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Abstract

The boundedness, closed range, invertibility, compactness and closed-
ness of multiplication operators on Orlicz-Lorentz spaces are character-
ized in this paper.
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1. Introduction

Let f a complex-valued measurable function defined on a o-finite measure space
(X, A, ). For A > 0, define D¢(A) the distribution function of f as
(L1 Dy =p({zeX:[f(z)]>A}).

Observe that Dy depends only on the absolute value |f| of the function f and Dy may
assume the value +oo.

The distribution function Dy provides information about the size of f but not about
the behavior of f itself near any given point. For instance, a function on R"™ and each
of its translates have the same distribution function. It follows from (1.1) that Dy is a
decreasing function of A (not necessarily strictly) and continuous from the right.

Let (X, p) be a measurable space and f and g be a measurable functions on (X, u)
then Dy enjoy the following properties for all A1, A2 > 0:

(1) |g| <|f| p-a.e. implies that Dy < Dy;
(2) Des(\) = Dy (ﬁ) for all ¢ € C ~ {0};
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(3) Dyig(A1+ A2) < Dy(A1) + Dg(X2);
(4) Dyg(MA2) < Dyp(M) + Dg(A2).

For more details on distribution function see [7].
By f* we mean the non-increasing rearrangement of f given as

ff@)=inf{\>0:Ds(N\) <t}, t>0

where we use the convention that inf() = co. f* is decreasing and right-continuous.
Notice

f7(0) =inf{A>0: Dy(A) <0} = || flloo,
since

[fllee = inf{a > 0: p({z € X : [f(x)] > a}) =0}
Also observe that if Dy is strictly decreasing, then

£ (D) = inf{A > 0: Ds(A) < D)} = .

This fact demonstrates that f* is the inverse function of the distribution function Ds. Let
F(X, A) denote the set of all A-measurable functions on X. Let (X, Ao, p) and (Y, A1, v)
be two measure spaces.

Two functions f € F(X,Ap) and g € F(X, A1) are said to be equimeasurable if they
have the same distribution function, that is, if

(12) pw{{zeX:|f(x)|>A)=v{yeY: |g(y)|>A}), forali>0.

So then there exists only one right-continuous decreasing function f* equimeasurable
with f. Hence the decreasing rearrangement is unique.

In what follows, we gather some useful properties of the decreasing rearrangement
function:

a) f* is decreasing.
b) f*(t) > X if and only if Dy(X) > ¢.
¢) fand f* are equimeasurables, that is

D¢(N) = Dg+(N) forall A > 0.

d) If | f| <liminf, e |fn| then f* <liminf, e fo.
e) If £ € A, then (XE)* (t) = X[O,,u(E))(t)~
f) If B € A, then (fxe)" (t) < f*(£)X[0,u(r) (1)

A weight is a nonnegative locally integrable function on R™ that takes values in (0, co)
almost everywhere. Therefore, weights are allowed to be zero or infinite only on a set of
Lebesgue measure zero.

Let ¢ : [0,00) — [0,00) be a convex function such that

(1) ¢(x) =0 if and only if z = 0;
(2) limz—oo @(x) = 0.

Such as function is known as a Young function. A Young function is strictly increasing,
in fact, let 0 < < y then 0 < % < 1 and hence, we might write

x=<1—£)0+£y.
y y
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Since ¢ is convex, we have

s=a((-3)or )

< (1 - 5) ©(0) + gso(y)
< p(y)-

A Young function is said to satisfy the As-condition if there exists a nonnegative
constant xo and k such that

(1.3)  p(2z) < kp(z) for z > xo.
If zo = 0, we say that ¢ satisfy globally the As-condition. The smaller constant k which
satisfy (1.3) is denoted by ka.

1.1. Claim. If ¢ is a Young function such that satisfy the As-condition, then for each
r > 0 there exists a constant ka (r) such that

(1.4)  @(rz) < ka(r)e(z)
for z > 0 large enough.

Proof of the claim. If r > 0, we can choose n € N such that » < 2". Then we can applied
(1.3) n-times and use the fact that ¢ is increasing to obtain

p(re) < p(2"z) < k"o(),
and hence we have (1.4). O

1.2. Example. The function ¢4 (z) = % with p > 1 is a Young function which satisfy
globally the Ajs-condition with ka = %.

