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1 Introduction

Recently, Chiao[4] introduced the sequences of intervailmers and defined usual convergence of sequences of interval
numbers. Seranll and Eryimaz[28] introduced and studied bounded and cgarérsequence spaces of interval
numbers and showed that these spaces are complete.

A set(closed interval) of real numbexssuch thaia < x < b is called an interval numbé&¥. A real interval can also be
considered as a set. Thus, we can investigate some prapefiieterval numbers for instance, arithmetic properties o
analysis properties. Let us denote the set of all real vatleskd intervals byR. Any element ofi R is called a closed
interval and it is denoted b§: [x,%]. IR is a quasilinear space under the algebraic operations atidlpader relation
for IR found in [28,31]. and any subspacel & is called quasilinear subspace.

The set of all interval numbel® is a complete metric space defined by

d(A_l,A_z) =max Xy, — Xz, |,| X3, — X2, |. See([17,28]) (1)
wherex andx; are the first and last point o respectively.
Vakeel A. Khan and Mohd. Shafiq defined the transformatiémm N to IR by k — f(k) = <7, <7 = (A). The function

f is called sequence of interval numbers, whA_keis the K" term of the sequenceA_k). Let us denote the set of
sequences of interval numbers with real terms by

() ={ = (A) : A€ IR}. (2)
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The following definitions were given by Seomil and Eryimaz[28]. A sequence’/ = (Ay) = ([%,%]) of interval
numbers is said to be convergent to an interval numbef [xoI ,Xo,] if for eache > 0, there exists a positive integey
such thad(Ak Ao) < g, for all k > ng and we denote it as Ilmk Ao.

Thus, IimA_k = A_o & Iim X = Xo and Iimxkr = X, and it is said to be Cauchy sequence of interval numbers édch

>0, there exists a posmve mtegk@ such thatd(Ak Anﬂ < &, wheneverk,m > ko. Ayhan Esi and B. Hazarika[1]
dfined a transformatiorf from N x N to IR by i,j — f(i,j) = &, o = (A. ). Then .o = (A;’-) is called double
sequence of interval numbers. TAeJ is called the(i, j)I term of double sequence of interval numbefs= (A. i)

Let us denote the set of double sequence of interval numlyers b
20(/) = {/ = (Aij) 1 Aj € IR}. 3

Definition 1. An interval valued double sequenp.sé_ (A. ,j) is said to be convergent in the Pringsheim’s sense or P-
convergent to an interval numbe@ if for everye > 0, there exists Nt N such that (11A. J,Ao) < g, fori,j >N and we
denote it by P- IlmAl i= — Ao. The interval numbeAy is called the Pringsheim limit of/ = (Aij)-

More exactly, we say that a double sequence of interval nusnize= (A. i) converges to a finite interval numbayg if
A. tends toAq as bothi andj tend to infinity independently of each anothef.= (A| ) is said to be null ifAg = 0.

Definition 2. An interval valued double sequencé = (Aij) is bounded if there exists a positive number M such that
d(Aij,Aq) <Mforalli,jeN.

Definition 3. An interval valued double sequenﬁé_: (A_\j!j) is said be Cauchy sequence if for each- 0 there exists
N € N such that ¢A j,Amn) < € whenever >m> N and j>n> N.

Let p= (pi,j) be a double sequence positive real numbers.<f j < supp;j = H < « andD = max(1, 2H-1) then
e

N
fora j,bij e Randforalli,j € Nwe have| a j+bij [P <D(|aj [P+ | by |Pi).

Let us denote the space of all double convergent, doubleandlidouble bounded sequences of double interval numbers
by 2¢(«7), 2C0(«7) andale () respectively.

The space@c(,cf_), 2%(@%_) andzém(szf_) are complete metric spaces with the metric

d(Aj,B1;) = supmax{] X iy —Yii,iy || Xy, — ey I} 4)
I]

If we takeB; j = 0 in (4), then the metrid reduces to
d(A, )—Supmax{lx IR ()

In this paper we assume that a no|tm || of the double sequence of interval numb(elksj) is the distance fror(lA. ) to
0 and satisfies the following properties: For;@nllJ , BI jE2A (szf) and for alla € R,

(N [[Allae7 >0 Y AI-,_J- € 2A (/) — {0},
(N2) HAHHZ)\_@{ 0= A= _
(N3) [|Aj+Bijllp ) < IA, J||2)\ 5 +11Biilla ()
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(N&) [[aA 1 (7 |a|||AJ||2A J, where;A (/) is a subset 0fe(</).

