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Abstract: In this article we introduce and study some spaces ofI -convergent sequences of double interval numbers with the help of a
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1 Introduction

Recently, Chiao[4] introduced the sequences of interval numbers and defined usual convergence of sequences of interval

numbers. Seng ¨onül and Eryimaz[28] introduced and studied bounded and convergent sequence spaces of interval

numbers and showed that these spaces are complete.

A set(closed interval) of real numbersx such thata ≤ x ≤ b is called an interval number.[4] A real interval can also be

considered as a set. Thus, we can investigate some properties of interval numbers for instance, arithmetic properties or

analysis properties. Let us denote the set of all real valuedclosed intervals byIR. Any element ofIR is called a closed

interval and it is denoted bȳA= [xl ,xr ]. IR is a quasilinear space under the algebraic operations and partial order relation

for IR found in [28,31]. and any subspace ofIR is called quasilinear subspace.

The set of all interval numbersIR is a complete metric space defined by

d(Ā1, Ā2) = max| x1l − x2r |, | x2l − x2r |. See([17,28]) (1)

wherexl andxr are the first and last point of̄A respectively.

Vakeel A. Khan and Mohd. Shafiq defined the transformationf fromN to IR by k→ f (k) = ¯A , ¯A = (Āk). The function

f is called sequence of interval numbers, whereĀk is the kth term of the sequence(Āk). Let us denote the set of

sequences of interval numbers with real terms by

ω( ¯A ) = { ¯A = (Āk) : Āk ∈ IR}. (2)
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The following definitions were given by Seng ¨onül and Eryimaz[28]. A sequenceA = (Āk) = ([xkl ,xkr ]) of interval

numbers is said to be convergent to an interval numberĀ0 = [x0l ,x0r ] if for eachε > 0, there exists a positive integern0

such thatd(Āk, Ā0)< ε, for all k≥ n0 and we denote it as lim
k

Āk = Ā0.

Thus, lim
k

Āk = Ā0 ⇔ lim
k

xkl = x0l and lim
k

xkr = x0r and it is said to be Cauchy sequence of interval numbers if foreach

ε > 0, there exists a positive integerk0 such thatd(Āk, Ām) < ε, wheneverk,m≥ k0. Ayhan Esi and B. Hazarika[1]

dfined a transformationf from N×N to IR by i, j → f (i, j) = ¯A , ¯A = (Āi, j). Then ¯A = (Āi, j) is called double

sequence of interval numbers. TheĀi, j is called the(i, j)th term of double sequence of interval numbers̄A = (Āi, j).

Let us denote the set of double sequence of interval numbers by

2ω( ¯A ) = { ¯A = (Āi, j) : Āi, j ∈ IR}. (3)

Definition 1. An interval valued double sequencēA = (Āi, j) is said to be convergent in the Pringsheim’s sense or P-

convergent to an interval number̄A0, if for everyε > 0, there exists N∈ N such that d(Āi, j , Ā0) < ε, for i, j > N and we

denote it by P− lim
i, j

Āi, j = Ā0. The interval number̄A0 is called the Pringsheim limit of ¯A = (Āi, j).

More exactly, we say that a double sequence of interval numbers ¯A = (Āi, j) converges to a finite interval number̄A0 if

Āi, j tends toĀ0 as bothi and j tend to infinity independently of each another.̄A = (Āi, j) is said to be null ifĀ0 = 0̄.

Definition 2. An interval valued double sequencēA = (Āi, j) is bounded if there exists a positive number M such that

d(Āi, j , Ā0)≤ M for all i , j ∈ N.

Definition 3. An interval valued double sequencēA = (Āi, j) is said be Cauchy sequence if for eachε > 0 there exists

N ∈N such that d(Āi, j , Ām,n)< ε whenever i≥ m≥ N and j≥ n≥ N.

Let p = (pi, j) be a double sequence positive real numbers. If 0< pi, j ≤ sup
i, j

pi, j = H < ∞ andD = max(1,2H−1), then

for ai, j ,bi, j ∈ R and for alli, j ∈ N we have| ai, j +bi, j |
pi, j≤ D(| ai, j |

pi, j + | bi, j |
pi, j ).

Let us denote the space of all double convergent, double nulland double bounded sequences of double interval numbers

by 2c( ¯A ), 2c0( ¯A ) and2ℓ∞( ¯A ) respectively.

The spaces2c( ¯A ), 2c0( ¯A ) and2ℓ∞( ¯A ) are complete metric spaces with the metric

d̂(Āi, j , B̄i, j) = sup
i, j

max{| x(i, j)l − y(i, j)l |, | x(i, j)r − y(i, j)r |} (4)

If we takeB̄i, j = 0̄ in (4), then the metricd̂ reduces to

d̂(Āi, j , 0̄) = sup
i, j

max{| x(i, j)l |, | x(i, j)r |} (5)

In this paper we assume that a norm‖Āi, j‖ of the double sequence of interval numbers(Āi, j) is the distance from(Āi, j) to

0̄ and satisfies the following properties: For allĀi, j , B̄i, j ∈ 2λ ( ¯A ) and for allα ∈ R,

(N1) ‖Āi, j‖2λ ( ¯A ) > 0, ∀ Āi, j ∈ 2λ ( ¯A )−{0̄},

(N2) ‖Āi, j‖2λ ( ¯A ) = 0⇔ Āi, j = 0̄,

(N3) ‖Āi, j + B̄i, j‖2λ ( ¯A ) ≤ ‖Āi, j‖2λ ( ¯A )+ ‖B̄i, j‖2λ ( ¯A )
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(N4) ‖αĀi, j‖2λ ( ¯A ) =| α | ‖Āi, j‖2λ ( ¯A ), where2λ ( ¯A ) is a subset of2ω( ¯A ).