1.3. Example. The function ¢2(t) = tPlog(1 +¢) with p > 1 and ¢t > 0 is a Young
function which satisfy the As-condition, indeed, since

lim w2(2t) . 2PtPlog(l + 2t) _gp-1

o ga(t) o trlog(l+1t)

Also, 2 satisfy globally the As-condition.
In fact, since for each ¢ > 0 we have (1 +t)? > 1 + 2t, then

p2(2t) = 27" log(1 + 2t)
< 27T log(1 4 2t)
< 27Ty (21).

1.4. Lemma. A Young function ¢ satisfy the As-condition if and only if there exist
constants A > 1 and ¢9 > 0 such that

tp(t)
o(t)
for all t > to, where p is the right derivate of .

Proof. Suppose that ¢ satisfy the Ag-condition, then there exists a constant k£ > 0 such
that

belt) 2 o(20) = [ plo)ds> [ pls)ds
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for t large enough, since p is increasing, then we have

/t p(s) ds > tp(t);

hence, for ¢ large enough, we obtain

) _ .
e(t)

Conversely, if
tp(t)
— 2 <A
e(t)

for all ¢t > to, then
2t 2t
/ P(s) s < A/ 95 _ \log2.
) t S
Since p(s) = ¢'(
log <M> < Alog?2,
o(t)

which implies that
©(2t) < 2p(t). O

s), we have

The following result show us that the Young functions which satisfy the As-condition
have a cross rate less than the function t? for some p > 1.

1.5. Theorem. If ¢ is a Young function which satisfy the As-condition, then there exist
constants A > 1 and C' > 0 such that

p(t) < Ct*

for t large enough.

Proof. By (1.4) we can write
t t
/ @ ds < )\ @
to w(s) to S
where t > tg. Then

log (5&))) < Aog (%) ,

therefore

And the proof is complete. O

1.6. Example. The following are Young functions:

1) p(z) = % with p > 1.

(2) w(2) = e ~|z| - 1.

3) p(z) = el*l” — 1 with § > 1.
@) ole) = 0, ifo<z<l

+o00, otherwise.
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Related with the Young function ¢, we define, for ¢ > 0 the complementary function
of Young function as

¥(t) = sup{ts — ¢(s) : s > 0}.
1.7. Example. If o(t) = ;¥ with p > 1 and ¢ > 0, then its complementary function is
P(t) = %tq where % + % =1.

Indeed, by definition we have
1
Y(t) = sup {ts ——sP s> 0} ,
p
next, for ¢ > 0 fixed, we can consider the function

1
g(s) =ts— =s”, with s > 0.
p

1
It is not hard to check that g achieved its maximum at s = ¢t?»—1 which is given by

g (tﬁ) _——
q

Y(t) = sup {ts - 1sp 1> 0} = 1tq.
p q

Hence

1.8. Proposition. If ¢ is a Young function, then its complementary function v is also
a Young function.

Proof. 1t is clear that ¥(0) = 0 if and only if x = 0. Now, we just need to show that 1
is a convex function. To this end, let us choose t1,t2 € [0,+00) and A € [0, 1]. Then, by
definition of ¥ we have

YAt + (1 = N)t2) = sup{s(At1 + (1 — N)t2) — p(s) : s > 0}.
On the other hand
AM(t1) = Asup{sti — ¢(s) : s >0} > A(st1 —p(s)) Vs >0
and
(T =XN)(t2) = (1 = N)sup{sta — p(s) : s >0} > (1 — X)(sta — ¢(s)) Vs > 0.
From the last two inequalities, we have
SO+ (1= N)t2) — () = Alsts — 9(s)) + (1 — A)(st2 — (s))
S Ap(t) + (1= A)p(t2)
for all s > 0. Which means that A (t1) + (1 — A)(¢2) is an upper bound of the set
{s(Atr + (1 = A)t2) — o(s) : s =2 0},
then
SO+ (1= N)2)) < 9(t) + (1 - A)b(ta),

and so © is convex. O

1.9. Theorem (Young’s Inequality). Let ¢) be the complementary function of ¢. Then

ts < @(s) + (1)
where t, s € [0, +00).
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Proof. Let t,s € [0,+00). Then

¥(t) = sup{st — ¢(s) : s > 0}
ZSt_SD(S) V‘SZO?

then
¥(t) + o(s) = st,
and the proof is complete. O

For more details on Young functions see [10].