Let. o/ = (Aj) = ([Xi,j), X ]) be the element ofc(«7), 2Co(.#) andale (7). Then the classes of sequences
20(), 2C0(o) andale (& ) are double normed interval spaces normed by
||| = s;ujpmax{| X0y, X p), 1 (6)

The notion of |-convergence was initially introduced by Kostyrko, et. 18] as generalization of statistical
convergence(See [6],[27]) which is based on the structiifeecddeall of subsets of natural numbeks Kostyrko, et. al.
gave some of basic propertiesle€onvergence and dealt with extrenhdimit points. Although an ideal is defined as a
heredity and additive family of subsets of a non-empty aabjtset X, here in our study it suffices to takas a family of
subsets oN, positive integers, i.e.c 2V, such thatAUB € | for eachA,B € |, and each subset of an element ¢ an
elementofl.

A non-empty family of sets# c 2V is a filter onN if and only if ¢ ¢ .#,ANB € .%, for eachA, B € ., and any superset
of an element of# is an element of#. An ideall is called non-trivial ifl # @ andN ¢ I. Clearlyl is non-trivial ideal if
andonly if.#Z =.7#(1) = {N—-A: Ac |} is afilter inN, called the filter associated with the idéalA non-trivial ideall

is called admissible if and only if{n} : n € N} C I. A non-trivial ideall is maximal if there can not exist any non-trivial
idealJ # | containingl as a subset. Recall that a sequeree (xi) of points inR is said to bd-convergent to a real
number? if {ke N:|x—¢|>¢} €| for every € > 0([15]). In this case we writd — limx, = ¢. The notion of
I-convergence double sequence was initially introducedripaihy and Tripathy(See[31]).

Let| be an ideal oN x N. Then a double sequence of interval numbefs- (A_\LJ’) € olw() C 20(),

(i) is said to bd-convergentto an interval numbay if for everye > 0,
{(i,])) eNxN:[|Aj—Ao|| > e} €.

In this case we writé — limA; j = Ao. If Ag = 0. Then the sequence’ = (A j) € 2/=(<7) is said to be-null. In
this case we writé — limA; j =0
(i) is said to bel-Cauchy, if for everye > 0, there exist numbera = m(¢),n = n(¢) such that

{(i,j) ENXN:||Aj—Ann| > e} €,
(iii) is said to bel-bounded, if there exists son > 0 such that
{(,)) ENxN: A >M}el.
Definition 4. A sequence spae@ (& ) of double sequence of interval numbers,

(i) is said be solid(normal), ifa; jAij) € 2A (<), wheneveKA ;) € 2A (<) and for any double sequenés; j) of
scalars with| o j |[< 1, forall (i, j) € Nx N,
(ii) is said be symmetric, {Ayi m(i,j)) € 22 (o), Wheneve(A| ) €27 (szf) whererris permutation olN x N,
(iii) is said be sequence aIgebra(A. )% (Bij) = (A. Bij) €21 (), wheneve(A| ,(Bij) €24 (o),
(iv) is said be convergence free(B; j) € 2A () whenevel(A.’ € 2A () andA;, j=0impliesB; | = =0, foralli,j.

Definition 5. Let K = { (i1, j1) < (i2, j2) < (i, j3) < ---} C N x N. The K-step space ¢f (=), is a sequence space

oY) = (A i € 260()  (Ag) € 2A ()}

(© 2016 BISKA Bilisim Technology
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Definition 6. A canonical preimage of a double sequence of interval numb@g,jn) € zuﬁ}\(‘ )'is double sequence
(Bij) € 2w(<7) defined by

0, otherwise.

)

B—i’j:{éim i (i,]) €K,

A canonical preimage of a step sp@q:é}\ () s a set of canonical preimages of all element_g.iff\ ) ThatisZ is the

) )

canonical preimage nyﬁ’\( if and only if 2 is the canonical preimage of somé € zl-l;f/\(

Definition 7. A sequence spacd («7) is said to be monotone if it contains the canonical preimagesstep space.

