give some necessary definitions and mathematical pre-

liminaries of fractional calculus theory which are used further in this paper. More
details, one can consult ([1],[2],[7]).

Definition 1.2. Let f € L[a,b]. The Riemann-Liouville integrals J&_f and J;* f
of oder a > 0 with a > 0 are defined by

T

2F1 (a,b;¢;2) =

1 a—1
o = — — t
‘]a—i-f(x) F(OZ) /(I t) f(t)d y X >a
and
) b
(6% _ _ a—1
1@ = s [ =2 s, o <
respectively, where I'(«) is the Gamma function defined by T'(« f et ldt

and J0, f(x) = JO. f(x) = f(x).

Because of the wide application of Hermite-Hadamard type inequalities and frac-
tional integrals, many researchers extend their studies to Hermite-Hadamard type
inequalities involving fractional integrals not limited to integer integrals. Recently,
more and more Hermite-Hadamard inequalities involving fractional integrals have
been obtained for different classes of functions; see ([5],[6],[9],[10],[11]).

In [3], Iscan proved a variant of Hermite-Hadamard inequality which holds for
the harmonically convex functions in fractional integral forms as follows:

Theorem 1.1. Let f: I C (0,00) — R be a function such that f € Lla,b], where
a,b € T with a < b. If f is a harmonically convex function on [a,b], then the
following inequalities for fractional integrals hold:

f <a2ibb) < w <biba)a{‘]f‘/a (f09) (1/8) + Jijns (f 09) (1/a) }

fla) + f(b)
= 2

with a > 0.
Lemma 1.1. ([8],[12]) For 0 < a <1 and 0 < a < b, we have
la® — 4] < (b— a)°
Lemma 1.2. ([3]) Let f : I C (0,00) — R be a differentiable function on I°

such that f' € Lla,b], where a,b € I with a < b. Then the following equality for
fractional integrals holds:

Iy (g:c,a,b)

1
ab b—a (1—1¢)%] ab
0/ ta + (1 —t)b)* =S (ta+(1—t)b)dt'
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where
It (g; v, a,b)
_ f(a)—;f(b)_F(a; 1) (b‘iba> { e (fog) (1/b) + I3, (fog) (l/a)}~

with « > 0,9 (x) = 1/x and T is Euler Gamma function.

In [3], Iscan proved the following theorems using the above Lemma 1.1 and
Lemma 1.2.

Theorem 1.2. Let f: 1 C (0,00) — R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a <b. If |f'|* is harmonically convex on [a,b] for
some fized ¢ > 1, then the following inequality for fractional integrals holds:

11 (g; @, a,b)|
ab(b—a _ 1
< POZD G 010,b) (Colora,b) [ ) + Cafasab) | (@)])
where
Ci(a;a,b) = b 'F(21~ r2:1 g)+ F(z +la+21 9)}
1\asa, - Oé+1 _2 1 , Ly« ) b 241 , ey ) b )
b2 [2F (2,20 +3;1— %) a
Cy(asab) = 4o (2a+ 2031
2(0&7a,) a+2 O[-|—]_ +2 1 ,Oé-'— 7a+ ) b) )
b2 [ a 2F1(2,a—|—1;a—|—3;1—9)
: = Fi(2,1; 11— = LA
Ca(a; a,0) at1 |’ 1(’ o+ 3, b)+ a+t1

Theorem 1.3. Let f: I C (0,00) = R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a < b. If |f'|? is harmonically convex on [a,b] for
some fized ¢ > 1, then the following inequality for fractional integrals holds:

s (95 v, a, b))
ab(b—a _
< PO 10 0,0) (ol a,0) f ) + Cafasa by | @])
where
C(1 (a,a,b)
b2 a a
= [QFl (2,a+1,a+2,1—g) R (2,1,&—}-2,1—5)
1 a
o F (2,1,a+2,2(1—b))],
02 (a;aab)
_ g (2 a+2-a+3-1—3)— L r (2 2~a+3-1—3)
— Oé+2 241 ) ) ) b Oé+1 2471 ) &y ) b
1 1 a
g 2l <2,2,a+3,2 (1- b))] ,
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Cs (a;a,b)
b—2
a+2 Lu—&— 1°?

o Py (2,1,a+3 % (1 - Z))]

and 0 < o < 1.

