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Abstract

The focus of the current paper is to prove nonexistence results for the following Cauchy problem of a wave
equation with fractional damping and non linear memory

t
wi — A+ Dy = / (t = 1) u(r, )P dr. (1)

U(O, l‘) = Uo(fL‘),ut(O, l‘) = ul(w)v T € RNa (2)
where p > 1, 0 < 7 < 1 and A is the usual Laplace operator, o €]0, 1[ and D‘(’)|t is the right hand side
fractional operator of Riemann-Liouville. Our method of proof is based on suitable choices of the test

functions in the weak formulation of the sought solutions.
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1. Introduction

The classical heat equation with nonlinear memory (1.1)) bellow was studied by Cazenave and al [4] in
2008 when they have generalized some results obtained by Fujita [3] in 1966

u(t,x) — Au(t, z) = /0 (t—7)" |u|p_1 u(T, x)dr, (1.1)
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where 0 < v < 1 and ug € Cy (RN ). Their results are the following. Put

2(2—19)

=14+ -
P (N —2+27)4

1
and p* = max <pw, ) with (N — 2+ 2y)4 = max(N — 2 + 27, 0),
Y

hence

1. If v # 0, p < p* and ug > 0, then the solution u of ((1.1)) blows up in finite time.

2. If v #£0,p > p* and ug € Ly (RY) (where ¢* = %) with small data, that is HUOHLq* small enough,
then w exists globally.
In particular, they proved that the critical exponent in Fujita’s sense p* is not the one predicted by
scaling, and this is not a surprising result since it is well known that scaling is efficient only for parabolic
equations and not for pseudo-parabolic ones. To show this, it is sufficient to note that equation

can be formally converted into

Dgue — DY Au =I'(a) luP~! u,

«

where o = 1—+ and D¢, is the fractional derivative operator of order a (o € ]0, 1) of Riemann-Liouville

0l
defined by
« d —Q
Do‘tu = %Iélt u, (12)
and [ érta is the fractional integral of order 1 — « defined by 1} bellow.

3. In the case of v = 0, Souplet has showed in [I8] that nonzero positive solution blows -up in finite time.

After that, the damped wave equation with nonlinear memory was treated by Fino [5] in 2010, when he
investigated the global existence and blow-up of solutions for the following equation

wge(t, 3) — Ault, ) + ug(t, z) = /0 (t— ) |u(r,2) dr. (1.3)

He used as a main tool in his work for the existence and uniqueness of solution to problem the
weighted energy method similar as the one introduced by G. Todorova an B. Yardanov [9] in 2001, while
he employed the test function method to show the blow-up results. One can found his results in [5]. In
particular he found the same p., and so the same critical exponent p* founded by Cazenave and al in [4].
Our purpose of this work is to generalize some of the above results.

Remark 1.1. Throughout this work, the constants will be denoted C' and are different from one place to
another one.

2. Statement of the problem

In this section, we will prove blow-up results of the problem —.

The method which we will use is the test function method considered by Mitidieri and Pohozaev ([13],
[14]), Pohozaev and Tesei [12], Fino [5], Berbiche and Hakem [6] and by Zhang [10].

Before that, one can show, easily, that the problem — can be written as follows
ue — Au+ DGur = T(@) 15, (Jul?), (2.1)

with the initial data
u(0,z) = up(z), w(0,2) =wui(z) for all x € R", (2.2)
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where a =1—+, 0 €]0,1[, p> 1 and I
for all v € L}, .(R), by

o is the fractional integral of order o (o €0, 1]) defined (See [15]),

1 Eu(s)
Ig,v(t) = d 2.3
0|tv< ) P(Oé) A (t—S)l_a S, ( )
and A is the usual Laplace operator defined, for all v € C2(R") by
v 0%
A .
"o Tz