Definition 8. A function f: [0,0) — [0,) is called a modulus function if

(i) f(t)=0ifandonlyift=0,

(i) f(t+u) < f(t)+ f(u)forallt,u>0,
(i) f isincreasing,

(iv) f is continuous from the right at zero.

A modulus functionf is said to satisfy/\,-condition for all values ofu if there exists a constarit > 0 such that
f(Lu) < KLf(u) for all values ofL > 1. The idea of modulus function was introduced by Nakano i53]&ee[20],
Nakano, 1953).

For any modulus functiofi, we have the inequalitigsf (x) — f(y) |< f(x—y) and f (nx) < nf(x), for all x,y € [0, ).

Ruckle[21-23] used the idea of modulus functibto construct the sequence space

[ee]

X(f) ={X=(Xk)ikzlf(| X |) < oof = {x=xc: (F(| %) € X} (7)

After then, E. Kolk[12,13] gave an extension Xf f) by considering a sequence of moddii = (f) and defined the
sequence space

X(F) = {x= (%) : (flI % [)) € X} (8)

Now we give an extension &€( ) by considering a double sequence of moddlii= (f; ;) and define the sequence space

2X(f) = {x=(xij) : (fi;j (| %,j [)) € X}. (9)
Mursaleen and Naman[18] introduced the notiod efonvergent and -bounded sequences.

Vakeel A. Khan and Mohd. shafiq extended this concept to theesece of interval numbers as follows: Let= (Ay)y_;
be a strictly increasing sequence of positive real numiesding to infinity. That is

O0< A <A1 <A<+ Ak — 0 as K — oo, (10)
The sequence’ = (A) € lo (/) is A-convergent to an interval numbasg, called theA-limit of <7, if Am(/) — Ao as

m— oo, where
m —

— 1
Am( ) = A_kz (Ak — Ak-1)Ax; keN.
m &y

Any term with a negative subscript is equal to haught. FormgdaA_; = 0.
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In particular,o/ = (A) € Em(,cf_) is said to be\ -null, if /\m(sz{_) — 0 asm— oo,

The sequence? = (Ay) € lo(.7) is A-bounded if sufj Am («)|| < . It can be seen that ifn!irﬂm = Aiin the ordinary

m
sense of convergence of interval numbers, then

im (5-( 3 5 A lA-AL) ) =0 (11

This implies that

im | () — A = m | = 5" (A1) B~ A)| =0, 12

Am k=1

which yields that
Iinrp Am(</) = Aand hence = (Ay) € l= () is A-convergent taA.

On generalizing the above notation we introduce the cormfefpt convergence andl-boundedness for double sequence
of interval numbers.

Let A = (Aij) be a strictly increasing double sequence of positive reahbers tending to infinity. That is,
0 < Aig,jo < Aigjp < <Aigjpe < Aiy,ji — o asi, jx — .

The double sgqueno&(_: (A_i’j) € 2600(;2%_) is said to be\ -convergent to an interval numbag, called theA -limit of <7,
if Aij(2/) = Ao, asi, j — o, where

— 1 mn .
/\mnzlz )\IJ /\I lJlA|j7 (I,j)ENXN.

=1

/\|J

Here and in the sequal, we shall Usg, _1 = 0.
In particular,s” = (A j) € 2le(.<7) is said to be\-null, if Aj () — 0, asi, j — w.

The double sequence = (& ) € 2le () is A-bounded, if su;ﬁA. i (o /)|| < eo. It can be seen that |f Imﬂ| Ain the

Pringsheim’s sense of convergence of double interval nm;nthen

i (5o (3, 2,00 A a4 Al ) ) =0 13

This implies that

lim [ A (= /)~ Al\fllmllAnglZ (M= Ai—1j-1) (A —A) =0 (14)
which yields that lim\; ; (o/) = Aand hencey = (A_\LJ) € olw() is A-convergent tA.
I’J

Let us denote the classes of doubleonvergent, double-null, double boundel}convergent and double boundedull
sequences of double interval numbers;gb')(g% ), 2C4( ) 2 M (o )andz M (o o (A ) respectively.

Now we give some important lemmas.

(© 2016 BISKA Bilisim Technology
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Lemma 1.Every solid space is monotone.
Lemma 2.LetK< . (1) and MC N. If M ¢ |, then MNK ¢ | where.Z (1) C 2 filter onN.
Lemma3.Ifl C2Nand MCN. IfM ¢ |, then MNN ¢ .