(2 a+1;a+3;1—%) W F (2,1;a+3;1—%)

Theorem 1.4. Let f: 1 C (0,00) — R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a <b. If |f'|* is harmonically convex on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

|If (g,a a,b)|
Y 0) 1 @]\
ap+1 2
{ <2p71;01p+2;1—%)+2F11/p(2p7o[p—|—1;ap+2;1_%)}’

where 1/p+1/q =

Theorem 1.5. Let f: 1 C (0,00) — R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a <b. If |f'|* is harmonically convex on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

11 (g; v, a,b)]
A ol ,b)( ! >l/q(|f’(b)|q+f’(a)|‘J)1/f17

2 (ab)! =P ag+1 2

o p—1\ 1/(2p—2)
R 1) 18 2p — 2-Logarithmic

where 1/p+1/q =1 and Lap_o(a,b) = (m

mean.

Theorem 1.6. Let f: I C (0,00) = R be a differentiable function on I° such that
f' € Lla,b], where a,b € I° with a < b. If |f'|* is harmonically convex on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

15 (g9; v, a,b)]

a(b—a) 1 1/
<
- 2b ap+1

1/
§ <2F1 (20.2:3:1 = ) |/'O)|" +2 F1 (20.1:3:1 — %) If’(a)|q> '

2

where 1/p+1/¢g = 1.

In this paper, new identity for fractional integrals have been defined. By using
of this identity we obtained some new results related to the left-hand side of the
Hermite-Hadamard type inequality for harmonically convex functions via Riemann
Liouville fractional integral.
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2. MAIN RESULTS

Let f: I C (0,00) — R be a differentiable function on I°, the interior of I.
Throughout this section we will take

Ky(g; o, a,b)
= f (fibb) B F(a; 1) <btiba> {JEL (fog)(1/b)+ I, (fog) (1/a)}

where a,b € I, with a < b, a >0, g(x) = % and T is Euler Gamma function.
In order to prove our main results, we need the following Lemma:

Lemma 2.1. Let f: I C (0,00) — R be a differentiable function on I° such that
f' € Lla,b], where a,b € I with a < b. Then the following equality for fractional
integral holds :

3
1
(2.1) Ky (giona,b) =5 3 I

where

and Ay =ta+ (1 —t)b.

Proof. Calculating I, Iy and I3 we have
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1
—ab(b—a)/f’ (jﬁ)i;

1/2

I

and

1
o ab\ dt
o=t [l (2)
0

1
(1— )" df (jf) —i—/tadf (f)
0

I+ I3

By integrating by part in I3, we get

" ab
I /1—t (A)

Here, by the changes of variables u = z—l:, we get

b a—1
ab \“' /101 ab 1
5= gw-af () (3-7)  fpt Lo

a

_ f(a)—a<biba>a/b<i—z>”_l ()

47
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and again by the changes of variables u = %, we get

N
_ f(a)—&—a(bciba)a/l;:b (t—i) ﬂfog(t)dt

f@)—o (ba_ba)ar(a)Fja) / // (1 2) fo gyt

@)= Tla+ 1) (22) T Foat)

1 oY
Similarly, we get I3* = [ t*df (Z—i) = f(b) = T(a+1) (ﬁ) Yy og(1/a). By
0
adding Iy, Iy and I3, the desired result is obtained. ([l
Using this Lemma, we can obtain the following inequalities.

Theorem 2.1. Let f : I C (0,00) — R a differentiable increasing function on I°
such that f’ € Lla,b], where a,b € I° with a < b. If (f")? is harmonically convex
on [a,b] for some fized ¢ > 1, then the following inequality for fractional integrals
holds:

Ky (95,0, )
< f(b) ; f(a) + ab (52— a) C%fl/q(a;a,b)
x [Calas a,b) (/(6))* + Ca(az a,0) (f'(a))]
where
b—2
Oiaab) = =[P (2ha+21-7) 2R (2athat2l- 7)),
b2 F(2,2;a+3;1— 4%
Ca(asa,b) = 012 2 1( ari b)+2F1(2,a+2;a+3;1—Z>],
b2 a Fi(2,a+La+3;1—-%
C3(aza,b) = a1 2F1<2,1;04+3;1—g>+2 1 P b)]

Proof. Let Ay =ta+ (1 —t)b. From Lemma 2.1, using the property of the modulus
, the power mean inequality and harmonically convexity of (f/)? , we find

1
Ks(giasa,b)l < oA+ L2 + 3]}

1/2 1
_ ab(b—a) , (ab\ dt , (ab\ dt 1
R O/f<At>Af+1//2f(At>Af 3 1hl
b) — 1
_ f()2f(a)+§u3|.
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As in the proof of the Theorem 1.2, we have

