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FIBONACCI AND LUCAS SEQUENCES AT NEGATIVE INDICES

SERPIL HALICI, ZEYNEP AKYUZ,

ABSTRACT. This study investigate the Fibonacci and Lucas sequences at neg-
ative indices. In this paper we give the formulas of F_ (51 and L_(nrqr)
depending on whether the indices are odd or even. For this purpose we con-
sider a special matrix and we give various combinatorial identities related with
the Fibonacci and Lucas sequences by using the matrix method. Some of the
resulting identities are well known identities in the literature, but some of these
are new.

1. INTRODUCTION

Horadam sequences {W,, }en, Wi = Wi (a, b;p, q), are defined as follows,
Wp =pWp_1 —qWp_o; Wo=a, Wi =0.

Where a, b, p and ¢ are arbitrary complex numbers, with ¢ > 0. The sequences
{Wp }nen have several famous number sequences as special cases. For example, E.
Lucas investigated the special cases {U,} and {V,,} of this sequence such as

Up=W,(0,1;p,q9), Vo =Wu(2,p;p,q).

Further and detailed knowledge can be found in the references [2, 5, 6, 9]. If o and
B are assumed distinct roots of the characteristic equation A2 — pA 4+ ¢ = 0, then
the terms W, of this sequence can be computed by the Binet formula.

Wy = (Aa” = BE")/(a = B),

where A = b — aff, B = b — aa. Note that the Binet formula of the Horadam
sequence at negative indices can be given as

pW—n+1 - W—n+2
q

W_, =
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From [1, 3, 4, 10, 11, 12] we know that the matrix M, M = ( 117 _()q ), is reduces

to the Fibonacci Q— matrix if p =1 and ¢ = —1.

p —q
1 0
combinatorial identities involving the terms of the sequence {W, },en. Further-
more, we consider a special matrix A as follows[3],

2 _
A:(p 2 p )
—qp  —2q

And for n > 1, we calculated the power of it as follows.

In [1, 3], using the powers of the matrix M = , we derived various

A" = (p? —4Q)(n_1)/2( YZJ{/; 7(1“2’7_1 ); if n is odd number,

and

no__ (2 n/2 Un+1 Un L .
A (p= —4q) ( U, —qUa s ), if n is even number.

a b

In [7, 8, 9] for any matrix B = < ¢ d >, the authors investigated the nth power

of this matrix B;

CYn—1 Yn — AYn—1

B" — ( Yn — dYn—1 byn—1 ) 7

where

Note that T" and D are the trace and determinant of the matrix B, respectively.

In this study, we derive various identities involving the generalized Fibonacci and
Lucas sequences at negative index. For this purpose, we consider a new matrix F

as follows,
3 -1
(5 ).

Now, using the powers of the matrix E we will give the following theorem.

Theorem 1.1. For integers n, we have the following matrices.

E" = 5("1)/2( L) Ln >; if n is odd number
L_, Lf(nfl)



174 SERPIL HALICI, ZEYNEP AKYUZ,

and

F F_
E" = 5"/? ( —(n+1) " ) ; if mois even number,
Fon. F (n !

where F,, = W,(0,1;1,1) and L, = W,(2,1;1,1)

Proof. We use induction on n. First, we consider even numbers n. For n = 0, the
claim is obvious. We suppose that it is true for n = k and k is even number, then
by using the equations, L_,, = (—=1)"L,, and F_,, = (—=1)""1F, we get

R — k2 < L_(k42) L—_(k+1) > )
L 41y Lok

When n = k is an odd number if we use the identities L_,, = (—=1)" and L,_1 +
Ly 41 = 5F,, then we obtain

EFH — R g — 5(t1)/2 ( F_(ky2) F_(k11) ) .
F_(ky1y  Fok
So, using the equations, L_,, = (—=1)"L,, and F,,_1 + F,,41 = L,,, we have

F F_
m _ gn/2 —(n+1) n
B ( Fon Fomen ) '

In a similar way, for odd number n
L L_
n _ (n—1)/2 —(n+1) n
B0 < Lon  L-@m- )

can be written. Thus, the proof is completed. [l

Consequently, by the aid of the matrix F we can get the following equations.
a — ﬂn
det(E™) =5", F,=——+, n>0
et(E") = 5", — >

and
Fn—an—i-l - F’s = (_1)77,7 Ln—an+1 - Li = 5(_1)7171.

Thus, the various identities are well known in the literature and involving the terms
of Fibonacci and Lucas numbers at negative indices can be easily obtain by the ma-
trix F.

In the following theorem, we give the binomial expansion of the Binet formula
for the golden ratio at negative indices.

Theorem 1.2. Forn > 1, we have
S -
F_, = Z < ; >5 > (=)D if nois even number
i=0

L5 .
Lo,=5"7 Z ( " 1 ! )E)"_l_i(—l)(i"rl)7 if n is odd number.



FIBONACCI AND LUCAS SEQUENCES AT NEGATIVE INDICES 175

Proof. From the following matrices B™ and E™ we can write

E" — Yn — 2yn71 —Yn—1
—Yn—1 Yn — 3yn—1 ’

-1

n—1
. n_1 n
where n is an even number and y,_; = > Z.L:g ! < ;

- >5nl2i(5)i.

If we equal the corresponding elements of the matrices E™ and B™ in the The-
orem 1.2, then we have

Lnfl

2 . ) )
52 F = Y ( ”_Z.l_l )5“22%(—5)1.