Definition 9. [30] Let X be the space of interval numbers. A functionXy— R is called a paranorm orX, if for all
ABeX,(P)g(A) =0,ifA=0, (P) g(A) >0, (Ps) g(—A) = g(A), (P4) g(A+B) < g(A)+g(B), (Ps) if Ay is a sequence
of scalars withA, — A (n— o0) and(An), Ag € X with g(An) — g(Ag) (N — ) then g AnAq —AAg) — 0 (n— o),
(Ps) If A< B, then dA) < g(B).

In this article, we introduce and study the following classeédouble sequences:

Letl be an ideal oN x N and(p; j) be a double bounded sequence positive real numbers.

SC (N F,p) = { = (A)) € 2leo() : {(i,]) eNxN: fi (| Aij (&) — A])Pi > €} €1, for somed},  (15)
2Co( AT, p) = { = (A ) € aleol ) 1 {(i,]) EN X N: i j([| Aij (&)])PI > €} €1} (16)
2l N T p) ={ = (A ) € ale( ) : IK > 0st.{(i,]) € Nx N fi (|| Aij (o)) > K} €1} 17)
ole( N, T, p) ={ = (A]) € oleo ) :

supfi j (|| Aij (&)]))PHi < oo} (18)
i,
We also denote 3 3 B

2 M N, T, P) = ole( N, T, P) N oC (AT, ),

and
2 M (A N T D) = oleo( N, T, P)N2CH(A N, T D),

where.# = (fj ;) is a double sequence of moduli and— (K.-,j) € 2lo(/) C 2w(7) is a double bounded sequence of
interval numbers. If we takp = (p; j) = 1 forall (i, j) € N x N, we have

LN NT) = {d = (A) € ale(): {(i,]) eNxN: fij(|| Aij (o) —Al|) > €} €1, for some\},  (19)
2ol N F) = { = (i) € alols/) : {(i,]) N N: fij([| A j ()])) > €} €1} (20)
ol (N, F) = {d = (Aj) € 2ol : IK > 0st.{(i,]) e NxN: fij (| hij ()]]) > K} el} (21)
oleol N F) = { = (A ] € olla() supf (1 ()]]) < o} (22)

2 Main results

Theorem 1.Let.# = (fi ;) be a double sequence of modulus functions ard(p; ;) be the double bounded sequence of
positive real numbers. Then the classes of sequengds.«/, A, %, p) andz///' (o ,N, F,p) are paranormed spaces,
paranormed by

0(e) = 0((A) = 3upfi (74 (A ¥

where M= max1,supp; j }.
i

Proof.Let« = (A }), 2 = (Bi) € 0.lli (N, 7, D).
(P1) Itis clear thay(«) = 0, if

(© 2016 BISKA Bilisim Technology
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(P2) lItis also obvious thaj(.«/ ) >0.
(P3) g(& ) o(— 42%) is obvious.
(P4) Since®™ <1 andM > 1, using Minkowski’s inequality, we have

(o + &)= 9(A|J+BIJ)*5UprJ(||/\IJ( J+BIJ)||)

—supfu(nA.J( Aj)+m B DI

Pi, j

, — Pi, j
< supf (A (I -+ 117 (BLj) )
— P — Pi.j
< supf (| A (A1 ™)+ supfi (i (B[

=9(«)+9(%).

Thusg(« + B) < 9(/) +9(B), for all o7, B € 2.4 (,ef A, F,p). L N
(P5) Lgt()\.,,) be a double sequence of scalars With;) - (i,j — o) and (A j), Ao € 2 M (A N, F, p) with
9(Aij) = 9(Ag),(i,j — ). Note that g()uz%) < max1,|A |}g(«7). Then, since the inequality

g(A_q,j) < g(A_\j,j — Ao) + 9(Ao) holds by subadditivity o), the sequenc@g(A_iyj)} is bounded.

Therefore B B B B B B
[ 9(ALiAL) —9(AA) =] 9(AijAj) —9(AAj) +9(AAL}) —g(AA) |

Pi.j — Pij — .
<[ Aij—A [ 9N jA ) |+ A [ 9(Aj) — 9(Ao) |- 0, as(i, ] — ). That s to say that
scalar multiplication is continuous.
(P6) Since eactfi j, (i, ) € Nx Nis an increasing function, it is clear ﬂ'@(tsz% )< 9(Z ) if o/ C B

Hence,.#! (<7, A, .Z,p) is a paranormed space. Fovr, (o ,\,.F,p) the result is similar.
Theorem 2.The seb.#! (;z{_,/\,f, p) is closed subspace @600(42%_,/\,?, p).