1
1 ab(b—a) o , [ab dt
.y = - =/ 1— —t* — | —
2155 S - e (1)
0
ab(b—a _
< %ci Y(aza,b) (Calas a,b) (F(6)" + Cslaza,b) (f/(a)) ",
where
b—2 r a a 1
Ci(azab) = a+1_2F1(2,1,a+2,1—g)—|—2F1(2,044—1,&—1-2,1—5)_,
b2 [oF (2,250 +3;1— %) ay |
CQ(O{,Chb) a+ 2 a+1 +2 1( , o+ ,OZ+3, b) 3
b2 a 2F1(2704+1501+391*%)-
Cilaah) = —— oFy (2L +3:1-5) + 1

The proof is competed.

Theorem 2.2. Let f : I C (0,00) = R be a differentiable increasing function on
I° such that f' € Lla,b], where a,b € I° with a < b. If (f')? is harmonically convex

on [a,b] for some fized ¢ > 1, then the following inequality for fractional integrals
holds:

Ky (g;,a,b)|
< f(b> g f(a) + ab (b2_ a) Cll_l/q(a;a,b)
% [Cala; a,b) (£(0)* + Ca(asa,b) (£(a)1]7,
where
C1(a;a,b)
b2 a a
= [gFl (2,a+1,a+2,1—6) R (2,1,a+2,1—5)
1
+o <2,1;a+2; 3 (1 — Z))] ,
OQ(OZ;CLab)
b2 a 1 a
- {QFl <2,a+2,a+3,176) ~ ek (2,2,a+3,173>
1 1 a
- _F (2.2 (1= 2
e’ 1( 23y ( b))]
03(0[;0‘71))

b2 1 a a
- F(2, 1; 3;1ff)f F<2,1; 3;1ff)
a—&—Q{a—&—lQ et ot b) 2! at b

1 a
o F (2,1;a+3; 5 (1 _ b))]

and 0 < a < 1.
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Proof. Let Ay =ta+ (1 —t)b. From Lemma 2.1, using the property of the modulus
, the power mean inequality and the harmonically convexity of (f')?, we find

Ky (gaa )] < 5 (0] +1%+ k)

- 2 2
and
(2.2)
1
§\I3|
bb—a) [ (L=t =t , (ab
a —a —H)* —t« a
<
B 2 / A} f<At>dt
0
-3 /1 3

IN
)
>
i
&
O\H
—
|
~
&=
|
~
_R
QL
~~
—
|
=
I
~
_Q
N
~
7N
Q
=8
~_
"
=}
QL
~

) 0 1/q
< o) /(1_2_” [t/ (0)7 + (1 = £)(f'(a))7] dt
0
< POZD eV s 1)+ Kl ),
where

ye
0
[0t 1]
— ) — @
Ky = ——  tdt
2 / A? )

Kgf/| 1_t _t |(1—t)dt.

If Ky, Ky and K3 are calculated as in the proof of the Theorem 1.3, and used in
the inequality (2.2), the desired result is obtained.

Theorem 2.3. Let f : I C (0,00) = R be a differentiable increasing function on
I° such that f' € L[a,b], where a,b € I° with a < b. If (f")9 is harmonically convex
on [a,b] for some fized q > 1, then the following inequality for fractional integrals
holds:

(2.3) 1Ky (9:,a,b)|

< MOS0 aboa) (1 1)”p (Lo (f’(a))q)”q

< [F7 (2 tiap+ 21 = T) 2 B (2p.0p + Liap + 21 - 7]
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where 1/p+1/q = 1.

O

Proof. Let Ay = ta + (1 —t)b. From Lemma 2.1, using the Holder inequality and
the harmonically convexity of (f')?, we get

1Kt (9; cx, a,0)
1 1
f(b) = f(a)  ab(b—a) (I=t)> , (ab t* , (ab
= T S () e [ ()
0 0
0 - 1@ ao-a [(Fo-o N (o)
— f(a ab(b—a 1—-t)P , [ a
< el [ ([(r(5)) @
0 0
(2.4)
1 1/p 1 ) p 1/q
tep , [ a
A\ ) ([0()
0 0
1 i

< 02T DO (g wd) [y + - o @ya

0

f() — fla)  ab(b—a) (Ki/p—l—K;/p) (f/(b)q—f—f’(a)q>1/q.

