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Abstract
In this paper, we study the solution of the systems of difference equations
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1. Introduction

Difference equations enter as approximations of continuous problems and as models describing life situations in many directions.
Recently, there has been great interest in studying difference equation systems. One of the reasons for this is a necessity for
some techniques that can be used in investigating equations arising in mathematical models describing real-life situations in
population biology, economic, probability theory, genetics and psychology see [1]-[25].

In [1] Alzahrani et al. found the form of solutions for the following systems of rational difference equations

Xpal = YnYn—2  Yup1 = XnXn—2 )

Tyn—2Exp-3 X2 £ Yn-3

In [2] Asiri et al. studied the form of the solutions and the periodicity of the following third order systems of rational
difference equations

Yn-2 _ Xn—2

1 —yn2Xn—1Yn » = 1+ x0-2Yn—1%n .

In [14] Elsayed et al. got the form of the solutions of the following difference equation systems of order four

Xn+1 =

Xpi] = Xn—2Yn Vol = XnYn—2
T sty T Ea
In [4] Cinar studied the solutions of the systems of the difference equations.
1 Yn

Xppl = —, Ynt1= ——.
Yn Xn—1Yn—1
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In [23] Papaschinnopoulos and Schinas studied the oscillatory behavior, the boundedness of the solutions,and the global
asymptotic stability of the positive equilibrium of the system of nonlinear difference equations

X
xn+1=A+y7n7 Yapl =A+——.
Xn—p Yn—q

In [13] Elsayed has obtained the solution of the following system of the difference equations

_ 1 ~ Yn—k
Xn+1 = )y Yl = .
Yn—k XnYn
The behaviour of the positive solution of the following system
Xpi] = Xn—1 Vil = Yn—1
=T H =T
" 1 +Xp—1Yn " 1+ Xpyn—1

has been studied by Kurbanli et al. [19].
In [25] Yalcinkaya investigated the sufficient condition for the global asymptotic stability of the following system of
difference equations

. a-+t,z,—1 ; a—+2zZpty—1
l = —=—— 1 = ———\
" Iy +2Zn—1 o Zn +th—1
The aim of this article is to obtain the expressions of the solutions of the following systems of difference equations
1+ (yn +x0-1) 1+ (x; +yn—1)
Xn+1 :#7 Yn+1 :#7 n:O,l,Z,...,
Yn—-2 Xn—2

where the initial conditions x_», x_1, X9, Y_2, y—1, Yo are arbitrary non zero real numbers. Moreover, we obtain some
numerical simulation to the equation are given to illustrate our results.
Definition (Periodicity)

A sequence {x,};__, is said to be periodic with period p if x,;, =x, foralln > —k.

I+yn+Xn—1 _ Ixtyn

2. On the system x| = ==,y = ——

In this section, we study the solution of the following system of difference equations

I+y,+x0-1 I+xp+yn-1
Xntl = —————— Y+l = —————,
Yn—2 Xn—2

where the initial conditions x_j, x_1, Xo, y—2, y—1, Yo are arbitrary non zero real numbers.

@2.1)

2.1 Periodicity of the solutions of system (2.1)

The following theorem is devoted to the periodicity of the solutions of system (2.1).

Theorem 1. Suppose that {x,,y, };_, be a solution of system (2.1). Then all solutions of system (2.1) are periodic with period
eight.

Proof. From Eq.(2.1), we see that

1+yn+xn71 1+xn+yn71
Xn+l = — > Yntl =
Yn—-2 Xn—2
Aty txe THxp2+ X0+ Va1 HXnXn—2
Xny2 = = y
Yn—1 Yn—1Xn—2
o 142541+ yn _yn—2+1+yn +Xp—1+Yn—2Yn
Yn+2 = = y
Xn—1 Yn—2Xn—1
1+ yni2 +Xnt1
Xn+3 — —_—
n
_ Yn—2%n—1+Yn—2+ 1+ Y+ 201 + Yn—2Yn +Xn—1Yn + (-’Cn—l)2
Yn—2Xn—1Yn ’
It x2+yet
Yn+3 = —