Proof. Let @™ = (A,'])) be a Cauchy sequence in#!(«/,A,.%,p) such thatﬂf,r}) — Ag. We show that

A € 2l NF,p). Slnce g™ = (A1”)) € M (/N F,p). Then, there existsA, such that
{(,]) e NxN:fi (|| Aij (& — Aq||)Pii > €} € 1. We need to show that

1) (An )convergestd\o B
(2) IfU={(,]) e NxN:fij(|| Aij()—Ao|)Pi < g}, thenUC ell.

(1) Since™ = (Ei(!r})) is Cauchy sequence nz/, («Q{_,/\,y, p) = for a givene > 0, there existdg € N such that
supf (|| Aij (&™) — /\i,,‘((szf_(Q))H)% < &, forall n,q > ko, whereM = max{1, suppi ; }.
i i

Fore > 0, we have
Bg = (1) € N x N fig (| Ay (1) = Ay @) )P0 < GM),
.. - . &
B = {(0.1) € NXN: (] vy (/%) — Aql) < (M),

B = {(1.]) € N N: (| A (™) = Aal)Ps < (5)M}.
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ThenBg,, BS, Bf € . Let B® = By UBGUBY, whereB= {(i, j) € N x N fi (| Aq— Anll)P < €}. ThenB® e |. We choose

(io, jo) € BC. Then for eacin > |o,q 2 jo, we have
{(i,j) e NxN: fi j(||Ag— Anl|)Pi < €}
2 [{('a]) eNXNfi,i(HKq—/\i,j(;zf_(q))H)pi,j < (g)M}
N{(0) € NxN: i (]| Aij (/™) = (D)) < <§M}

A1) € NN (1 (71 = Agl)Pr < (M.

Then,(A_W) is a Cauchy sequence of interval numbers, so there exists sunrval numbeA_o such thatA_n — ATO as
n— oo,

(2) Let 0< & < 1 be given. Then, we show that,if = {(i, ) € N x N fi j(|| Aij (¢ o) — Ao||)Pi < 8}, thenUC e I
Sinces/™ = (AI"])) — A, then there existgo € N such that

P={(i,j) € NxN: fij(|| nij (&%) = Aij()])P < (3%)“"} (23)

impliesP® € 1, whereD = max{1,2H-1} H = supp;,j > 0. The numbeng can be chosen that together with (23), we have
i

Q= {(0,1) € N XN+ (1 A (Agy) — Adl)P1 < (5™} such thatF e I

since{(i,j) e Nx N: fi j(|| Aij (/@) — A; j(Ag)||)P1 > 8} € I. Then, we a subs&of N such that® ¢ |, where

S={(1,]) € NN (1 (71%0) — (AP < (55 )M).

LetU®=P°UQ°US’, whereU = {(i,]) e Nx N: fi j(|| Aij (<« o) — Ag||)Pi < 8}. Therefore, for eachi, j) € U®, we
have

{(.1) e NxN: i (| Aij () — Ao| )P < 8}

> [, ) € N xN: (1A (7)) — A ()P < (a5}

{0 ) € NxN: i ([ A j (%)) = A (Agy) )T < <3%>M}
N{(13) € NN 1 (g — Aol < ()"} 24)

Then, the result follows from (24). Since the inclusiong, (<7, A,.Z,p) C 2lw( A, F, ) andz///éo(d_,/\,ﬁ, p) C
z&o(pf A,.Z,p) are strict so in view of Theorem 2.2 we have the following tesu

Theorem 3.The spaces. 7 (Jz%_,/\,gé‘, p) andz///c'o (Jz%_,/\,gé‘, p) are nowhere dense subset&ﬁ;ﬁ(gf,/\, Z,p).
Theorem 4.The space,sCo(ﬁf A, Z,p) andz. //ZCO(,Q% A,.Z , p) are both solid and monotone.