2.1. Notations and definitions

Definition 2.1 (Weak solution). Let 7" > 0 and y €]0, 1[. A weak solution for the Cauchy problem ([2.1))-([2.2))
on Ry x R™ with the initial data uo, u1 € L, (RY) is a locally integrable function u € LP((0,T), LfOC(R ))

such that
/ / 0|t (lul”)e ta:)dtdx+/ u1(z)p(0, z)dx

- / o(2)0(0, 2)dz + / () DS, )y g

/ / (t, z)pu(t, z)dtdx —|—/ / (t,x DiEl (t,z)dtdx
—/ / u(t, ) Ap(t, z)dtdz,
0 n

for all non-negative test function ¢ € C%([0,7] x RY) such that ¢(T,-) = ¢(T,") = D‘Z‘TQO(T, ) = 0 and
a=1—-v

3. Main result

Our main result is the following. For all v, o €]0,1[ and N € N, we put

B 2(2—7)+20
P0) =1 N o e+ (N = 9o, (3:1)
and
p* = max{p,y(a),'y_l}. (3.2)

Theorem 3.1. Let 0 < v < 1, p € (1,00) for N = 1,2 and 1 < p < % for N > 3. Assume that
(ug,u1) € H*(RN) x L2(RY) and satisfy

/ () > 0, / () > 0 (3.3)

Then, if p < p* then the solutions of the Cauchy problem - does not exist globally in time.

Proof. The theorem will be demonstrated by absurd. So suppose that u is a global non trivial weak
solution for problem (2.1)-(2.2)). To prove Theorem we need also to some results we will give them in the
following section.
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8.1. Preliminary results
As the principle of the method is the right choice of the test function, we chose it, for some 7" > 0, as
follows:

(p(t,:r) - DﬁTQp(tv‘T) = (pg(x)DﬁT@Q(t)v (t7x) € Ry x RN? (3'4)
where r > 1 and D‘§‘|T is the right fractional derivative operator of order « in the sense of Riemann-Liouville
defined by

1 o [T w(s)
L(1—a)dt J, (s—1t)*

Djjro(t) = — ds, (3.5)

and the functions ¢; and y are given by

e1(z) = ¢ (;29) and pa(t) = <1 - ;)ﬁ : (3.6)

+

with 8 > 1, 0 is a positive constant which will be chosen suitably later and ¢ is a cut-off non increasing
function such that

,0< ¢ <1and|¢(s)] < —. (3.7)

1 if 0<s<1 C
0 if s>2 S

We also denote by Q7 for the support of ¢1, that is
Qr = suppp; = {x e RY, ]x\Q < 2T9} , (3.8)
and by Ar for the set containing the support of Ay; which is defined as follows
Ap = {x eRY, TP <2< 2T9} . (3.9)

We will also use the fractional version of integration by parts (See [15])

/O F() DS ()t = /O (D5 ) g0yt (3.10)
for all f,g € C([0,T1]) such that D%‘|t(f(t)) and D‘§‘|Tg(t) exist and are continuous. The identities (See [15])
(D%“t o Ig“t)(u) =u for all w € L7(]0,T)), (3.11)

and
S (DSir) = Dyp, (3.12)

and also the following identity (see [15])

(=1)" 87 Dfypu(t) = D?'J:;”u(t),n eN,a e€]0,1[, (3.13)

which happens for all w € C™[0,T];T > 0, where 9;" is the n—times ordinary derivative with respect to ¢,
will be strongly used in this work.
A simple and immediate calculation, using (3.5 and the identity (3.13]) serves to the following proposition:

Proposition 3.2. Given 8 > 1. Let w3 be the function defined by

ain=(1-1)

+

then for all o € 10, 1[, we have

a _ TBHY g e LEED ()
Diee2) =55 oyt T =g ar )" (1 T>+ |
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and
Tp+1 e DB+ f-a-1
DY (t)—r((gja))T_ﬁ(T—t)i l_m(gja)T a1 (1_;>+ |
also
a+2 rp+1) -8 B—a—2 rE+1) oo £\ P2
R e L o A
Therefore, for all o, €]0, 1], we have
oo LB+1) -8 poa—o_ _ T(B+1) —o—a £\
D ealt) = (s S A S ¥ E N pps o (1_T>+ '

Proof. The proof of the proposition is a simple and immediate verification. We have by definition (3.5))

1 o [T pa(s)
D¢ )= ———— d
ire2) = —Fa o /t (s —1)° "
using the Euler’s change of variable
s—t
S Y= :
1. We deduce, using formula (3.14)) bellow,
B
BCIVCET)
D¢, ) = ——————= ~ T 4a
o) = gy Bt/t (s—t)°