2. Weighted Lorentz-Orlicz Spaces

The aim of this section is to present basic results about Lorentz-Orlicz spaces. We
have tried to make the proofs as self-contained and synthetic as possible.

2.1. Definition (Luxemburg norm). Let ¢ be a Young function. For any measurable
function f on X,

%w:inf{6>():/ooog0<%(t)> w(t)dtgl} € [0,00).

Where it is understood that inf(0)) = 4o0.

/]

2.2. Remark. In this article, we will not always require that the Luxemburg norm actually
be a norm. | - |l4,w is indeed a quasinorm. A quasinorm is a functional that is like a
norm except that it does only satisfy the triangle inequality with a constant C' > 1, that
is, lf +gll < CUFI + llgll) where €' > 1.

2.3. Lemma. For any measurable function f on X, ||f|l¢,w = 0 if and only if f =0
p-almost everywhere.

£

Proof. Clearly || f|lp,w = 0 if and only if [ ¢ (f*(t)) w(t)dt <1V e > 0. It follows that

/]

ow = 0 if and only if / e(af"t)wt)dt=0V a>0
0

if and only if ¢ (af*(t))w(t) =0 p—a.e. Va >0

if and only if f*(t) = 0 u — a.e.

if and only if D¢(A) =0 u — a.e.

if and only if f =0 pu— a.e. (]

Identification of almost everywhere equal functions. As with L, spaces, one identifies
the function which are p-almost everywhere equal. This means that one works with
the equivalence classes of the equivalence relation defined by the p-almost everywhere
equality. From now on, this will be done without further mention. Consequently, one
write:

(2.1)  |Ifllo,w =0 if and only if f = 0.

2.4. Lemma. If 0 < ||f]lp,w < oo then fooogo(uﬂf;{u)w(t) dt < 1. In particular,

[ fllpw < 1is equivalent to [ o (f*(t)) w(t)dt < 1.
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Proof. For all b > ||f|l4,w, we have

[ o(£0)uass

Letting b decrease to || f||,w, one obtains the first result by monotone convergence. The
second statement follows from this and lemma 2.8. O

2.5. Proposition. The gauge || - |5, is & quasinorm on the vector space of all the
measurable functions f such that || f|4,w < co.

Proof. 1t is already seen that (2.1) holds under identification of a.e. equal functions.
It is clear that for all real A, ||Afll¢,w = |Alllfllow-

It remains to prove the triangle inequality. Let f and g be two measurable functions
such that 0 < || f|lo.w + [|g]lp,w < 00. Then

S F+a'®) Y,
/| ¢<2(||f||¢,w+\lgllw,w)) (t)
© (/2 g (12)
< / ? (2(||f||wu P )) w(t) dt

e low  17/2) lolow a2,
*/0 “”(( e 2 >||g||w> (t) dt

2(|If||i|,£”jl|\ugl\<p,w) . < ) v
+ st e (T >
- s e () ve

¥ 2<|f||¢|,i|i’“fg||w,wi 2 [ (nfnw)

<l [ e () v

T o + lglow /OO ¥ (ﬁ) w(t) dt

<1

Where the last but one inequality follows from the convexity of ¢ and the fact that w is
nonincreasing and the last inequality from lemma 2.4. Therefore

If +gllew <2 flle,w + llgllow) -

As a consequence, the set of all measurable functions f such that || f||,,. < oo is a vector
space. O

2.6. Definition. Let ¢ be a Young function. We define the weighted Lorenz-Orlicz
spaces

Lyw = {f : X — C measurable :/np(ozf*(t))w(t) dt < oo, for some o > 0} .
0

It follows from proposition 1.8 that if L, ., is a weighted Lorentz-Orlicz space, then
Ly, is also a weighted Lorenz-Orlicz space.
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2.7. Proposition (Holder’s type inequality). For f € L, 1 and g € Ly 1

/ \Fal di < 20 fllollgllonr-
X
In particular, fg € L1.