Let ¯A = (Āi, j) = ([x(i, j)l ,x(i, j)r ]) be the element of2c( ¯A ), 2c0( ¯A ) and2ℓ∞( ¯A ). Then the classes of sequences

2c( ¯A ), 2c0( ¯A ) and2ℓ∞( ¯A ) are double normed interval spaces normed by

‖ ¯A ‖= sup
i, j

max{| x(i, j)l ,x(i, j)r |}. (6)

The notion of I -convergence was initially introduced by Kostyrko, et. al[15] as generalization of statistical

convergence(See [6],[27]) which is based on the structure of the idealI of subsets of natural numbersN. Kostyrko, et. al.

gave some of basic properties ofI -convergence and dealt with extremalI -limit points. Although an ideal is defined as a

heredity and additive family of subsets of a non-empty arbitrary set X, here in our study it suffices to takeI as a family of

subsets ofN, positive integers, i.e.I ⊂ 2N, such thatA∪B∈ I for eachA,B∈ I , and each subset of an element ofI is an

element ofI .

A non-empty family of setsF ⊂ 2N is a filter onN if and only if φ /∈ F ,A∩B∈ F , for eachA,B∈ F , and any superset

of an element ofF is an element ofF . An idealI is called non-trivial ifI 6= φ andN /∈ I . Clearly I is non-trivial ideal if

and only ifF = F (I) = {N−A : A∈ I} is a filter inN, called the filter associated with the idealI . A non-trivial idealI

is called admissible if and only if{{n} : n∈ N} ⊂ I . A non-trivial idealI is maximal if there can not exist any non-trivial

ideal J 6= I containingI as a subset. Recall that a sequencex = (xk) of points inR is said to beI -convergent to a real

number ℓ if {k∈ N :| xk− ℓ |≥ ε} ∈ I for every ε > 0([15]). In this case we writeI − limxk = ℓ. The notion of

I -convergence double sequence was initially introduced by Tripathy and Tripathy(See[31]).

Let I be an ideal ofN×N. Then a double sequence of interval numbers̄A = (Āi, j) ∈ 2ℓ∞( ¯A )⊂ 2ω( ¯A ),

(i) is said to beI -convergent to an interval number̄A0 if for everyε > 0,

{(i, j) ∈ N×N : ‖Āi, j − Ā0‖ ≥ ε} ∈ I .

In this case we writeI − limĀi, j = Ā0. If Ā0 = 0̄. Then the sequence¯A = (Āi, j) ∈ 2ℓ∞( ¯A ) is said to beI -null. In

this case we writeI − limĀi, j = 0̄.

(ii) is said to beI -Cauchy, if for everyε > 0, there exist numbersm= m(ε),n= n(ε) such that

{(i, j) ∈N×N : ‖Āi, j − Ām,n‖ ≥ ε} ∈ I ,

(iii) is said to beI -bounded, if there exists someM > 0 such that

{(i, j) ∈ N×N : ‖Āi, j‖ ≥ M} ∈ I .

Definition 4. A sequence space2λ ( ¯A ) of double sequence of interval numbers,

(i) is said be solid(normal), if(αi, j Āi, j) ∈ 2λ ( ¯A ), whenever(Āi, j) ∈ 2λ ( ¯A ) and for any double sequence(αi, j ) of

scalars with| αi, j |≤ 1, for all (i, j) ∈ N×N,

(ii) is said be symmetric, if(Āπ(i, j)) ∈ 2λ ( ¯A ), whenever(Āi, j) ∈ 2λ ( ¯A ) whereπ is permutation onN×N,

(iii) is said be sequence algebra, if(Āi, j)∗ (B̄i, j) = (Āi, j .B̄i, j) ∈ 2λ ( ¯A ), whenever(Āi, j), (̄Bi, j) ∈ 2λ ( ¯A ),

(iv) is said be convergence free, if(̄Bi, j) ∈ 2λ ( ¯A ) whenever(Āi, j) ∈ 2λ ( ¯A ) andĀi, j = 0̄ impliesB̄i, j = 0̄, for all i , j.

Definition 5. Let K= {(i1, j1)< (i2, j2)< (i3, j3)< · · ·} ⊂ N×N. The K-step space of2λ ( ¯A ), is a sequence space

2µ2λ ( ¯A )
k = {(Ā(in, jn) ∈ 2ω( ¯A ) : (Āi, j) ∈ 2λ ( ¯A )}.
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Definition 6. A canonical preimage of a double sequence of interval numbers (Āin, jn) ∈ 2µ2λ ( ¯A )
k is double sequence

(B̄i, j) ∈ 2ω( ¯A ) defined by

B̄i, j =

{

Āi, j , if (i, j) ∈ K,

0̄, otherwise.