Xn
Yn—1Xn—2 + 1+ X0 + X5 + 2y 1 +XpXp—2 +Yn—1X0 + (ynfl)2

- bl

Yn—1Xn—2Xn
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I+ yni3 +xn12
Yn+1
Yn—1Xn—2Xn +Yn—1Xp—2 + 1+ X2 + X +2yp—1 +XpXp—2

+yn71xn + (ynfl)2 +xn(1 + Xy + Xy +yn71 +ann,2)
(1+Xrl+yn71)ynflxn

(1 + X2+ X+ Y1 +xnxn72)(1 +xp +yn71)
(1 + Xn +yn—1)yn—1xn
L+xp2+ X +Yu1+XuXn—2

b
Yn—1Xn

Xpn+d =

1+ Xp43 + Ynt2
Xn4+1
Xn—1YnYn—-2 +Yn—2Xp—1+Yn—2 + 14+ Yy +2x,-1 + Yn—2¥n

+Xp—1Yn + (JCnfl)2 +yn(yn72 + 14y, +x0-1 +yn72yn)
xnlen<l+yn+xnfl)

(1 +Yn +xn—1)(yn—2 +1+y,+x0-1 +yn—2yn)
xnflyn(l +Yn +xn71)
Y2+ 14y +Xu—1+Yn-2¥n

)
Xn—1Yn

Yn+d4 =

L+ Y+ Xni3
Yn+2
Yn—2Xn—1Yn +Yn72(yn72 + 14y, +x,-1 +yn72yn)+

Yn—2Xp—1+Yn—2+ 1 +yn+ 2xp—1 +Yn—2Yn +Xn—1Yn+ (xn—l)2
Yn(Vn—2+14+yn+x-1 +yn—2yn)

(xrzfl +Yn—o2+ 1)()’1172 + 14 yn +x0—1 +)’n72)’n)
Yn (yn72 + 14y +x0-1 +yn72yn)
Xn—1+Yn—2+1
Yn ’

Xnt+5 =

L+ Xnt4 +Yni3
Xn+2
Yn—1Xn—2Xn +xn72(1 +Xp—2 +Xp +yn71 +ann,2)+

Yn—1Xn—2+ 1 +x0+x, + 2yn—l +XpXp—2 + Yn—1Xn + (yn—l)2
Xn (1+xn72+xn +Vn—1 +xnxn72)

(1 +Yn—-1 +xn—2)(1 +Xp—2 +Xp +Yn-1 +xnxn—2)
xn(l +Xp—2 +Xp+ Yn-1 +xnxn72)
I+yn—1+x-2

)

Yn+s5 =

Xn

1 + Ynt5 + Xnta
Yn+3
Yn—1Xn +Yn—1 (] +Yn-1 +xn—2) +14xp2+x, + Yn—1+ XnXn—2

= = Xn-2,

(ynflxn72 +1+x,2+x,+ 2ynfl + XnXp—2 + Yn—1Xn + (ynfl)z)
Xn—2

Xnt6 =

1+ xp45+Ynta
Xn+3
Xn—1Yn +Xn—1 (xn—l + Y2+ 1) +Yn—2+ 1 +Vn+Xn—1+Yn-2¥n

= = Yn-2,
Yn—2Xn—1+Yn—2+1+y,+2x1 +Yn—2Yn +Xn—1yn + (JCnfl)2 !

Yn—2

Yn+6 =
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1+ Yur6+Xnis Yn+YnYn 2+Xp—1+yn—2+1

X, = =X
i Vn+4 (Yn—2+1+Yn+Xn1+Yn2¥n) L

Xn—1

I+ Xp16+Ynis X+ XnXn—2+ 1+ Y1 +xp-2

MO - 1+ 2 +%n+Yn—1HXnXn—2 = Yn—1

Anta Yn—1
Xprg = I+ ynt7 +Xnt6 _ 1"1‘yn—1 +Xp—2 = x,,
Yu+5 FVn—1+Xp—2
Xn
- 1+ Xn47 + Ynt6 _ 1 +X0-1+yn2 -
Vit = e NPT RS

Yn

Thus, the solutions are periodic with period eight.