Proof. It || f|le,1 =0 or ||g|ly,1 = 0, one concludes with lemma 2.8.
Assume now that 0 < || f]|¢,1, ||g||w,1. Because of Young’s inequality: st < o(s)+ ¢(t)

we have
Iy, o [T LS00,
x I flleallglle,n o Nflleallglle,
< A )
0 Hf”%l 0 HgHwJ
<9
Therefore
[ Vtaldn <21 flealalr O

2.8. Lemma. Let {f,}nen be a sequence in L .. Then, the following assertions are
equivalent:

(a) limp—oo [ frllo,w = 0;
(b) For all a >0, limsup,,_,. [5° @(afn(t)w(t)dt < 1;
(c) For all a > 0, limp oo [~ @(afs (t))w(t) dt = 0.

Proof. The equivalence (a) < (b) is a direct consequence of the definition of || - ||4,w. Off
course (c¢) = (b) is obvious. As ¢ is convex and ¢(0) =0 forall t >0 and 0 <e <1, we
have

t t
o0 = ((1-20+28) <1 -epp0 +2p (1),
that is
t
<p(t)§ap(g) t>0,0<e<1.
From which (b) = (c) follows easily. O
2.9. Theorem. The space L ., is a quasi-Banach space.

Proof. Let {fn}nen be a Cauchy sequence in Ly .. Let us choose € > 0 such that
07 (%) < wtm
that

for n,m € N and € > 0,ko > 0. For such £ there exists no € N such

[fn = fiml

If n,m > no. By the definition of the Luxemburg quasi-norm we can use ko > 0 in such
a way that ko < € and

[T (L) wa <1

Let E={z € X : |fa(z) — fm(x)| > €}, then
exe(z) < [fn(@) = fm(z)].

@, w < E.
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And hence
exe(t) < (fn — fm)* (1),
EX(0,u(B) () < (fo = fm)"(2).
Therefore

[ e (Sromen®)wyas [~ (L=LX0) uga

/<E> < >w(t)dt§/0w%0<w>w(t)dt

Then

Dfn —fm (&) Rl — *
g/ w(t)dt < gt (i) / ) (M) w(t) dt
k‘o 0 kO
frn—fm(e) 1
é/ )dt <
n-+m
Dfn fm(e)
= ¢ lim w(t) = 0.

n,m—o0 Jq

Since w > 0, we must have lim, m—oo Dy, —f,, (6) = 0 which means that {f}nen is a
Cauchy sequence in measure, then some subsequence {fn, }ren converges almost every-
where to a measurable function f, that is, f., — f p-a.e.

Let a > 0. By lemma 2.8 there exists a large enough integer n(a) such that

[ etalts = £y @) w®dt <1, ¥ min > ()
0
With Fatou’s lemma this gives

/Oooso(a(fn £ (0) w(t) dt<hmmf/ — ) () w(t)dt <1

V m > n(a). Therefore f, — f belongs to Ly, w, but f, € Ly w, so that f € Ly ..
Moreover, as limsup,, . [5° ¢ (@(fm — f)* () w(t)dt < 1 for all & > 0, we have
limm—oo || fm — fllo,w = 0. This proves that L ., is complete. O

2.10. Theorem. Simple functions are dense in Ly 4.

Proof. Suppose f € L,.,. We may assume that f > 0. Note that if Dy()\) = oo, then
limy oo f*(¢) = 0. It follows that Dy()\) < oco.

Hence, given £,6 > 0, we can find a simple function s, > 0 such that s,(z) = 0 when
f(x) <eand f(zx) —e < sn(x) < f(x) when f(x) > € except on a set of measure less
than 6. It follows that

pn({z e X :[f(z) —sn(x)] >e}) <0
Next, choose n € N such that n > , then
(f —sn)"(t) =inf{e >0: Df,sn () <0 <t}
Thus

(f—sn)"(t) < = fort =g,

since s, < f, then s, (t)

(f = sa)" (1)

f*(t), for each ¢t > 0. Since n > 1, we have

IN
Sl a 3=

<eg,
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next,

[ e (V=D war< [T () war

Let a = [ w(t) dt, then

1 = sl =int {15 00 [T (L2l wgan <1}

:¥%0 as n — oo. O

w3
3. Multiplication Operator

Let F(X) be a function space on non-empty set X. Let u : X — C be a function such
that u - f € F(X) whenever f € F(X).

Then, the transformation f +— wu - f on F is denoted by M,. In case F(X) is a
topological space and M, is continuos, we call it a multiplication operator induced by w.