A canonical preimage of a step space2µ2λ ( ¯A )
k is a set of canonical preimages of all elements in2µ2λ ( ¯A )

k . That isB̄ is the

canonical preimage of2µ2λ ( ¯A )
k if and only if B̄ is the canonical preimage of somēA ∈ 2µ2λ ( ¯A )

k .

Definition 7. A sequence space2λ ( ¯A ) is said to be monotone if it contains the canonical preimage of its step space.

Definition 8. A function f : [0,∞)→ [0,∞) is called a modulus function if

(i) f (t) = 0 if and only if t= 0,

(ii) f (t +u)≤ f (t)+ f (u) for all t ,u≥ 0,

(iii) f is increasing,

(iv) f is continuous from the right at zero.

A modulus functionf is said to satisfy△2-condition for all values ofu if there exists a constantK > 0 such that

f (Lu) ≤ KL f (u) for all values ofL > 1. The idea of modulus function was introduced by Nakano in 1953,(see[20],

Nakano, 1953).

For any modulus functionf , we have the inequalities| f (x)− f (y) |≤ f (x− y) and f (nx)≤ n f(x), for all x,y∈ [0,∞).

Ruckle[21-23] used the idea of modulus functionf to construct the sequence space

X( f ) = {x= (xk) :
∞

∑
k=1

f (| xk |)< ∞}= {x= xk : ( f (| xk |) ∈ X}. (7)

After then, E. Kolk[12,13] gave an extension ofX( f ) by considering a sequence of moduliF = ( fk) and defined the

sequence space

X( f ) = {x= (xk) : ( fk(| xk |)) ∈ X}. (8)

Now we give an extension ofX( f ) by considering a double sequence of moduliiF = ( fi, j ) and define the sequence space

2X( f ) = {x= (xi, j) : ( fi, j (| xi, j |)) ∈ X}. (9)

Mursaleen and Naman[18] introduced the notion ofλ -convergent andλ -bounded sequences.

Vakeel A. Khan and Mohd. shafiq extended this concept to the sequence of interval numbers as follows: Letλ = (λk)
∞
k=1

be a strictly increasing sequence of positive real numbers tending to infinity. That is

0< λ0 < λ1 < λ2 < · · · ,λk → ∞ as k→ ∞. (10)

The sequence¯A = (Āk) ∈ ℓ∞( ¯A ) is λ -convergent to an interval number̄A0, called theλ -limit of ¯A , if ∧m( ¯A )→ Ā0 as

m→ ∞, where

∧m( ¯A ) =
1

λm

m

∑
k=1

(λk−λk−1)Āk, k∈ N.

Any term with a negative subscript is equal to naught. For exampleλ−1 = 0.
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In particular, ¯A = (Āk) ∈ ℓ∞( ¯A ) is said to beλ -null, if ∧m( ¯A )→ 0 asm→ ∞.

The sequence ¯A = (Āk) ∈ ℓ∞( ¯A ) is λ -bounded if sup
m

‖∧m ( ¯A )‖ < ∞. It can be seen that if lim
m

Ām = Ā in the ordinary

sense of convergence of interval numbers, then

lim
m

(

1
λm

( m

∑
k=1

(λk−λk−1)‖Āk− Ā‖

))

= 0. (11)

This implies that

lim
m

‖∧m( ¯A )− Ā‖= lim
m

‖
1

λm

m

∑
k=1

(λk−λk−1)(Āk− Ā)‖= 0, (12)

which yields that

lim
m

∧m( ¯A ) = Ā and hence ¯A = (Āk) ∈ ℓ∞( ¯A ) is λ -convergent tōA.

On generalizing the above notation we introduce the conceptof λ - convergence andλ -boundedness for double sequence

of interval numbers.

Let λ = (λi, j) be a strictly increasing double sequence of positive real numbers tending to infinity. That is,

0< λi0, j0 < λi1, j1 < · · ·< λik, jk < · · · λik, jk → ∞ asik, jk → ∞.

The double sequencēA = (Āi, j) ∈ 2ℓ∞( ¯A ) is said to beλ -convergent to an interval number̄A0, called theλ -limit of ¯A ,

if ∧i, j ( ¯A )→ Ā0, asi, j → ∞, where

∧i, j( ¯A ) =
1

λm,n

m

∑
i=1

n

∑
j=1

(λi, j −λi−1, j−1)Āi, j , (i, j) ∈ N×N.

Here and in the sequal, we shall useλ−1,−1 = 0.

In particular, ¯A = (Āi, j) ∈ 2ℓ∞( ¯A ) is said to beλ -null, if ∧i, j ( ¯A )→ 0, asi, j → ∞.

The double sequencēA = (Āi, j) ∈ 2ℓ∞( ¯A ) is λ -bounded, if sup
i, j

‖∧i, j ( ¯A )‖< ∞. It can be seen that if lim
i, j

Āi, j = Ā in the

Pringsheim’s sense of convergence of double interval numbers, then

lim
i, j

(

1
λm,n

( m

∑
i=1

n

∑
j=1

(λi, j −λi−1, j−1)‖Āi, j − Ā‖

))

= 0 (13)

This implies that

lim
i, j

‖∧ ( ¯A )− Ā‖= lim
i, j

‖
1

λm,n

m

∑
i=1

n

∑
j=1

(λi, j −λi−1, j−1)(Āi, j − Ā)‖= 0 (14)

which yields that lim
i, j

∧i, j( ¯A ) = Ā and hence ¯A = (Āi, j) ∈ 2ℓ∞( ¯A ) is λ -convergent tōA.