2.2 The form of the solutions of system (2.1)
The following theorem describes the form of the solutions of system (2.1).
Theorem 2. Suppose that {x,,y,} are solutions of the system (2.1). Then for n = 0, 1,2, ..., we have the following formulas

1+d+b
Xgn—2 = C, Xgnflib, Xgp = 4, x8n+1:fa
acta+c+e+1 P> +bd+bf+df +2b+d+ f+1
Xgnt2 = T, Xgn43 = )
ec fbd
act+a+c+e+1 1+f+b
X8ntd = ———————— Xu4S5S =7
ea d
l+a+e
Yen—2 = f, Ysn-1=€, Yysn=d, Yenil = —— —
df+b+d+f+1 e +ac+ae+ce+2e+a+c+1
Y8nt2 = fb y Y8nt+3 = cea ;
df +b+d+f+1 l+c+e
Y8n+4 = bd ) y8n+5:Tv

where the initial conditions x_, =c¢, x_| =b, xo=a,y_2=f, y_1 =€, Yo =4d.
Or equivalently

) ec

act+a+cte+l 1+f+b
, ,¢,b,a, ...

ba, \tdth actatciesl b2+bd+bf+df+2h+d+f+1
{ } ¢, 0,a, 7bd
Xnfp=—2= )

? ea

’ cea

fb
d +b+d+ +1 1
f f +c+e7f7e d,.

)

f.e.d, 1+a+e df+b+d+f+1 ¢ +ac+ae+ce+26+a+c+l
b )
{yn n,fz =

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1.

1+d+b
X810 = C, Xg9=0Db, Xg g=a, x8n77:f7
acta+c+e+1 P> +bd+bf+df +2b+d+f+1
Xgp—6 = —————————————, Xg—5= )
ec fbd
act+a+c+e+1 1+f+b
Xgn—4 = —————————— X3 = —
ea d
l+a+e
Ysn10 = f, Ysno9=¢€, Ysu-g=d, Y87 = "
df+b+d+f+1 e +ac+ae+ce+2e+a+c+1
Y8n—6 = fb y Y8n—5 = cea )
df +b+d+f+1 l4c+e
Y8n—4 = y Y83 = —

bd a
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from system (2.1) we can prove as follow

I+cte acta+tcte+1
14 a + ea

1 +ygn—3+X80-4

Xgn—2 =

V8n—5 T +actaetce+2etatc+]
cea
_ cleate(l+cte)t+actatcted1)
N e24+ac+ae+ce+2e+a+tc+1
Also, we get
Yo = 1+ ysn2 4803 _ 14 f+ LHEE
" Y8n—4 W
_ bld+fd+1+f+b)
fd+b+d+f+1 ’
X l+ygn—1+x8n—2 lt+e+c ;
8 = = = s
" Y8n—3 %
l+ysntxgn—1 1+d+0b
X8n+1 = = ,
Y8n—2 f
14 ysurt +xg 1+ 1% +a  1tatetacte
Xgny2 = = = ,
Y8n—1 e ce
1 Ygns2 + Xgni1 1+df+b-;i+f+1 + 1+?+b
Xgny3 = =
Y8n d
 fb+df+b+d+f+1+b(1+d+b)
B fbd
b +bd+bf+df+2b+d+f+1
B fbd ’
2 .
s — 1+ Y8043 + X812 _ 14 ¢ +“C+“e+;§:26+“+c+l + 1+“+§:“C+C
Y8n+1 Ltate
_ ceateé*tae+ce+e+(ac+e+a+c+1)+a(l+a+e+actc)
a ea(l+a+e)
_acta+tcte+l
N ea ’
1f+b+d+f+1 | bP+bd+bf+df+2b+d+f+1
14 ygnta +X8n43 1+ 405 +bd+f+ + 72 erfI{d+ —
X35 = =
" Vont2 AP
bV +bd+bf+df+2b+d+f+1+fdf+b+d+f+1)+ fbd
dldf+b+d+f+1)
N
= —
1+ X8n_3 + Ysn_4a 1 4 bt/HL | fHItdibidf b +bf+2b+bd+f+d+1+df
— n— n—4 _ d bd _ bd _
Yon-2 = X8p—5 T D bd+bf+df2brd+f+1 T b2+bd+bf+df+2b+d+f+1 =/
fbd fbd
 lxgio+yges 1+c+%_e(a+ca+c+e+1)_e
Y8n—1 = Xen—d - achanZJreJrl - ac+a+c+e+1 s
_ ldxgu-1+ysn—2  1+b+f _y
Y&n = Xen_3 = % =d,
l+xg+ysn-1 1+e+a
Yen+1 = = ,
X8n—2 c