Proof. We shall prove the result fo;(:o(d A, Z,p). For 2///(.[0(,0%_,/\,ﬂ, p), the result follows similarly. For, let
o = (Aij) € ZCO(M A, Z,p) and (aij) be sequence of scalars withaij |[< 1, for all (i,j) € N x N. Since
|aij |Pi<maxl,|aij|C} <1 forall(i,j) € NxN, we have
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fij (et Aig (ALIDP < Fig ([ Ag (AP, forall (i, j) € Nx N,

which further implies that

{(,1) € NxN: (| Ay (A DPI > €} 2 {(1, ) € NxN: fij(llanj Ay (A) )P > e}
Thus,a;. J(A| )€ 2C0(J2f A, Z,p). Therefore, the spaQéZo(M A,.Z,p) is solid and hence by Lemma 1.1 it is monotone.

Theorem 5.Let G= s_u_ppi,j < o and | be an admissible ideal. Then the following are equivale

(a) o = (A. )620(42%/\ Z.,p);
(b) there exists# = (B. i) € ZC(;z% A, Z,p) such tha1A. i= =B; jfora.afi,j)rl
(c) there exists? = (Bi, i) € 2C(e, N, F,p) and% =G j€ ZCO(M A, F,p)
such that
Aj=Bij+GC forall(i,j) e NxN

and 3 B
{(,§) e NxN:fij(|[ Aij (Bij) —ADPI > e} €

(d) there exists a subset {(i1, j1) < (i2, j2) < ---} of Nx N such thatKe .Z#(I) aneriLn fii (1A (K)imjnH)pin.jn =0.

Proof.(a) implies (b). Lete/ = (A j) € 2C' (7, A,.Z, p). Then, there exists interval numb&such that the set
{(.1) eNXN:fij (| Ay (A) —ADPI > e} €.
Let (m,n;) be an increasing double sequence with
(m,ne) € N x Nsuch that{(i, ) < (m,n) : fij(| Aij (A) —ADPI >t} el.

Define a sequenc® = (Bij) asB j _A forall (i, j) < (mg,ng). For (my,ny) < (i,j) < (M1, Nep1), teN.

A, otherwise

)

Bij= {61 if i () Anj (A — AP <t
Then, % = (Bij) € ,C(a ,A,.Z,p) and from the inclusion

{00, 0) < (mune) T A # B} {5 5) < (mume) s fi ([ A (AL) — AN > e} el
We getA_iyj = B_.J fora.a(i,j).rl.

(b) implies (c). Fore/ = (A_. ) € .C! (425/\ /,p) then, there existsg = (B. i) € ZC(,Q% A,Z,p) such tharA.J =B s
fora.gi,j).rl. Letk = {(i,j) e Nx N: A | #B;} thenK €. Define? =G, ,j as follows:

Gii= 0, if (i,j)¢K

Then,% = (Gij) € 2Cy(, A,.%,p) andB = (Bi}) € 2C(, \,.7, ).

S {§Jap if (i,]) € K,

(c) implies (d). Suppose (c) holds. Let> 0 be given. Let

PL={(i,J) eNxN: fij(| Aij (Cij)l)™i > e} el
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and
K =P ={(i1,]1) < (i2,j2) < (i3, j3) <---} € Z(I).

Then, we have linfi ; (|| Ai j (Ainjn) — All)Pinin = 0.

(d) implies (a). LeK = {(i1, j1) < (i2, j2) < (i3, j3) < ---} € Z#(I) and

1im (| A1 (A jn) — AP = 0.

an

Then for anye > 0, and Lemma 1.2, we have
{(1,1) € Nx N i (|| A (A —ADP > e} SKOU{(L ]) € K ij([] Aij (ALj) — AP > g}
Thus,o = (A j) € 2.C' (o7, 1\, .Z,P).

Theorem 6.Let.Z# = (fi ;) and¥ = (g j) be two sequences of modulus functions and for ¢a¢ghe N x N, (f; j) and
(0i,j) satisfyingao-condition and p= (pi j) € 2l be a bounded sequence of positive real numbers. Then

€) 2)((42% N9, p)CzX(ﬂ N, F o4, p),
0) 2X(F A, F ) NoX (A NG, P) CoX( N F +G,p) for ox = oC', ,Ch, 2.4 andp ).