Let us denote the classes of doubleI -convergent, doubleI -null, double boundedI -convergent and double boundedI -null

sequences of double interval numbers by2cI ( ¯A ), 2cI
0(

¯A ), 2M
I
c( ¯A ) and2M

I
c0
( ¯A ), respectively.

Now we give some important lemmas.
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Lemma 1.Every solid space is monotone.

Lemma 2.Let K∈ F (I) and M⊆ N. If M /∈ I, then M∩K /∈ I whereF (I) ⊆ 2N filter onN.

Lemma 3. If I ⊆ 2N and M⊆N. If M /∈ I, then M∩N /∈ I.

Definition 9. [30] Let X̄ be the space of interval numbers. A function g: X̄ → R is called a paranorm on̄X, if for all

A,B∈ X̄, (P1) g(A) = 0, if A = 0̄, (P2) g(A)≥ 0, (P3) g(−A) = g(A), (P4) g(A+B)≤ g(A)+g(B), (P5) if λn is a sequence

of scalars withλn → λ (n→∞) and(An),A0 ∈ X̄ with g(An)→ g(A0)(n→∞) then g(λnAn−λA0)→ 0 (n→∞),

(P6) If A ≤ B, then g(A)≤ g(B).

In this article, we introduce and study the following classes of double sequences:

Let I be an ideal ofN×N and(pi, j) be a double bounded sequence positive real numbers.

2C
I ( ¯A ,∧,F , p) = { ¯A = (Āi, j) ∈ 2ℓ∞( ¯A ) : {(i, j) ∈ N×N : fi, j(‖∧i, j ( ¯A )− Ā‖)pi, j ≥ ε} ∈ I , for somēA}, (15)

2C
I
0( ¯A ,∧,F , p) = { ¯A = (Āi, j) ∈ 2ℓ∞( ¯A ) : {(i, j) ∈N×N : fi, j(‖∧i, j ( ¯A )‖)pi, j ≥ ε} ∈ I} (16)

2ℓ
I
∞( ¯A ,∧,F , p) = { ¯A = (Āi, j) ∈ 2ℓ∞( ¯A ) : ∃K > 0s.t.{(i, j) ∈ N×N : fi, j (‖∧i, j ( ¯A )‖)pi, j ≥ K} ∈ I} (17)

2ℓ∞( ¯A ,∧,F , p) = {A = (Āi, j) ∈ 2ℓ∞(A ) : sup
i, j

fi, j (‖∧i, j ( ¯A )‖)pi, j < ∞}. (18)

We also denote

2M
I
c ( ¯A ,∧,F , p) = 2ℓ∞( ¯A ,∧,F , p)∩ 2C

I ( ¯A ,∧,F , p),

and

2M
I
c0
( ¯A ,∧,F , p) = 2ℓ∞( ¯A ,∧,F , p)∩ 2C

I
0( ¯A ,∧,F , p),

whereF = ( fi, j ) is a double sequence of moduli and̄A = (Āi, j) ∈ 2ℓ∞( ¯A ) ⊂ 2ω( ¯A ) is a double bounded sequence of

interval numbers. If we takep= (pi, j) = 1 for all (i, j) ∈N×N, we have

2C
I ( ¯A ,∧,F ) = { ¯A = (Āi, j) ∈ 2ℓ∞( ¯A ) : {(i, j) ∈ N×N : fi, j(‖∧i, j ( ¯A )− Ā‖)≥ ε} ∈ I , for somēA}, (19)

2C
I
0( ¯A ,∧,F ) = { ¯A = (Āi, j) ∈ 2ℓ∞( ¯A ) : {(i, j) ∈N×N : fi, j (‖∧i, j ( ¯A )‖)≥ ε} ∈ I} (20)

2ℓ
I
∞( ¯A ,∧,F ) = { ¯A = (Āi, j) ∈ 2ℓ∞( ¯A ) : ∃K > 0s.t.{(i, j) ∈ N×N : fi, j (‖∧i, j ( ¯A )‖)≥ K} ∈ I} (21)

2ℓ∞( ¯A ,∧,F ) = {A = (Āi, j ∈ 2ℓ∞(A ) : sup
i, j

fi, j (‖∧i, j ( ¯A )‖)< ∞} (22)

2 Main results

Theorem 1.LetF = ( fi, j ) be a double sequence of modulus functions and p= (pi, j) be the double bounded sequence of

positive real numbers. Then the classes of sequences2M
I
c(A ,∧,F , p) and2M

I
c0
(A ,∧,F , p) are paranormed spaces,

paranormed by

g( ¯A ) = g((Āi, j)) = sup
i, j

fi, j (‖∧i, j (Āi, j)‖)
pi, j
M ,

where M= max{1,sup
i, j

pi, j}.

Proof.Let ¯A = (Āi, j),B̄ = (B̄i, j) ∈ 2M
I
c( ¯A ,∧,F , p).

(P1) It is clear thatg( ¯A ) = 0̄, if Ā= 0̄.
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(P2) It is also obvious thatg( ¯A )≥ 0.

