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SOME GENERATING RELATIONS INVOLVING 2-VARIABLE
LAGUERRE AND EXTENDED SRIVASTAVA POLYNOMIALS

Ahmed Ali Al Gonah !

ABSTRACT: In this paper, we derive families of bilateral and mixed multi-
lateral generating relations involving 2-variable Laguerre and extended Srivastava
polynomials. Further, several bilateral and trilateral generating functions involving
2-variable Laguerre polynomials and other classical polynomials are obtained as
applications of main results.

1. INTRODUCTION

Srivastava [9] introduced the Srivastava polynomials (SP) SZ(w) by the fol-
lowing series definition:

5

SN (w) :Z( Z?NkAnyk w* (n € Ny = NU{0}; N € N), (1.1)
k=0 ’

where N is the set of positive integers, {An i}, 1_, is a bounded double sequence

of real or complex numbers, [a] denotes the greatest integer in a € R and (\),,
(Ao = 1, denotes the Pochhammer symbol defined by [10]

(A +v)

(e = =57t (12)
in terms of familiar Gamma function.
Afterward, Gonzdlez et al. [3] extended the SP S (w) as follows:
(~] (=n)
Smq(w) =Y Ausqr w* (¢, € Nos N €N), (1.3)
k=0

which were investigated rather extensively in [3] and more recently in [6]. The poly-
nomials S (w) called as extended Srivastava polynomials (ESP), since S3'(w) =

SN (w).

It is important that, appropriate choices of the double sequence {4, ;} in
equation (1.3) give many well known polynomials such as Laguerre, Jacobi and
Bessel polynomials (see [3]). Here, we will recall them and add further new partic-
ular cases as the following remarks:
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Remark 1.1. ([3; p.147] see also [6]) Choosing A, , = (—a —¢)n (¢,n € Ny) in Eq.
(1.3), we get

-1 n!
1 _ a+

Sn,q (w> - (_w)nLgl q)(w)a (14)

where Lﬁf‘) (w) denotes the associated Laguerre polynomials defined by [10; p.42]

« (7w)n -1
L (w) = " oFy [ —n, o=~ (1.5)
and ,F, is the generalized hypergeometric function defined by [10; p.42]:
1 (@)p - (Qp)p 2™

Folay,...,ap;B1,...,084;2) = -— 1.6

P q( 1 PPl q ) ;(ﬁl)n(ﬂq)n nl ( )

where p, g € Ny and for p = ¢ = 1 reduces to the confluent hypergeometric function
1F1 .

Remark 1.2. ([3; p.146]) Choosing A, = (ij:;f#)fj&:%:qz);)y (g,n € Np) in Eq.
(1.3), we get

2 2 "
1 — a+q,f+
Sn,q <1+w> _n!(a+5+q+n+]—)q <1+w> Pr(L e q)(w)’ (17)
where P{*? )(w) denotes the classical Jacobi polynomials defined by [8; p.255]
2 1 " 2
P = (0T (58) m (n o mmas - )
(1.8)

Remark 1.3. ([3; p.148]) Choosing A, = (—a — ¢q)» (¢,n € Ny) in Eq. (1.3), we
get

—w
St () =wmlw1—a =g 20.9) (3 £0) (1.9
where y,, (w, , 8) denotes the Bessel polynomials defined by [10; p.75]
yn(w, o, B) = 2 Fy (—n,aﬁ-n—l;—;_ﬂw) . (1.10)

Now, we add the following new particular cases as remarks:

Remark 1.4. Choosing A, ,, = % (g,n € Ny) in Eq. (1.3), we get

(2 20
sn,q( )_ =Ty O, (1.11)

1—w

where C¥(w) denotes the classical Gegenbauer polynomials defined by [8; p.279]

5 227 (1), (w—1\" 1 2
C"(w)_n!<2> oy (n,2un,12y2n71_w>. (1.12)

Remark 1.5. Choosing A, ,, = ?i(ﬁf;)): (g,n € Np) in Eq. (1.3), we get

Spq(w) = nl(p+ 1) g7 (w), (1.13)
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where g(p )( ) denotes the Cesaro polynomials defined by [10; p.449]