b
1+ x8n+1+ y8n 1+l+j€+ +d f+1+d+b+df
Y8n+2 = = = )
X8n—1 b Jb
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1+x8n+2+y8n+1 1+ 1+a+i:—ac+c+ 1+i+a
Y8n+3 = g, = a
_ e +ac+ae+ce+2e+a+c+1
B cea ’
) ) : i
Vores = I +xg743 +Y8ni2 _ 1+ ’ +bd+bf+,%d+ 2:7:;;:“ + fHJr?Zde
X8n+1 —F
B b*+ fbd+b+bd+bf+(df +b+d+f+1)+d(f+1+d+b+df)
N bd(1+d+Db)
_ f+1l+d+b+df
n bd ’
s — 1+x8n+4+YSn+3 _ 1+ ac+at;+e+ll:'_ e2+uc+ae+§§j2e+a+c+l
X8ni2 a+5:ac+c
_ clact+a+c+e+1)+e*+ceatcetae+e+act+e+atc+1
N a(l+a+e+ac+c)
_ cte+l
- —

This completes the proof.

2.3 Numerical examples

For confirming the results of this section, we consider the following numerical example which represent solutions to system
(2.1).

Example 1. We consider interesting numerical example for the difference equations system (2.1) with the initial conditions
x_9=2,x1=-07,x=09,y_,=3,y_1 =—-0.5and yo = 11. (See Fig. 2.1).
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The following cases can be proved similarly.

3. On The System x| — \=Crt) THCwtyn 1)

Yn—2 Xn—2

In this section we study the solution of the following system of difference equations

1— + X, 1+ (x, +y,—
x’H_l:M7 ynH:("iy"l)’ 3.1)
Yn—-2 Xn—2

where the initial conditions x_j, x_1, xo, y_2, Y—1, Yo, are arbitrary non zero real numbers.

Theorem 3. Let {x,, yn} ", be solutions of system (3.1). Then

1- {x,};=° , and {y,,},_, and are periodic with period eight i.e.,

Xn+8 = Xny Yn+8 = Yn

forn > —2.

2- We have the following form of the solutions

~1+d+b
Xgn—2 = €, Xgp—1=Db, xgp=a, Xgy1 = —
ac+a—c+e+1 b>+bd+bf —df+d—f—1
Xgp+2 = T, Xgn43 = y
ec fbd
act+a—c—e+1 1+f+b
Xen+d = —————— " Xnt5= ;7
ea d
l1+a+e
Ysn—2 = f, Ysn-1=e€, Ysn=d, y8n+1:f7
—df+b+d—f—1 —e*+ac—ae—ce+a—c+1
Y8n+2 = — y Y8n+3 = — )
fb cea
df+b—d+f+1 c+e—1
Y8n+4 = — y Y85 = —————»
bd a

or equivalently

b

ac+a c— e+l’1+f+b, ,b a,
ea

boa — 1+d+b _acta— c+e+l b*+bd+bf— df+d f—1
c,b,a, 7 Thd ,
{xn nffz - b)

d, 1+a+e —df+btd—f— 1 —e®tac—ae—ceta—c+l
— f’e c - B cea ’
{y" n772 - '

fb
df+/7 d+f+1 +e—1
bd ’ — Z 7f7e d

where the initial conditions x_p =c¢, x_1 =b, xo =a,y_2=f, y_1 =e¢, Yo =d.

Example 2. We consider example for the difference system (3.1) where the initial conditions x_y = =5, x_1 =7, x0 =2, y_2 =
—3,y_1 = 1.3 and yp = 3. (See Fig. 3.1).