-8 1
= I‘(?—a)gt ((T - t)ﬂ_aﬂ/o y (- y)ﬁdy)
B—a+1)B(1l—-a,B5+1)

- = o) TP (T — 1)~
_ I (ﬁ + 1) — _ \B-a«
N F(,B—a+1)TB(T 0

where B is the famous Beta’s function defined by

1
B(u,v):/ (1 =)t at,
0

and satisfies in particular

B(u,v) = (3.14)

2. We apply directly formula (3.13)) to show that

vt € [0,T]: Djlpa(t) = 0 D2 (t) et DYPpa(t) = 07 DYjrpa(t),

hence the result is conclude.

3. We apply the identity (3.12)) and formula (3.14) we get directly the desired result.
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8.2. Treatment of the weak formulation
3.2.1. Treatment of the left-hand side
Introducing the test function defined by (3.4)), we get using the formula of integration by parts (3.10))

and the identity (3.11])

/ / oje(|ul)(t, z)dtdx —/ / o (u") DYt (t, x)dtda

(3.15)
/ / DS I8 ()t ) did = / / Pt z)dtda.
O n
For the 2"? term of the left-hand side of equality (2.4)), we use the Proposition to obtain
[ w@e.0)ds = [ n@ef@Direat)ods
: ! (3.16)
= ClT"‘/ ui(x)e] (z)dz,
since B+ 1)
+ _ _
D¢ yjeg = =T *=C1T°.
t‘TSOQ( )|t—0 F(ﬁ —a+ 1) Cl
For the 3"¢ term, noting that
dp o
o (t, ) = = (t,x) = —i (2) DT 2(t),
ot
using always the Proposition we get the following estimate
/ uo(x)pe(0,x)dr = CQTO‘I/ uo(x) ] (z)dz, (3.17)

since

B+ 1)
INCEEY
Always by Proposition the following estimate will be obtained for the 4" term of the left hand-side of
the weak formulation(|2.4))

Da‘;l(pg( )|t:0 _ T—a—l _ CQT_Q_I.

/n uo(z) DYrep(t, @) j=o dv = C'T_U_a/ uo(x) ] (z)dz, (3.18)

n

since
rB+1)
—o—a+1)

D‘{‘Tgo(t,:r)‘tzo = G T777% (z) = CT 7% (z). (3.19)

8.2.2. Treatment of the right-hand side
Taking into account the formula (3.13) we easily get

2
pult;a) = 5 (1,) = A @R Diroa(t) = S5(x) D),

/ / (t,x)pu(t, x)dtdz —/ / (t,z) Di‘ﬁ? o(t)dtdz. (3.20)

Using formula (3.12)) and (3.13]) we show firstly that

DU\T o(t,r) = i(z )DfEa”Llwz(t),

and then
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and then

T
/ / u(t, ) D‘Zl;lcp(t,x)dtdaz
/ / (t,z)p] (x D‘;EFO‘H o(t)dtdx.

Finally for the third term of the right-hand side of the formulation (2.4, using the following identity

(3.21)

Ag]) = i Ay +r(r — 1) 2|V 2,

/oT / ult, @) Ap(t, w)dtde =

T
/0 /n u(t, ) (T(pg_lAgo +r(r— 1)(,0’1"_2\Vg01\2) D?lTQOQ(t)dtd:E.

Inserting formulas (3.15), (3.16]), (3.17), (3.18), (3.20)), (3.21) and (3.22) in the formulation (2.4) we
obtain

we get

(3.22)

T
a)/o /n \ulP (t, x)dtde + CLT ™ /n uy(z)p] (z)dz
—|—CQT_O‘_1/ o(x)p (x)d:L‘+CT_U_°‘/ uo(x) e (z)dz

/ / Cult,)p () D32 (t)didz
[ u(t,x>[w§—1A¢1
0 n

+r(r—1)p 2 |V | ] (@) D rpa(t)dtds

/ / (t, )1 () DIE o (t) dtdar.