+n
@) = (V" )aFu(on i = ). (114)
Remark 1.6. Choosing A, ,, = @ﬁ%q)n (¢g,n € Np) in Eq. (1.3), we get
S}Lq(w) =nl(a+q+2n)y R.(a+q,w), (1.15)

where R, (a,w) denotes the Shively’s pseudo Laguerre polynomials defined by [8;
p.298]
(Q)Qn

n!(a); 1F1(—n;a + n;w). (1.16)

Next, we recall that the 2-variable Laguerre polynomials (2VLP) L, (z,y) are
defined by the series definition (see[1,2])

R, (a,w) =

k

= nl Z N v ol (1.17)

and specified by the following generatlng funct10n8'

exp(yt) Co(xt) E Ly (zx y (1.18)
or, equivalently
1 —t —
exp( ) =S Loz, )" (Jyt] < 1), 1.19
o (1) = X et (i <) (119)

where Cp(z) denotes the 0" order Tricomi function. The n'”* order Tricomi func-
tions Cy,(x) are defined by [10]

Z;)Ic! n+k (1.20)

Also, we note that the 2VLP L, (x, y) satisfy the following generating function:

1 —xat >
m 1F1 (a;l; 1—7yt) = T;)(a) L, (z, y)

which for a = 1 reduces to Eq. (1.19).

Tl
n!

(\yt| < 1), (1.21)

The 2VLP L, (x,y) are linked to the classical Laguerre polynomials L,,(x) by
the relations

Lo(x,y) = y" Ly (;) : (1.22)
L,(z,1) = L,(z), (1.23)
where L, (x) are defined by [§]
L,(z) = i M (1.24)
" = (k1)? (n — k)!

The aim of this paper is to derive some families of bilateral and mixed mul-
tilateral generating relations involving the 2VLP L, (z,y) and the ESP Sfxq(w) by
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using series rearrangement techniques. Also, the above mentioned remarks will be
used to obtain some illustrative bilateral and trilateral generating functions involv-
ing the 2VLP L, (z,y) and many classical polynomials in terms of the confluent
hypergeometric function.

2. BILATERAL GENERATING RELATIONS

We prove the following results:

Theorem 2.1. The following family of bilateral generating relation involving the
2VLP Ly(x,y) and the ESP SY (w) holds true:

t 4+ u)? (w(—u)N "
Z Lq+n$ y q' n' Z Lq+NnCCy Aq+Nn,n( qIU) ( ( ) ) .

q,n=0 q,n=0

n!

(2.1)

Proof. Denoting the L.h.s. of Eq. (2.1) by A; and using definition (1.3), we have

1 Nk td

Z Loin(z,y Z kl(n Agtnk wk— 7! u™. (2.2)

q,n=0
Replacing n by n+ Nk in the above equation and using the lemma [10; p.101]
oo 7] 0o oo
ZZAk n) =Y A(k,n+mk), (2.3)
n=0 k=0 n=0 k=0
in the resultant equation, we find
—1)Nk Lt n+Nk

Z Lgtn+ni(z, ?J)TA +n+Nk,k w” pri
q,n,k=0 Eh

— (2.4)

Again, replacing ¢ by ¢ —n in the r.h.s. of Eq. (2.4) and using the lemma [10;

p-100]
SN Alkn) =) "> A(k,n — k), (2.5)

n=0 k=0 n=0 k=0
in the resultant equation, we get

(oo} k n
11 w(_u)N ! —q)n [ —U
A=Y Loynk(@y)Aginek 7( i ) > ( n,) <) (2.6)
q,k=0 a : n=0 :
which on using the binomial expansion [10]
ANy 2"
(=)= (Mar (2.7)

n=0
in the r.h.s., yields the r.h.s. of Eq. (2.1), then the proof of Theorem (2.1) is
completed.

Remark 2.1. Taking u = —t in assertion (2.1) of Theorem 2.1, we deduce the
following consequence of Theorem 2.1.
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Corollary 2.1. The following family of bilateral generating relation involving the
2VLP Ly (x,y) and the ESP SN (w) holds true:

q,mn=0

> wtV)"
n=0 ’

Remark 2.2. Taking ¢ = 0 in assertion (2.1) of Theorem 2.1 and using the relation
SNo(w) = SN (w), we deduce the following consequence of Theorem 2.1.