<
- 2 + 2 2

As in the proof of Theorem 1.4, calculating K, and K5, we have

1
(2.5) K, = u/

0

b=2r

a
- .F(2,1; 2;1—f>,
ap+121 D, Ly ap + b

_ ap
a-ov,
A

1 sap

b2

a
- .F(Q, 1; 2;1ff).
p+121 p,ap + 1;ap + b

e
Thus , if we use (2.5) and (2.6 ) in (2.4), we obtain the inequality of (2.3).This
completes the proof. ([l

Theorem 2.4. Let f : I C (0,00) = R be a differentiable increasing function on
I° such that f' € L[a,b], where a,b € I° with a < b. If (f")%is harmonically convex
on [a,b] for some fized ¢ > 1, then the following inequality for fractional integrals
holds:
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(2.7)
Ky (g5, a,b)]

SO = fl@) | b=a o (1) e ((f’(b))q + <f'<a>>q>”{

<
- 2 2 (ab) /P ag+1 2

p2p—1_,2p—1 ) 1/(2p—2)

where 1/p+ l/q =1and Lgp_g(a,b) = (m

mearn.

is 2p — 2-Logarithmic

Proof. Let Ay = ta+ (1 —t)b. From Lemma 2.1 and Lemma 1.1, using the Holder
inequality and the Harmonically convexity of (f/)?, we get

IKs (g5 ,a,b)]
B g
< f(b);f(a)Jrab(b;a) (0/1 Altzp dt>1/p

| o aal (@YY 1/

(for-ere )

<

1 1/p
fb) = f(a)  ab(b—a) 1
S, b (/Afpdt)
0
1/aq

x ( [l o)+ -0 (7 @)”] dt)

0

ey < LI RO o+ @)

where as in the proof of Theorem 1.5

1 1
_ Ao a\\
(2.9) Ks = /Afpdt—b /(1—t(1— b)) dt
0 0
L3y ~5(a,b)

— —2p .9 79 —
= VULR (2,121 F) = T

b
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1

(2.10) K; = /\1—2t|‘”tdt
0
1/2 1
= /(1 —2t)* tdt + / (2t — 1) tdt
0 1/2
7 1
2(ag+1)’
and
1
(2.11) Ky = /|1 —2t|* (1 — t)dt
0
_ 1
- 2(ag+ 1)’

If we use (2.9),(2.10) and (2.11) in (2.8), we obtain the inequality of (2.7). This
completes the proof.

Theorem 2.5. Let f : I C (0,00) — R be a differentiable increasing function on
I° such that f' € Lla,b], where a,b € I° with a < b. If (f')? is harmonically convex
on [a,b] for some fized ¢ > 1, then the following inequality for fractional integrals
holds:

(212)  |Kf(gi0,a,b)]
f) = fla)  ab—a) [ 1 \'7
= 2 + 2b (ap+1>

) <2F1 (2,2:3: 1 — @) (f/(5)" +2 F) (2q,1:3;1 — 2) (f’(a))q> o
2 b

where 1/p+1/q = 1.
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Proof. Let A; = ta+ (1 —t)b. From Lemma 2.1 and Lemma 1.1, using the Holder
inequality and Harmonically convexity of (f/)?, we find

K (g:0r,a.b)]
J0) ~ f(a) | abb—a) [|(1—0)* 12| (., (ab
= 5 T 2 / A7 (f (fh))dt
0
1 1/p
S f(b);f(a’) +ab(b2_ CL) /‘(1—t)a—ta|pdt
0
1 1/‘1
1 , (ab\\*?
" / (0 (5)
1 1/p
¢ 010 b /‘1 e
0
1 1/q
1 q ! q
x / S [GO) + (=0 (@)

(2:13) = f(w<;j(a)4_ab(i;_a)Kj/p(Kﬁo(f%b»q4—Kﬁ1(f%a»q)uq,

where as in the proof of Theorem 1.6,

1
2.14 Kog= [|1—2t|"dt =
(214) o= [
0

(2.15) Ky = /ltAt2th - bzq/lt (1 ft(l - %))_QQ dt
0 0

1
= o1 (2(172%39 1- g)

2024 b

and

1
2.16 K= [(1—pA 4 = 2 o5 (29,1531 - &
() 11—(—),5 —ﬁ21<(ba7_g)

0
Thus, if we use (2.14),(2.15) and (2.16) in (2.13), we obtain the inequality of (2.12).
This completes the proof. O
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