=0

If we make necessary arrangements, then we get the following formula.
=5

N S

i=0
A similar proof can be written down for the odd numbers n. ([

Note that, for n = 5 we can write

2 .
L5s=57%) ( 4 A ! ) 547 (1) = 11,
=0

Theorem 1.3. For all integers n and k > 1, we have the following combinatorial
identities,

k—1
= .
i) Fopp=F_,LF1 Z ( k _2.1 ! )L;Qi(—l)i7 n and k are even numbers.
i=0
1—k L%J k—1—1 . . )
i) L_px =52 L_, Z ( ; > 5TUFEFIT20( 1) moand k are odd numbers.
i=0
Proof. When n is even number, if we calculate the kth power of the matrices E"™,
then
gk o= [ Yk~ 521 (n-1)Yk—1 52 Fonyr—1
52 F_pyk—1 Yk — 92 F_(ny1)Yr—1
where

L554) e—1—i
_ —1- o Nk—1-2i// s\n\i
= (577 )erna ey
On the other hand, we know that

Enk: — 5% ( Ff(nkJrl) F—nk

, nk is even number.
Fonk  Fo(nr—1) )

So, if we equal reciprocal elements of these matrices, we have

5% F_, =5%F_,yp_1.
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Thus, we can get
L552]
- E—1—3i ; ;
_ k—1 —2i/_ 1)\t
Fpp=F_,Li™ Y ( . )Ln (—1)".
i=0
Note that, for n =2, k = 4 we get

1
3—1 —2 i
Fg=F_ol3) ( . )L22 (—1)" = —21.

i=0

When n and k& numbers are odd, the proof can be seen alike for even numbers. [

In addition using the multiplication matrix, for m and n even numbers, we can
get the following equations.

F_min) = F_(mynyFon + F-nF'_(n,_1), m and n even,

and
nk

F_m—n)y =52 F_(_1)F_py = F_nF_(n—1), m and n even.
Lemma 1.1. For n, r integers we have
i) Fo(noyy =F_nF_(p_1)y = F_(n_yF_, 7 and n even,
i) 5F_(n—py = L_nL_(r—1) = L_(n_1yL_r, T and n even,
i11) L_(n—py =L _nF_(n_1y = L_(n_1yF—r, 7 even and n odd,
i) L_(nory=F_nL_(r_1y — F_(n_1)L_y, 7 odd and n even.
Proof. From the powers of the matrices E and B the proof can be easily seen. [

Theorem 1.4. For all integers n,r and k > 1 we have the following equations.

L5)

, k=i \ o poi o k—2 F_ e,

i) F_(npgr) = Z < ; >Lfl Z()Y(F_ .+ - #), n, k and r even,
i=0 "
L5 k—1 k=1-2i 4 o . k— 21 F,(n,T)

i) F_(nhtr) = Z ( ; ) 5 2 FF(1)Y(L_,.+ T T)’ n, k and r odd.
=0 n

Proof. If n, k, r are even numbers, then nk + r is also even number. So, using
Theorem 1.2

(1.1) pritr — g M (O F okt Fo(nkan)
F—(nk’«i»r) Ff(nk«#rfl)
can be written. On the other hand,
(12) (EMFE =55 Y~ 52 F (n-1)yr—1 52 Fonyk—1 ( F_(r41) F_, >
52 F_pygp—1 Y =52 F _(ni1)¥k—1 - Fo(ro1)

can be written.
So, if we equal the reciprocal elements of matrices in the equations (1.1) and (1.2),
then we get

nk+r

T (pgr) =52 F(yp — 52 F_(_1yyk—1) + 52 F_(,_1)52 F_yp_1.
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Since, T =5% L, D = 5", y;, = Zié ( k Z_Z ) T*=2(—~D)?, n even number
nk+r L5 k—1 ; . r ntr k— 21
5 o = (3 (F7 ) TR DG 45 P ST
and =
nhtr & k—i \ pnktr i k—2i k—2i F(nr)
S e = (O (17 ) S 0

can be written.
Thus, the proof of ) is completed. In case ii) the proof can be seen in a similar
way. (I

If we want to give an example, then for n =4, k = 2, r = 6 we get

1 .
2—1 2-9; i 272ZF2
F_ 4= . Ly ='(—1)")(F- —=)=- .
= (T ) e G ) =
And, forn=5k=3,r=7 we get F_9o = —17711.

Theorem 1.5. For k > 1, the odd numbers n,k and even number r we have

L5)

. k—i ko204l g o ; k—2i L_(p_y
i) Loquian) = ) < i ) 5 By (1) (Pl + P %)
=0 n

And when n, k are even numbers and r is odd number we have

L5) .
.. o k—1 k—2i i k—21 L—(TL—T)
i) L (nktr) = ; < i ) Ly 2 (=1)"(L— + WTH)
Now, we will give the following theorems without proof.

Theorem 1.6. For k > 1, we have

. L%J k—1 kE=2i _p_o; i k—2¢ L—(n—r)
i) F_(nktr) = Z ; 57z F(-1) (FLH—ET), n odd, k and r even,
=0 n

L3) .

.. k — 'L —92; i k — 27, F_ _

i) F_(nptr) = Z < ; )Lﬁ (1) Y(F_+ R zn T)), n, r even, k odd.
i=0 "

Theorem 1.7. For k > 1, the odd numbers n,r and number even k we have

L5) . .
. k—1 k—2i Y i k—20F (s
) L =3 (F77 ) PR @, + SR ),

=0

And when n is even number and k,r are odd numbers we have

L5) , .

.. k - —92 i k — 27, L_ —r

ZZ) L—(nk+7’) = Z ( i ) LZ 2 (—1) (Lfr + k — %)
i=0 n
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Thus, we derive various identities for the Fibonacci and Lucas sequences at neg-

ative index.
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