Corollary 2.2. The following family of bilateral generating relation involving the
2VLP L, (z,y) and the SP SY (w) holds true:

q Ny™
ZL a?y Z Lq-&-Nnxy Aq+Nnn Z(UJ(U))

q,n=0

- (2.9)

In the next section, Corollaries 2.1 and 2.2 will be exploited to get families of
mixed multilateral generating relations involving the 2VLP L, (x,y), ESP Sfx ,(w)
and SP S¥ (w) with the help of the method considered in [10,5,7].

3. MULTILATERAL GENERATING RELATIONS
First, we prove the following theorem by using Corollary 2.1:

Theorem 3.1. Corresponding to an identically non-vanishing function Q,,(&1,. .., &)
of complex variables &1, ...,& (I € N) and of complex order p, let

A (€nr- 5 &m) = ak Qi &)n*, (ar # 0,9 € C). (3.1)

k=0

Then we have, for n,p € N,

(_l)ntn+q—pk

Z Zak Lq+n*pk(xay)57{xq7pk(w) Quryr(&r, -5 &) 7" m

q,n=0 k=0

oo tN n
- A#ﬂl’(flv o 75“77) Z LNn(x;y) ANn,n % (32)

n=0

provided that each member of assertion (3.2) exists.
Proof. Denoting the L.h.s. of Eq. (3.2) by Ay and using relation (2.3) , we find

tq (=)™
n!

Ay = Zak Quypr(§1, -+, &) Z Lgin(z,y) SYy(w ) (3.3)
k=0

q,n=0

Using Egs. (3.1) and (2.8) in the r.h.s. of Eq. (3.3), we get the r.h.s. of Eq.
(3.2), then the proof of Theorem 3.1 is completed.

Next, proceeding on the same lines of proof of Theorem 3.1 and using Corollary
2.2, we get the following result:
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Theorem 3.2. Corresponding to an identically non-vanishing function Q,,(&1,. .., &)
of complez variables &1, ...,& (I € N) and of complex order p, let

AppCrse&sm) =Y ar Ly (s &Y, (ax # 0,9 € C),

k=0
(5] Tk
@Zig(ﬂf,% Z, W 517 s 751;7—) = Zak Ln—pk(xa y) S’rlzv—pk(w) Qu+wk(§17 s agl)m
k=0
(3.4)
where n,p € N. Then, we have
ZQWZ) (90 Y, 2, w; &1 fl'ﬂ) t
70 n7p ) b ) ) AR b tp
1 (w(=t)N)"
Mw 51;-“’517 Z Lq+Nn x y Aq+Nnn q(n') (35)

q,n=0
provided that each member of assertion (3.5) exists.

Notice that, for every suitable choice of the coefficients ax (k € Np), if the
multivariable function Qi (&1,-..,&), (I € N), is expressed in terms of simpler
function of one and more variables, the assertions of Theorems 3.1 and 3.2 can

be applied in order to derive various families of multilateral generating relations
involving the 2VLP L, (x,y) and the ESP S} (w).

For example, if weset | =1, & =0, ¥ = 1, Quir(v) = y;(v,u+ k,B) and
ar = (“*327’“72), (k,7 € Ng, o € C) in assertion (3.2) of Theorem 3.1 and making

use of the following generating relation [4; p.270]:

E:(“+j2"_2>yxau+4umt"=(l—ﬂ““ﬂih(1xgﬂﬁﬁ’ (36)

n=0

we readily obtain the following mixed trilateral generating function:

o 4] . _
ptj+k—2 i A
Z Z ( k ) Lq+nfpk(xay)sﬁquk(w) yj(v’ﬂ+k’5)( —)pk)!

|
q,n=0 k=0 (q n.

oo wtN n
= (1 - U)l_“_j Yj ( invuaﬂ) ZLNn(xay)ANn,n% (37)

1 n=0

In the next section, we derive some bilateral and trilateral generating func-
tions for the 2VLP L, (z,y) in terms of the confluent hypergeometric function as
applications of the results derived in Sections 2 and 3 with the help of generating
function (1.21) and the remarks introduced in Section 1.
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4. APPLICATIONS

First, the following bilateral generating functions are obtained as applications
of Corollary 2.1:

I. Taking N = 1 and {Aq,n} _o as in Remark 1.1 and using relation (1.4) in
Eq. (2.8), we get

S Lynley) L0 () (t) =Y (a+ 1)y La(z,y) (5? (4.1)

|
q,n=0 7 n=0

which on using relation (1.21) in the r.h.s. gives

t(t\" w O\ —at
Z Lytn(z.y) LT (w)= () :( ) Filatnn ).
gm0 gl \w w — yt w — Yyt
(4.2)