The facts that ¢; <1 and

(3.23)

i A+ 10 = D2 Vi | < o2 (18p1] + 1Vl

allows us to deduce from the formula (3.23]) the following inequality

T
/0 /n |ul? (t, z)dtdx + CT~ /n uy(z)p] (x)dx

+or [ wo(@pt@de+ 07 [ wo(w)pl@ds
Rn

T
<c [ [ o@Dl (3.24)

T
+C/O /R lu(t, )| 2 (|Ag1 | + | Veor | )|Dt|T902|(t)dtdx

T
+ [ ol @l el

for some constant C' > 0. Next, applying the following e— Young inequality
AB < AP+ C(e)BY, pg=p+q,
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to the terms of the right-hand side of inequality (3.24]) we get

T
/0 /,L'“(tvw)lsol )| DY pa(t)|dtdx

T 1 1
= [ [ oo @D e ol (3.25)

T 1
<c [ [ 1 vdtdz + (o / IR
0 n 0 n

T
/ | e (8 + Ve ) Dyl < [ [ up vt
O n

D%+? e dtdz.

tT ®»2

Similarly, we have

3.26
r—2-L2 —p—il o . ( )
+C(e) /0 [ Mener 7y Dl dtda,
with
Aer) = [Apr]* + [V .
For the third term of the right-hand side we obtain
T 1
| el eat s
T
< / / |u(t, z)[P(t, z)dtdz (3.27)
/ / A l\Dgl;aH 2(8)|7 T dtda.
Using the fact that (3.3]) implies that
/ ui(x)" (z)dr >0, i =1,2,
we conclude from (3.24)), (3.25)), (3.26)) and (3.27)), for £ small enough
T T 1 »
/ / |ulPap(t, z)dtdr < C </ / Prpy T |Dﬁ;2¢2|p71dtdx
0 n n
T r—2L P
+/ Ay, T gy T 1|Dt|T¢2\p—1dtdx (3.28)
0o Jrr

T _ 1
[0 e |D§,;a+1¢2<t>\zﬁldtdm) <O+t
O n
for some positive constant C. Now, to estimate integrals I, Is and I3 we consider the scaled variables
x=Tsy and t=Tr, (3.29)

and noting that they are null outside Qp (defined by (3.8)), then, using Fubini’s theorem, we get, for I;

/ / Pley P 1 D?\;Q(Pﬂp Tdtdr == Ji1J12

T _ 1 »
= (/Q w’idx> (/0 © ”I\Dﬁ?wz\“dt)
T

(3.30)
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We have )
Ji1 = / orde = TNz"/ ¢"(y2)dy = CT'2 (3.31)
Qp 0
and using Proposition we get
T B 1—(a+2) -2
J12 — / ©q T p— 1 ‘Da+2802|p_1 dt = CT p—1 (332)
0
Combining ([3.31]) and ( into - we obtain then
/ / iy T T D 2| P T dtd — CT PP, (3.33)
By the same way we have for I,
T
/ / M)y 2y = | DSyrepa|dtde = Jo1J2
0 Qp
) T o (3.34)
= ([ st ac) ([ e D5 eata)
Qr 0
So, if we replace g by its value —1 we get
r—2-L_
Jo1 = /Q <|A(p1|1’%1 + ‘Vg01‘2p%1) Y1 Py = CTﬁeP?%lJr%, (335)
T
and
T 1 . . 1
J22 :/ 2 p71|D%\T<P2|p_1dt cT 1t (3.36)
0
We replace (3.35)) and ( into we find
T r (a+0) L= +N9+1
/ / A1)@ i, 7T DSy paldtds = CT—@+07E (3.37)
Qr
For I3 we have
T 1 »
/ / Pi(x)y " I DIE o (t) |7 dtde = 3132
0 JR . (3.38)
r -1 o+a+1 .
= ([ diae)( [ 17T D et at),
Qp 0
Then we find for J3;
Ja = Jy = CTs, (3.39)
and as usual
T L Hota+l P 1—(o4a+1) -2
Jys = /O (o[ 7T |DTH o (1)t = OT (3.40)
Hence by inserting (3.39) and (3.40) in [3.38 we get
g —5 1 2 —(o+at1) L4140
|| ei@e, pg a0l #deds 1 T (3.41)
0 n
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Finally, we replace (3.33] and (| into (| we obtain