Proof.(a) Lets/ = ( i) € 2Ch( ) A9, p) be any arbitrary element. Then, the set
{(i,1) e NxNugij (| A j (AP > e} el. (25
Lete > 0 and choos@ with 0 < § < 1 such thaffj j(t) < £,0 <t < é. Let us denote
Bij = aij(l Avj (AP (26)
and consider

lim f, (B ;) = lim fii(Bii)+ lim fi i (Bi ).
ij 1 (Bij) B, <8,(i.])eNxN 1i(Big) + Bi.j>5.(1.j)eNxN i (Bij)

Now, sincefi j for each(i, j) € N x N is modulus function, we have

lim fi.j(Bij) < fij(2 lim Bij) 27
Bij<8.(1,]) ENxN i (Big) < i )‘3Ti,j§57(i7j)€N><N( i) (27)

ForBi; > &, we haves < 1+ By . Now, since eaclij j is non-decreasing and modulus, it follows that

=) B_ 1 1 2B; |
fla(Bu) < i (14 55) < 1@+ 50 (5.

Again, since eachi j, (i, j) € N x N satisfiesA,-condition, we have

(6 < kB0 o) 2k Bl o)

lim fi i (Bi;) < max{1, (K& i ; lim Bii), H=max1suppi;}. 28
B =6, )EN XN i,j(Bij) < {1, ( i,j(2)) }B]>6 0 J)eNxN( ij) { i,jpp"J} (28)
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Therefore, from (26), (27) and (28), we have= (A_\j’j) € z%(ﬁf_,/\,ﬂo%, p). Thus,
2CO( G, D) € 2C(A N, F o Y. p).

Hence, _ _
2X( NG, p) Ca X(A N, F 0F,p), for ox = Ch.

Forox = oC', 2.4} and,.#! the inclusions can be established similarly.
c <

(b) Let o 3 3
o = (ALJ) € ZC(I)("va/\ajv p)QZCIO(JZ{a/\vga p)

Lete > 0 be given. Then, the sets
{(.) eNxN: fij(| Ay (AN > g} €l (29)

and B
{(i. 1) e NxNugij(l| A (AIDPT > e} el (30)

Therefore, from (29) and (30), we have
{(.0) eENxN:Z+9(| Aij (A )M > e} el
Thus,o = (A j) € 2Ch(«/, A,.F +%,p). Hence,
2CH( A, F ) N2Ch(A , NG, P) C (N, F +4.D).

For ox = oC', 2.2} and,.#;, the inclusions are similar. Fag j(x) = x and f j(x) = f(x),Vx € [0,»), we have the
following corollary.

Corollary 1. 2x (.7, A, p) C 2X (7, A, Z, p), for 2x = 2C', 2C}, 2.} and . ;.

Theorem 7.Let.# = (f; ;) be a double sequence of modulus function. Then the inclsision
2Co( A, F,p) C oC (N, F D) C 2les( A, T, P)

hold.

Proof. Let o/ = (K.-,j) € ,C' (7, A, %, p) be an arbitrary element. Then there exists some doublezaiteumberA such
that the set

{(i,j) e NxN: fi (|| Aij (Aj) — AP > €} 1. Since eacH; |
is modulus, we have
fig (A (ALDIDPT = fij (1 Ai (AL) — A+ AP < Fi (1 A (Ag) — AP+ i (JA])P.
Taking the supremum ovétr, j) on both sides, we get

o = (Aj) € 2lss( A A, T, D).
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The inclusion

2Ch( N, F,p) CoC (A, F.D)

is obvious. Hence B 3 3
2Co(  N,F,p) CoC (o A, F,p) C 2l , N, T, ).

Theorem 8.The spaceﬂ(g%_,/\, Z,p) and,C! (Jz%_,/\,gé‘, p) are sequence algebra.

Proof.Let.«/ = (A }), % = (Bi) € 2Cy(«7, A,.Z, p), then the sets
{(,1) e NxN:fij([| A (AP > e} €l (31)

and B
{(i,)) e Nx N Afi j([[ Aij (Bij) )P > g} €l (32)

Therefore, from (31) and (32), we have
{(1,1) e N> N i (|| Av (ABij) NP > e} el

Thus,_egz%_.f%’?e zcg(d_,A,f,p). Hence ZC(')((Q%_,/\,Q’, p) is a sequence algebra. Similarly, we can prove that
o.C'(«7,N,.Z, p) is a sequence algebra.
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