On the Periodic Solutions of Some Systems of Difference Equations — 133/136

plotofx  =(L=y =X oY, (X 1Y X,
8 T T T T T T T
—X
n
6 h
4 L
~ 2 B
c
=
<
X ok
-2+ -
_4 - -
_6 1 1 1 1 1 1 1 1 1
0 5 0 15 20 25 30 3B 40 45 5
n
Figure 3.1
1 _ 1— —
4. On the system x,,, | = %, Varl = (’;—2‘)

In this section, we investigate the solution of the following system of difference equations

Xn+1 =

1+ (yn +xn71)

Vo2 y Ynd+l =
n—

Xn—2

1- (xn +yn71)

)

where the initial conditions x_j, x_1, Xp, y—2, y_1, Yo, are arbitrary non zero real numbers.
Theorem 4. Suppose that {x,,y,} are solutions of the system (4.1). Then forn =0,1,2,...
1- {x,};" , and {y,},~"_, and are periodic with period eight i..,

Xn4+8 = Xn,

forn > —2.

Yn+8 = Yn,

2- We have the following formulas

X8n—2

X8n+2

X8n+4

Y8n—2

Y8n4-2

Y8n+4

14+d+b
c, x8n71:b7 Xgn = a, x8n+1:T7
ac—a+c—e+1 P +bd+bf—df—d+f—1
ec y X8n+3 = fbd )
ac—a+c+e+1 f+b—1
e, X5 =,
ea d
at+e—1
f7 Y8n—1 =26, )’Sn:d7 y8n+l:7fa

Cdf+btd—f+1
Ib ’
—dftb—dtf-1

Y8n+3 = —

bd

Or equivalently

y Y8n+5 =

—+ac—ae—ce—a+c+1

l14+c+e

cea

)

“.1)
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’ ’ ec ’
_ac—atctetl _ f+b—l
ea ’ d

b.q. Lkdtb ac—atc—etl b2 +bd+bf—df—d+f—1
60,4, =~ bd )
{x" n——2 - )

,¢,b,a, ...

¢ df b d f 1 cea
—df+ + 1+c+e
bd Jfied,,

4. ate= 1 df+b+d f+1 _ —e*+ac—ae—ce—a+tc+1
f’ e? ) K
{y’l n772 - .

Example 3. We assume x_» = 1.3, x_1 = -7, x0 =2, y_» = —3,y_1 = 9 and yo = —4 for system (3.1) see Fig. 4.1.

plot of Xn+1 (1+yn+xn 1)lyn—2’yn+1:(1_Xn_yn—1)/xn—2
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Figure 4.1

5. On the system x,. | = % Yol = 1_(’;—2*1)

In this section we study the solution of the following system of difference equations

1— _ 1— _
ppay = LX) 1= Ot ye) 5.1)
Yn—2 Xn—2

where the initial conditions x_j», x_1, Xo, y—2, y—1, Yo, are arbitrary non zero real numbers.
Theorem 5. Let {xn,yn} =" , be solutions of system (4.1). Then

1- {x,}," , and {y,},~"_, and are periodic with period eight i..,

Xn+8 = Xny, Yn+8 = Yn,
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2- We have the following form

—1+d+b
Xgp—2 = €, Xsp—1=b, xgn=a, x8n+1:_fa
ac—a—c—e+1 B> +bd+bf+df —2b—d—f+1
X, = —— Xgi3 = ,
8n-+2 e y X8nt3 7hd
ac—a—c—e+1 f+b—1
Xgntd = ————————, Xgpy5= ),
ea d
—1+4+a+e
Yen—2 = f, Ysn—1=e, Ysn=d, Yo+l =——— ——,
—df+b+d+f—1 e’ ftactaet+ce—2e—a—c+1
Y8n+2 = y Y8n+3 = )
fb cea
—df+b+d+f—1 ct+e—1
Yen+d = y Wn45 = ———
bd a
Or equivalently

ec
_ac—a—c—e+1 f+b 1

” , ,¢,b,a,...

b _71+d+b ac—a—c— e+1 b2+bd+hf+df 2b—d—f+1
{x } c¢,0,a, f Fbd s
nfp=—2 = )

d. — 7l+a+e —df+b+d+f—1 e 2+ ac+aetce—2e—a—c+1
_ f,ea ’ ) b
{)’n n,,z .

— f cea
—df+b+d+f 1 +e—1
bd [ < Z 7fa e,d

Example 4. See Fig. 5.1, if we take system (5.1) withx_, = -8, x_1 =5, x=—-2.8,y_ 2 =-9,y_1 =3 and yo =4

plotofx (1y X )/ynzyn+1 (1~ XY )/
5 T T T T

x(n),y(n)
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Figure 5.1
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