Multiplication operators generalize the notion of operator given by a diagonal ma-
trix. More precisely, one of the results of operator theory is a spectral theorem, which
states that every self-adjoint operator on a Hilbert space is unitarily equivalent to a
multiplication operator on an Ly space.

These operators received considerable attention over the past several decades specially
on L, spaces and Bergman spaces and they played an important role in the study of
operators on Hilbert spaces.

For more details on these operators we refer to Abrahamese [1], Axler [4], Douglas [6],
Halmos [8] and Takagi [12].

3.1. Example. Consider the Hilbert space X = Ls[—1,3] of complex-valued square
integrable functions on the interval [—1, 3]. Define the operator
M, (z) = u(z)a?,

for any function u € X. This will be a self-adjoint bounded linear operator with norm
9. Tts spectrum will be the interval [0,9] (the range of the function & — z? defined on
[—1,3]). Indeed, for any complex number A, the operator M, — X is given by

(M, — \)(z) = u(z)(z® = ).

It is invertible if and only if A is not in [0,9], and then its inverse is
M, — ) -1 — M
(M = )7 @) = 2L

which is another multiplication operator.

For a systematic study of the multiplication operators on different spaces we refer to
[1, 3,4, 5,9, 11].

3.2. Remark. In general, the multiplication operators on measurable spaces is not 1-1.
Indeed, let (X, A, p) be a measure space and

A= X ~supp(u) ={z € X : u(z) = 0}.
If n(A) # 0 and f = xa then for any € X we have f(z)u(z) = 0 which implies that
M., (f) = 0, therefore ker(M,) # {0} and hence M, is not 1-1.

If, on the contrary, M, is 1—1, then u(X ~ supp(u)) = 0. On the other hand, if
w(X N supp(u)) = 0 and u is a complete measure, then M, (f) = 0 implies f(x)u(z) =
0V ze X, then {z € X : f(z) #0} C X \supp(u) and so f =0 p-a.e. on X.

Hence, if u(X \ supp(u)) = 0 and p is a complete measure, then M, is 1-1.



1001

3.3. Proposition. M, is 1-1 on Y = L, ,(suppu).
Proof. Let Y = Ly w(suppu) = {fXsuppu : [ € Lpw}. Indeed, if M,(f) = 0 with
f = fxsuppuw €Y, then f(x)xXsuppw(z)u(z) =0 for all x € X, and so
f(@)u(z) =0 V z € supp(u),
= f(x) =0 V z € supp(u),
= f(Z)Xsuppu()(®) =0 Ve X.
Then f = 0 and the proof is complete. O

In what follows, boundedness and invertibility of the multiplication M, are charac-
terized in terms of the boundedness and invertibility of the complex valued measurable
function u respectively.

3.4. Theorem. The linear transformation M, : f — u - f on the Orlicz-Lorentz space
L. is bounded if and only if u is essentially bounded. Moreover

[Mu]] = Jlulloo-
Proof. Let u € Loo (1), note |(uf)(z)| < ||ulloo| f(z)], thus
{z: [(wf)(@)] > A} C{z: [Jullo|f(z)] > A}

- {xi |f (@) > ﬁ}

Dus(A) < Dy (L>

[l

then

and so

{)\>0:Df(m)St}Q{A>O:Duf()\)§t}.

From this we have

inf{A > 0: D,s(A) < t} < inf {A >0:D; (ﬁ) < t}
< inf{aflulle >0: Dy(a) <t}
= [Jul|ec inf{a > 0: Ds(a) < t}.
Hence

(Wf)" (1) < [Julloo £ (1)-
© ()
/o v <Hu||oo|\f|\<pw)

Hence f € Ly, and
(3.1 [[Mufllew < [lullooll fllew-

Conversely, suppose M, is a bounded operator. If u is not essentially bounded function,
then for every n € N, the set E, = {x € X : |u(z)| > n} has a positive measure. Now,
we know that

Then

| /\

ulloo £ (1)
( |u||oo||f|\¢ w) wit) dt

<||f|

“s
-

) w(t)dt < 1.

P w

XE, (£) = Xo,u(En) (1),
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and note

{z:nxe, () > A} C{z: Juxs, ()] > A},
then

Drxg, (A) < Duyg, (A),
from this we have

{A>0: Duyy, (A) <1} C{A>0: Dy, (V) < ).
Hence

inf{\ > 0: Dnyp (A) <t} <Inf{A > 0: Duyp (A) <t}
That is,

(uxme,)" () = n(xm,)" (1).