(P3) g( ¯A ) = g(− ¯A ) is obvious.

(P4) Since
pi, j
M ≤ 1 andM > 1, using Minkowski’s inequality, we have

g( ¯A + B̄) = g(Āi, j + B̄i, j) = sup
i, j

fi, j(‖∧i, j (Āi, j + B̄i, j)‖)
pi, j
M

= sup
i, j

fi, j(‖∧i, j (Āi, j)+∧i, j(B̄i, j)‖)
pi, j
M

≤ sup
i, j

fi, j(‖∧i, j (Āi, j)‖
pi, j
M + ‖(∧i, j(B̄i, j)‖

pi, j
M )

≤ sup
i, j

fi, j(‖∧i, j (Āi, j‖
pi, j
M )+ sup

i, j
fi, j (‖∧i, j (B̄i, j)‖

pi, j
M )

= g( ¯A )+g(B̄).

Thusg( ¯A + B̄)≤ g( ¯A )+g(B̄), for all ¯A ,B̄ ∈ 2M
I
c ( ¯A ,∧,F , p).

(P5) Let(λi, j) be a double sequence of scalars with(λi, j)→ λ (i, j → ∞) and(Āi, j), Ā0 ∈ 2M
I
c ( ¯A ,∧,F , p) with

g(Āi, j) → g(Ā0),(i, j → ∞). Note that g(λ ¯A ) ≤ max{1, | λ |}g( ¯A ). Then, since the inequality

g(Āi, j)≤ g(Āi, j − Ā0)+g(Ā0) holds by subadditivity ofg, the sequence{g(Āi, j)} is bounded.

Therefore

| g(λi, j Āi, j)−g(λ Ā0) |=| g(λi, j Āi, j)−g(λ Āi, j)+g(λ Āi, j)−g(λ Ā0) |

≤| λi, j −λ |
pi, j
M | g(λi, j Āi, j) |+ | λ |

pi, j
M | g(Āi, j)−g(Ā0) |→ 0, as(i, j → ∞). That is to say that

scalar multiplication is continuous.

(P6) Since eachfi, j ,(i, j) ∈N×N is an increasing function, it is clear thatg( ¯A )≤ g(B̄), if ¯A ⊆ B̄.

Hence2M
I
c( ¯A ,∧,F , p) is a paranormed space. For2M

I
c0
( ¯A ,∧,F , p) the result is similar.

Theorem 2.The set2M I
c ( ¯A ,∧,F , p) is closed subspace of2ℓ∞( ¯A ,∧,F , p).

Proof. Let ¯A (n) = (Ā(n)
i, j ) be a Cauchy sequence in2M I

c ( ¯A ,∧,F , p) such that Ā(n)
i, j → Ā0. We show that

Ā ∈ 2M
I
c ( ¯A ,∧,F , p). Since ¯A (n) = (Ā(n)

i, j ) ∈ 2M
I
c ( ¯A ,∧,F , p). Then, there exists Ān such that

{(i, j) ∈ N×N : fi, j (‖∧i, j ( ¯A (n))− Ān‖)
pi, j ≥ ε} ∈ I . We need to show that

(1) (Ān) converges tōA0.

(2) If U = {(i, j) ∈ N×N : fi, j (‖∧i, j ( ¯A )− Ā0‖)
pi, j < ε}, thenUc ∈ I .

(1) Since ¯A (n) = (Ā(n)
i, j ) is Cauchy sequence in2M I

c( ¯A ,∧,F , p) ⇒ for a givenε > 0, there existsk0 ∈ N such that

sup
i, j

f (‖∧i, j ( ¯A (n))−∧i, j( ¯A (q))‖)
pi. j
M < ε

3, for all n,q≥ k0, whereM = max{1,sup
i, j

pi, j}.

For ε > 0, we have

Bnq = {(i, j) ∈ N×N : fi, j(‖∧i, j ( ¯A
(n))−∧i, j ¯A

(q))‖)pi, j < (
ε
3
)M},

Bq = {(i, j) ∈N×N : fi, j (‖∧i, j ( ¯A
(q))− Āq‖)

pi, j < (
ε
3
)M},

Bn = {(i, j) ∈N×N : fi, j (‖∧i, j ( ¯A
(n))− Ān‖)

pi, j < (
ε
3
)M}.
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ThenBc
nq,B

c
q,B

c
n ∈ I . Let Bc =Bc

nq∪Bc
q∪Bc

n, whereB= {(i, j) ∈N×N : fi, j (‖Āq− Ān‖)
pi, j < ε}. ThenBc ∈ I . We choose

(i0, j0) ∈ Bc. Then for eachn≥ i0,q≥ j0, we have

{(i, j) ∈ N×N : fi, j (‖Āq− Ān‖)
pi, j < ε}

⊇
[

{(i, j) ∈ N×N fi, j(‖Āq−∧i, j( ¯A
(q))‖)pi, j < (

ε
3
)M}

∩{(i, j) ∈ N×N : fi, j (‖∧i, j ( ¯A
(n))−∧i, j( ¯A

(q))‖)pi, j < (
ε
3

M
}

∩{(i, j) ∈ N×N : fi, j (‖∧i, j ( ¯A
(n)− Ān‖)

pi, j < (
ε
3
)M}

]

.