/T/ |u|p¢(ta$)dtd$§0( ~(eAD BT | p(atO) B4
o Jar

(3.42)
+T" (J+a+1) +1+N9> '
Now, since @ is arbitrary and it must only be positive, we choose it as follows
0=0+4+1>0 since o €]0,1].
This choice of 6 allows us to have
D No N@
— — 4+ —+1= H)——+1 4
(a+9)p_1+ 5 + —(c+a+ )p T t1+— (3.43)
with this choice of 6, and by (3.43) we get from ([3.42)
T
/ / lul? ¢ (t, z)dtde < CT®, (3.44)
0 Qr
where
P No No
o = 2)— 4+ — +1, H)——+—+1
max((a+ )p—1+2+ (a+a+)_1+2+
N6 N
(a+a+1)j+7+1— (a—l—a—l—l)j—i-(a—i-l) 5 L

At this stage, to prove the first result in Theorem[5.1, we distinguish two cases.
Case of p < p,(0)

This case itself is divided into two subcases as follows
i. Subcase of p < py(0).
In this case, one can remark that the condition p < p,(0) is equivalent to § < 0, then we pass to the limit

as T — oo in ([3.44)), we get

T
lim / / |ul? (¢, x)dtdx = 0. (3.45)
T—~+o00 0 QT

Using the dominated convergence theorem of Lebesgue (Theorem 1.1.4 in [1]), the continuity of u with
respect to ¢ and x and the fact that

TETww(t x) =1, (3.46)

+oo
/ / |u|Pdtdx = 0,
0 RN

and this implies that w = 0, which is a contradiction because we have supposed that the solution w is not
trivial.
ii. Subcase of p = p,(0).
Firstly, we remark that the condition p = p, (o) is equivalent to 6 = 0. Next, taking the limit as T — oo
in with the consideration § = 0 we get

+00
/ / lul? dtdz < 400,
0 RN

we obtain
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from which we can deduce that oo
Jim / (ul? dtdz = 0, (3.47)
0 Ar

T—o00

where Ar is defined by (3.9)). Fixing arbitrarily R in ]0, 7' for some 7" > 0 such that when 7' — oo we don’t
have R — oo at the same time and choosing ¢; as

p1(z) = ¢<TZ§—§>’ (3.48)

with @ is an arbitrary positive constant and ¢ is the cut-off function defined by (3.7). Using the following
Holder’s inequality

1 1
/ uvdp < (/ updu>p (/ quu>q; ue LP(X), ve LY(X),p,g>0, pg=p+yq,
X X X
instead of the e— Young’s one to estimate integral I in (3.28) on the set

Qrp-1 = {x eRY : |z < QTQR_G} = suppp1,
and noting that suppAy; C App-1 C Qrp-1 where
Appr = {x eRY TR < |22 < 2T9R_9}, (3.49)

we get

T
/ / Jul ¢~ [!Acp1!2 + !Wﬂ )D?m@’ dtdz
0 QTR—l

([ [, o) (],

Recalling Integrals I, I3 in page and I, such that

([,

To estimate them, we use at this stage the change of variables z = TgR_gy, and t = T't on the set Qpp-1.
We have firstly

1
4 — q q
Wil (yAgol,q + ]V%,?q) ‘DﬁT@Q‘ dtdx)

TR—1 TR—1

1
q _ q q
Ppr SOI 2q (’Asolyq + |VCP1|2Q) ‘D‘z"TQpQ‘ dtdx) .

TR—1

L +1;< C<T<a+2>f1+N AR T(‘”O‘“)zf’l*Nf“)RN@, (3.50)
and using the hypothesis § = 0 we conclude from (3.50))
I+ I3 < CRN/2, (3.51)

Calculating the integral I» using the same change of variables and the same form of function ¢; and
using (3.51)) we obtain from (3.28])

T
/ / |u|P ydtdz < CR™N/?
0 Qo y
TR . (3.52)

g— o T P B
+CR’ 2 |u|P dtdr | .
o Ja

TR—1
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Now taking the limit as T — +o0 in (3.52) and using (3.47) and the fact that

/ / ulP dtde < CR™NO/2,
0 RN

which means that necessarily R — +o0o0 and this is a contradiction.
Case of p < %

arrive at

Even this case is divided into two subcases as follows
2. i. Subcase of p < %

|

lim ¢(t,z) = 1, we

T—+o00

In this case we recall (3.28)), we take ¢1(x) = <Z><R9> where ¢ is the function defined by 1) and R is

a fixed positive number. Trying to calculate generalized integrals I7, I5 and I3 (page [231)) with respect to z

on the set
Yp= {$ eRY :|z| < 2R0/2} = Suppp1.