This gives us

s [ (L0
)

> [T (e

and so
1
o0 [ (B 0) iy <),

{
i {01 [ 7o (P8 O) ygarc 1) <
{ .

which means that

thus

Mux e, low = nllxE, llows

this contradicts the boundedness of M,. Hence u must be essentially bounded.
Next, clearly by (3.1) we obtain

32)  [IMull < flufle-
Fore >0, let E = {z € X : |u(z)| > |Jul|cc — €} (observe that p(E) > 0), then
{z e X: ([lulle —e)xm(z) > A} C{z € X : Juxe(z)| > A},
then
Do —e)x (A) < Duxp(A)
and so
fA>0: Duxp(A) <t} S{A>0: D(jujje—c)xp < 1}
from this we have
Inf{A > 0: D(jujj—e)xp <t} SIf{A>0: Duyp (A) < 8}
Therefore

(uxe)"(t) = ([ullo —)(xe)" (1),
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then

[ ((Hum:;;(m*(t)) woys [ <%> w(t)dt <1,

which implies that
[(lulloe —e)xEllew < [[MuxEelle,w,

and
([ulloe = E)lIxElew < [[Muxellew,
hence
Hu” —_e< HMuXEHgo,w
oo —
||XEH<p,w

which provide that
[Mull 2 [[ullc —& ¥V e>0
and so
[ Ml > ulloo-
Therefore
[Mul = l[ulloo- n
We will need the following well known result.

3.5. Theorem. Let T € B(X,Y) where X and Y are Banach spaces. Then T is bounded
below if and only if 7" is 1-1 and has closed range.

For the proof of theorem 3.5 see [2].

3.6. Corollary. M, : Ly, (suppu) — Ly w(suppu) has closed range if and only if M,
is bounded below on L, . (supp u).

This result is clear since M, is 1-1 on L, . (suppu). Moreover, if u # 0 py-a.e. on X
with p a complete measure, then we have the following result.

3.7. Corollary. If p # 0 p-a.e. on X and p is a complete measure, then
My i Lpw(X, A, u) = Lo w(X, A, u)
has a closed range if and only if M, is bounded below on L . (X, A, u).

3.8. Theorem. M, : L, w(suppu) — Lo, w(suppu) has a closed range if and only if
there exists ¢ > 0 such that |u(z)| > ¢ p-a.e. on supp p.

Proof. If there exists a § > 0 such that |u(z)| > § p-a.e. on supp(u), then for f € L, .
and t > 0 we have

{z 2 [0 f Xsupp(w) (T)] > A} C{z ¢ [ufXsupp(u) (T)] > A},
and so

D‘stSupp(u) (M) < Dqusupp(u) )
then

(0> 05 Dupynn (V) S SA> 05 Dagyy ) (V) < 21,
from this we have

Inf{A > 0 D sy, yppuy (A) <t} <Inf{A >0 Dugypny (A) <t
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thus

(qusupp(u))* (t) Z 5fX:upp(u) (t)v

then we shall note that

{k>0:/0ww<w>w(t)dtgl}g

{k>0:/ooocp<w)w(t)dt§1}.

inf{k>0:/{)w@(wL]w>w(t)dt§1}§
inf{k>o:/ow@(WL]w>w(t)dt§1},

Hence

which means that

H‘Sszum)(u)”%w <M fXsupp(w) o, ws

thus

HMquSupp(u) ”cp,w > 5Hszupp(u)| @,w-

Therefore M, has closed range.
Conversely, assume that M, has closed range on L ., (supp(u)). Since My, : Ly . (supp(u)) —
Ly w(supp(u)) is 1-1, then M, is bounded below, then there exists an € > 0 such that

[Mufllow = el fllosw

for all f € Ly.w(supp(u)). Let E = {x € supp(u) : |u(z)| < /2}.
If 4(E) > 0, then we can find a measurable set F' C E such that xr € Ly, (supp(u)).
Then