Then,(Ān) is a Cauchy sequence of interval numbers, so there exists some interval number̄A0 such thatĀn → Ā0. as

n→ ∞.

(2) Let 0< δ < 1 be given. Then, we show that, ifU = {(i, j) ∈ N×N : fi, j(‖∧i, j ( ¯A )− Ā0‖)
pi, j < δ}, thenUc ∈ I .

Since ¯A (n) = (Ā(n)
i, j )→ Ā, then there existsq0 ∈ N such that

P= {(i, j) ∈N×N : fi, j (‖∧i, j ( ¯A
(q0))−∧i, j( ¯A )‖)pi, j < (

δ
3D

)M} (23)

impliesPc ∈ I , whereD = max{1,2H−1},H = sup
i, j

pi, j ≥ 0. The numberq0 can be chosen that together with (23), we have

Q= {(i, j) ∈N×N : fi, j (‖∧i, j (Āq0)− Ā0‖)
pi, j < (

δ
3D

)M} such thatQc ∈ I .

Since{(i, j) ∈ N×N : fi, j(‖∧i, j ( ¯A (q0))−∧i, j(Āq0)‖)
pi, j ≥ δ} ∈ I . Then, we a subsetSof N such thatSc ∈ I , where

S= {(i, j) ∈ N×N : fi, j(‖∧i, j ( ¯A
(q0))−∧i, j(Āq0)‖)

pi, j < (
δ

3D
)M}.

Let Uc = Pc∪Qc ∪Sc, whereU = {(i, j) ∈ N×N : fi, j (‖∧i, j ( ¯A )− Ā0‖)
pi, j < δ}. Therefore, for each(i, j) ∈ Uc, we

have

{(i, j) ∈N×N : fi, j (‖∧i, j ( ¯A )− Ā0‖)
pi, j < δ}

⊇
[

{(i, j) ∈N×N : fi, j(‖∧i, j ( ¯A
(q0))−∧i, j( ¯A )‖)pi, j < (

δ
3D

)M}

∩{(i, j) ∈ N×N : fi, j (‖∧i, j ( ¯A
(q0))−∧i, j(Āq0)‖)

pi, j < (
δ

3D
)M}

∩{(i, j) ∈ N×N : fi, j (‖Āq0 − Ā0‖)
pi, j < (

δ
3D

)M}
]

. (24)

Then, the result follows from (24). Since the inclusions2M
I
c( ¯A ,∧,F , p) ⊂ 2ℓ∞( ¯A ,∧,F , p) and2M

I
c0
( ¯A ,∧,F , p) ⊂

2ℓ∞( ¯A ,∧,F , p) are strict so in view of Theorem 2.2 we have the following result.

Theorem 3.The spaces2M I
c ( ¯A ,∧,F , p) and2M

I
c0
( ¯A ,∧,F , p) are nowhere dense subsets of2ℓ∞( ¯A ,∧,F , p).

Theorem 4.The spaces2CI
0(

¯A ,∧,F , p) and2M
I
C0
( ¯A ,∧,F , p) are both solid and monotone.

Proof. We shall prove the result for2CI
0(

¯A ,∧,F , p). For 2M
I
c0
( ¯A ,∧,F , p), the result follows similarly. For, let

¯A = (Āi, j) ∈ 2CI
0(

¯A ,∧,F , p) and (αi, j ) be sequence of scalars with| αi, j |≤ 1, for all (i, j) ∈ N × N. Since

| αi, j |
pi, j≤ max{1, | αi, j |

G} ≤ 1, for all (i, j) ∈ N×N, we have
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fi, j (‖αi, j ∧i, j (Āi, j)‖)
pi, j ≤ fi, j(‖∧i, j (Āi, j)‖)

pi, j , for all (i, j) ∈ N×N,

which further implies that

{(i, j) ∈ N×N : fi, j(‖∧i, j (Āi, j)‖)
pi, j ≥ ε} ⊇ {(i, j) ∈ N×N : fi, j (‖αi, j ∧i, j (Āi, j)‖)

pi, j ≥ ε}.

Thus,αi, j(Āi, j)∈ 2CI
0(

¯A ,∧,F , p). Therefore, the space2CI
0(

¯A ,∧,F , p) is solid and hence by Lemma 1.1 it is monotone.

Theorem 5.Let G= sup
i, j

pi, j < ∞ and I be an admissible ideal. Then the following are equivalent.

(a) ¯A = (Āi, j) ∈ 2CI ( ¯A ,∧,F , p);

(b) there existsB̄ = (B̄i, j) ∈ 2C( ¯A ,∧,F , p) such thatĀi, j = B̄i, j for a.a.(i, j) r.I;

(c) there existsB̄ = (B̄i, j) ∈ 2C( ¯A ,∧,F , p) andC̄ = C̄i, j ∈ 2C0( ¯A ,∧,F , p)

such that

Āi, j = B̄i, j +C̄i, j for all (i, j) ∈N×N

and

{(i, j) ∈ N×N : fi, j (‖∧i, j (B̄i, j)− Ā‖)pi, j ≥ ε} ∈ I ;

(d) there exists a subset K= {(i1, j1)< (i2, j2)< · · ·} ofN×N such that K∈F (I) and lim
n→∞

fi, j (‖∧i, j (Ā)in, jn‖)
pin, jn = 0.