II. Taking N = 1 and {Aqm}zon:o as in Remark 1.2 and using relation (1.7) in Eq.
(2.8), we get

> N —2t
> (a+B+q+n+1)g Logn(a,y) PTOHHD (w ) (1+w)

q,n=0

o 2t \"
Z B+ 1)n Ln(x y)<1+w>, (4.3)

n!

which on using relation (1.21) in the r.h.s. gives

oo

—2t
> (atB+gtn+1)g Lygn(a,y) PO (w ) <1+w)
q,mn=0

B+1

14+w 2xt

_(trw F <B+1 1; 7) (4.4)
14+w—2yt "1+ w— 2yt

II1. Taking N = 1 and {Aq,n};onzo as in Remark 1.3 and using relation (1.9) in
Eq. (2.8), we get

() (%)
Z Lq+n T y) yn(w l—a—q—2n 6) . n! = Z(OL + 1)n Ln(xay) nl

q,mn=0 n=0

(4.5)
which on using relation (1.21) in the r.h.s. gives

1a " a+1 t
Z Lyn(,9) yn(w, 1=ag—2n, ) — (n!) (B—ﬁywt) RICEE e xZUwJ

(4.6)

q,n=0

IV. Taking N =1 and {Aq,n}gonzo as in Remark 1.4 and using relation (1.11) in
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Eq. (2.8), we get

¢ n

- y 200 [t \" & (m)

D ()q Lawn(w,y) CiH(w) 7 (1_w> =Y (@) Lule,y) 27 (47)

q,mn=0 ’ n=0 ’
which on using relation (1.21) in the r.h.s. gives

> 2t [t \" 1-w \* —at

Lysn(z,y) C* ()~ | —— | = —— F(2;1;7).
32 W Ll €700 (1) - (2) wln—r
(4.8)

V. Taking N = 1 and {Aq’n}gonzo as in Remark 1.5 and using relation (1.13) in
Eq. (2.8), we get

S (p+ 1) Lgsn(z,y) gap+q><w>§, (—" =3 Lu(n,y) (—wt)”,  (49)
q,n=0 ' n=0

which on using relation (1.19) in the r.h.s. gives

> 14 1 Twt
) 1)g Lgtn (PHa) () = ()" = (
(p+ )q q+ (l"ay) 9n (U’)q! ( ) 1+ ywt exp 1+ ywt

). (4.10)

q,n=0

VI. Taking N =1 and {Aq’n};onzo as in Remark 1.6 and using relation (1.15) in
Eq. (2.8), we get

oo o0

> (@t a+ 20y Lysne) Balo+ g0 (40" = 3 Lafep) 0, (411)

)
! n!
q,n=0 n=0

which on using relation (1.18) in the r.h.s. gives

e q

Z (a+¢qg+2n)g Lyyn(z,y) Ro(a+g, w)% (=t)" = exp(ywt) Co(zwt). (4.12)

q,n=0

Next, the following trilateral generating function is obtained as applications
of result (3.7):

VII. Taking N = 1 and {Aq’n};onzo as in Remark 1.1 and using relation (1.4)
in Eq. (3.7), we get

(3]

S

= u+j+k—2) (b a—pk) ta—phkpk (t)"
Laown—pie(@,y) LOFP () g (0, ke, f) —— T (L
Z_k_( ) L) () v B (4
oo t\"
pi v -
:(1_77)1 Ha Yj (1—17’“”8) Z;J(a+1)n Ln(xay)(n? ) (4.13)

which on using relation (1.21) in the r.h.s. gives

oo (3]
2

q,n=0 k=0

1S

pAj+k—2 (abg—pk) tPEpE N
Lgin- plota—p : By o
( k ) q+n pk(mvy) n (’LU) Z/J(%/H-kw@) (q—pk)! w
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a+1 _
- () () k(e ). @

w — yt 1-n’

Similarly other trilateral generating functions can be obtained as applications
of result (3.7) with the help of Remarks 1.2-1.6 and relation (1.21).

Finally, it is worthy to note that, by taking y = 1 and using relation (1.23) the
results obtained in this section give many bilateral and trilateral generating func-
tions for the classical Laguerre polynomials L, (x) associated with other classical
polynomials.

1]

[10]
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