Employing the scaled variables
0
x=R2y andt =TT,

for the first integral we have
T 1 p
| e Dyl dido
0 YR
= +2 . |551
([ ([P ngara)
1
— (RN€/2/0 ¢T(y2)dy)
1 P T B P
X (T “‘”’w/ ( —T)pl”ﬁ“”pldT)
0

— CRY T

By the same way, we obtain

T 1
—929 T =1
| [ Menel™e, ™ Dspaltdtas
0 Yr

T _ 1
= ( A(@1)@§2qdw) ( / vy ”‘llDiﬁTwzlth>
YT 0

N6
_ CRM O et

Finally, for the third integral, we have

T _1
/ / @i (@)py T DG po(8) [T dbde = CR® TV
0 n

Using formula (3.53)), (3.54) and (3.55)) we get

T ., )
/ / lul? ¢ (t, x)dtde = CRZ (T1—<a+2>p_1 ¥ T—<0+a+1>p_1+1>
0 Jug

P

v op(E-atn)opi-agts

(3.53)

(3.54)

(3.55)

(3.56)
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Firstly, we note that p < % implies that 1 — ap%l < 0. So, the facts that (a + 2)% > a[% and
(0 +a+1);% > a;?; allow us the fact that
lim_(t,7) = @ (2), (357)
T—+o0

hence, by taking the limit as 7" — 400 in (3.56]), we arrive at

+oo
/ / [ul? o] (z)dtdz = 0. (3.58)
0 YR

Next, taking the limit in (3.58]) as R — +oo and taking into account the fact that lim ¢f(z) =1, we get

R—+o0
+00
/ / |ul? dtdx = 0.
0 RN

This implies that © = 0 which is a contradiction.
2. ii. Subcase of p = %
In this case, we assume furthermore that

<Y (3.59)
P=N—1 '
First, we observe that (3.59)) implies that
N p
A 0. 3.60
Under these assumptions, we have
1—(a+2)—L-=-2<0, 1-a-—L =0,
p—1 o p—1 (3.61)
p p '
1- N2 = _(c+1-L- <o
(0 +a+ )p_1 (o0 + )p_1<0
Hence, taking the limit as ' — oo in (3.56]) with the considerations (3.61]) and (3.57)) we obtain
~ (35200
/ / |ulP](z)dtde = CRY2 " »=177, (3.62)
0 Jeg

Finally, one can remark easily that if N = 1,2 then % — pf 1 < 0 for all p > 1, then by taking the limit
as R — oo in (3.62) and using the facts that # > 0 and Rlim oi(z) =1, we get
——+o00

/ / (uf? dtdz = 0, (3.63)
0 RN

which implies that v = 0 and this is a contradiction.

If N > 3 then % — z% will be negative and we can get 1) by letting R — oo in li if we assume
furthermore that (3.59) or equivalently (3.60) is satisfied. This achieved the proof of Theorem |3.1 O

Remark 3.3. We remark that the condition 1} is needed only in the case of p = % and N > 3 and not
otherwise. We, also, point out that the condition (3.59)) is equivalent to

N -2

<y <1l
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4. Conclusion

First, one can show that if ¢ — 0 then p,(0) — p,, and we find the same critical exponent obtained

by Fino (J5]), and this is reasonable because if o = 0 then D%I ut = ug. In other word, our result is a

generalization of the result of ([5]). Also, thanks to the presence of the term u; in the model of ([5]), one
can show using Fourier transform, for example, or by scaling argument, that this model is parabolic like and
then it tends to the model of Cazenave and al ([4]) as ¢t — +o0. For this reason, the two problems have the
same critical exponent p*.
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