Proof. (a) implies (b). Let ¯A = (Āi, j) ∈ 2CI ( ¯A ,∧,F , p). Then, there exists interval numberĀ such that the set

{(i, j) ∈ N×N : fi, j (‖∧i, j (Āi, j)− Ā‖)pi, j ≥ ε} ∈ I .

Let (mt ,nt) be an increasing double sequence with

(mt ,nt) ∈ N×N such that{(i, j)≤ (mt ,nt) : fi, j (‖∧i, j (Āi, j)− Ā‖)pi, j ≥ t−1} ∈ I .

Define a sequencēB = (B̄i, j) asB̄i, j = Āi, j for all (i, j)≤ (m1,n1). For (mt ,nt)< (i, j) ≤ (mt+1,nt+1), t ∈N.

B̄i, j =

{

Āi, j , if fi, j (‖∧i, j (Āi, j)− Ā‖)pi, j < t−1,

Ā, otherwise

Then,B̄ = (B̄i, j) ∈ 2C( ¯A ,∧,F , p) and from the inclusion

{(i, j)≤ (mt ,nt) : Āi, j 6= B̄i, j} ⊆ {(i, j)≤ (mt ,nt) : fi, j(‖∧i, j (Āi, j)− Ā‖)pi, j ≥ ε} ∈ I .

We getĀi, j = B̄i, j for a.a.(i, j).r I .

(b) implies (c). For ¯A = (Āi, j) ∈ 2CI ( ¯A ,∧,F , p), then, there existsB̄ = (B̄i, j) ∈ 2C( ¯A ,∧,F , p) such thatĀi, j = B̄i, j ,

for a.a(i, j).r.I . Let K = {(i, j) ∈ N×N : Āi, j 6= B̄i, j} thenK ∈ I . DefineC̄ = C̄i, j as follows:

C̄i, j =

{

Āi, j − B̄i, j , if (i, j) ∈ K,

0̄, if (i, j) /∈ K

Then,C̄ = (C̄i, j) ∈ 2CI
0(

¯A ,∧,F , p) andB̄ = (B̄i, j) ∈ 2C( ¯A ,∧,F , p).

(c) implies (d). Suppose (c) holds. Letε > 0 be given. Let

P1 = {(i, j) ∈N×N : fi, j(‖∧i, j (C̄i, j)‖)
pi, j ≥ ε} ∈ I
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and

K = Pc
1 = {(i1, j1)< (i2, j2)< (i3, j3)< · · ·} ∈ F (I).

Then, we have lim
n→∞

fi, j (‖∧i, j (Āin, jn)− Ā‖)pin, jn = 0.

(d) implies (a). LetK = {(i1, j1)< (i2, j2)< (i3, j3)< · · ·} ∈ F (I) and

lim
n→∞

fi, j (‖∧i, j (Āin, jn)− Ā‖)pin, jn = 0.

Then for anyε > 0, and Lemma 1.2, we have

{(i, j) ∈ N×N : fi, j (‖∧i, j (Āi, j)− Ā‖)pi, j ≥ ε} ⊆ Kc∪{(i, j) ∈ K : fi, j(‖∧i, j (Āi, j)− Ā‖)pi, j ≥ ε}.

Thus, ¯A = (Āi, j) ∈ 2CI ( ¯A ,∧,F , p).

Theorem 6.LetF = ( fi, j ) andG = (gi, j) be two sequences of modulus functions and for each(i, j) ∈ N×N,( fi, j) and

(gi, j) satisfying△2-condition and p= (pi, j) ∈ 2ℓ∞ be a bounded sequence of positive real numbers. Then

(a) 2χ( ¯A ,∧,G , p)⊆ 2χ( ¯A ,∧,F ◦G , p),

(b) 2χ( ¯A ,∧,F , p)∩ 2χ( ¯A ,∧,G , p)⊆ 2χ( ¯A ,∧,F +G , p) for 2χ = 2CI , 2CI
0, 2M

I
c and2M

I
c0
.

Proof. (a) Let ¯A = (Āi, j) ∈ 2CI
0(

¯A ),∧,G , p) be any arbitrary element. Then, the set

{(i, j) ∈ N×N : gi, j(‖∧i, j (Āi, j)‖)
pi, j ≥ ε} ∈ I . (25)

Let ε > 0 and chooseδ with 0< δ < 1 such thatfi, j(t)< ε,0≤ t ≤ δ . Let us denote

B̄i, j = gi, j(‖∧i, j (Āi, j)‖)
pi, j (26)

and consider

lim
i, j

fi, j(B̄i, j) = lim
B̄i, j≤δ ,(i, j)∈N×N

fi, j(B̄i, j)+ lim
B̄i, j>δ ,(i, j)∈N×N

fi, j (B̄i, j).

Now, sincefi, j for each(i, j) ∈ N×N is modulus function, we have

lim
B̄i, j≤δ ,(i, j)∈N×N

fi, j(B̄i, j)≤ fi, j (2) lim
B̄i, j≤δ ,(i, j)∈N×N

(B̄i, j). (27)

For B̄i, j > δ , we haveB̄i, j <
B̄i, j
δ < 1+

B̄i, j
δ . Now, since eachfi, j is non-decreasing and modulus, it follows that

fi, j(B̄i, j)< fi, j
(

1+
B̄i, j

δ
)

<
1
2

fi, j (2)+
1
2

fi, j
(2B̄i, j

δ
)

.

Again, since eachfi, j ,(i, j) ∈ N×N satisfies∆2-condition, we have

fi, j (B̄i, j)<
1
2

K
(B̄i, j)

δ
fi, j (2)+

1
2

K
(B̄i, j)

δ
fi, j(2).

Thus, fi, j (B̄i, j)< K
(B̄i, j)

δ fi, j (2). Hence

lim
B̄i, j>δ ,(i, j)∈N×N

fi, j(B̄i, j)≤ max{1,(Kδ−1 fi, j(2))H} lim
B̄i, j≥δ ,(i, j)∈N×N

(B̄i, j), H = max{1,sup
i, j

pi, j}. (28)
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Therefore, from (26), (27) and (28), we havēA = (Āi, j) ∈ 2CI
0(

¯A ,∧,F ◦G , p). Thus,

2C
I
0( ¯A ,∧,G , p)⊆ 2C

I
0( ¯A ,∧,F ◦G , p).

Hence,

2χ( ¯A ,∧,G , p)⊆2 χ( ¯A ,∧,F ◦G , p), for 2χ = 2C
I
0.

For 2χ = 2CI ,2M
I
c and2M

I
c0

the inclusions can be established similarly.

(b) Let
¯A = (Āi, j) ∈ 2C

I
0( ¯A ,∧,F , p)∩ 2C

I
0( ¯A ,∧,G , p).

Let ε > 0 be given. Then, the sets

{(i, j) ∈ N×N : fi, j(‖∧i, j (Āi, j)‖)
pi, j ≥ ε} ∈ I (29)

and

{(i, j) ∈ N×N : gi, j(‖∧i, j (Āi, j)‖)
pi, j ≥ ε} ∈ I (30)

Therefore, from (29) and (30), we have

{(i, j) ∈N×N : F +G (‖∧i, j (Āi, j)‖)
pi, j ≥ ε} ∈ I .

Thus, ¯A = (Āi, j) ∈ 2CI
0(

¯A ,∧,F +G , p). Hence,

2C
I
0( ¯A ,∧,F , p)∩ 2C

I
0( ¯A ,∧,G , p)⊆ 2C

I
0( ¯A ,∧,F +G , p).

For 2χ = 2CI ,2M
I
c and 2M

I
c0

the inclusions are similar. Forgi, j(x) = x and fi, j (x) = f (x),∀x ∈ [0,∞), we have the

following corollary.

Corollary 1. 2χ( ¯A ,∧, p)⊆ 2χ( ¯A ,∧,F , p), for 2χ = 2CI ,2CI
0,2M

I
c and2M

I
c0
.

Theorem 7.LetF = ( fi, j ) be a double sequence of modulus function. Then the inclusions

2C
I
0( ¯A ,∧,F , p) ⊂ 2C

I ( ¯A ,∧,F , p) ⊂ 2ℓ∞( ¯A ,∧,F , p)

hold.

Proof.Let ¯A = (Āi, j) ∈ 2CI ( ¯A ,∧,G , p) be an arbitrary element. Then there exists some double interval numberĀ such

that the set

{(i, j) ∈N×N : fi, j(‖∧i, j (Āi, j)− Ā‖)pi, j ≥ ε} ∈ I . Since eachfi, j

is modulus, we have

fi, j (‖∧i, j (Āi, j)‖)
pi, j = fi, j (‖∧i, j (Āi, j)− Ā+ Ā‖)pi, j ≤ fi, j(‖∧i, j (Āi, j)− Ā‖)pi, j + fi, j(‖Ā‖)pi, j .

Taking the supremum over(i, j) on both sides, we get

¯A = (Āi, j) ∈ 2ℓ
I
∞( ¯A ,∧,F , p).
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The inclusion

2C
I
0( ¯A ,∧,F , p) ⊂ 2C

I ( ¯A ,∧,F , p)

is obvious. Hence

2C
I
0( ¯A ,∧,F , p) ⊂ 2C

I ( ¯A ,∧,F , p) ⊂ 2ℓ
I
∞( ¯A ,∧,F , p).

Theorem 8.The spaces2CI
0(

¯A ,∧,F , p) and2CI ( ¯A ,∧,F , p) are sequence algebra.

Proof.Let ¯A = (Āi, j),B̄ = (B̄i, j) ∈ 2CI
0(

¯A ,∧,F , p), then the sets

{(i, j) ∈ N×N : fi, j(‖∧i, j (Āi, j)‖)
pi, j ≥ ε} ∈ I (31)

and

{(i, j) ∈ N×N : fi, j(‖∧i, j (B̄i, j)‖)
pi, j ≥ ε} ∈ I (32)

Therefore, from (31) and (32), we have

{(i, j) ∈ N×N : fi, j(‖∧i, j (Āi, j B̄i, j)‖)
pi, j ≥ ε} ∈ I .

Thus, ¯A .B̄ ∈ 2CI
0(

¯A ,∧,F , p). Hence 2CI
0(

¯A ,∧,F , p) is a sequence algebra. Similarly, we can prove that

2CI ( ¯A ,∧,F , p) is a sequence algebra.
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