{z: |uxr| > A} C {:L': ’%xp‘ > )\}
and so

Duxr(X) < Dy (N),
from this we have

A>0: D5\ (N S8 C{A>0: D (V) < 1,
then

Inf{A > 0: Duyp(A) <t} <inf{A >0: Dg, (N) <t}

that is,

and so
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Therefore

|MuxFllpw = inf {s >0: /OOO @ (M) w(t)dt < 1}

ginf{6>0:/ooocp(W)w(t)dt§1}

= Sxel

which is a contradiction. Therefore p(E) = 0. This completes the proof. O

P,y

3.9. Corollary. If ;4 # 0 p-a.e. on X, and p is a complete measure, then M, has a
closed range on L ., (X, A, ) if and only if there exists § > 0 such that |u(z)| > § p-a.e.
on X.
Proof. The result follows as a consequence of

Lgw(X, A, p) = Lp,w(supp u) O

3.10. Theorem. The set of all multiplication operators on L, ., is a maximal abelian
subalgebra of the set B(Ly,w), the algebra of all bounded linear operators on Ly ..

Proof. Let
H={M,:u€ L}

and consider the operator product
My - My = My,

where M,, M, € H. Let us check that it is a Banach algebra. Let u,v € Lo, then
lu| < ||ul|oo and |v]| < ||v]|oc, therefore

[uvfloc < [[ullos[v]los,

this implies that the product is an inner operation, moreover the usual function product
is associative, commutative and distributive respect to the sum and the scalar product,
thus we conclude that K is a subalgebra of B(L, ). Now, we like to check that it is a
maximal subalgebra, that is, given N € B(Ly,w), if N commute with 3, we have to prove
that N € H. Consider the unit function e : X — C defined by e(z) =1 for all z € X.
Let N € B(Ly,w) be an operator which commute with H and let xg the characteristic
function of a measurable set E. Then

N(xg) = N[My(e)]
= My [N(e)]
=xz - N(e)
=N(e)-xmp
=My - xe,
where w = N(e). Similarly
(3.3)  N(s) = Mu(s)

for any simple function.
Now, let us check that w € Lo. By way of contradiction, assume that w ¢ Lo, then
the set

E,={z € X :|w(z)| >n}
has a positive measure for each n € N. Note that

Mu(xs,)(x) = wxe, (¥) = nxes, ()
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for all z € X. By the monotonicity property of the distribution function we have

A

DwXEn ()‘) > DXEn (E) .

From this
(A>0: Duy, (V) <1} C {A> 0: Dy, <%> gt}.
Then

inf {)\ >0: Dy, (%) < t} <nf{A > 0 Duyy, (V) < t}.

Putting o = 2, we have

lwxe, llew = nllxEn low,

since x is a simple function, then by (3.3) we have
My (xe,) = N(xz,)-

Hence
IN(xE)llew = nllXE, llo)w-

Therefore N is an unbounded operator. This is a contradiction to the fact that N is
bounded.

So then w € Lo and by theorem 3.4 M, is bounded.

Next, given f € Ly ., there exists a nondecreasing sequence {sy }nen of measurable
simple functions such that lim,— e $n = f, then by (3.3) we have

N(f) = N(lim s,,)
= lim N(sy,)
= lim My (sn)
= My (lim s,)
= Mu(f).
Therefore N(f) = Mw(f) for all f € L, . and thus we conclude that N € 3. O

3.11. Corollary. The multiplication operator is invertible on B(Ly ) if and only if is
invertible on L.

Proof. Let M, be invertible. Then there exists N € B(L,, ) such that
(3.4) M, -N=N-M,=1

where I represent the identity operator. Let us check that N commute with H.
Let M,, € H, then

(3.5) My My = M, - M.
Applying N to (3.5) and by (3.4) we obtain
N -My -My-N=N-M,-M,-N,
N-My-T=1-M,-N,
N-My =M, -N,

and thus we conclude that N commute with J{. By theorem 3.10 N € H, then there
exists g € Lo such that N = My, hence

M, - My = My-M, =1,

this implies that ug = gu = 1 p-a.e., which means that u is invertible on L.
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On the other hand, assume u is invertible on L, that is, % € Lo, then

M, - M% = M% - My
= M)
=M =1,
which means that M, is invertible on B(L, ). O

For the sake of completeness and the convenience of the reader, we gives here one
definition and one lemma which will play an important role on the coming results.

3.12. Definition. Let T be an operator. A subspace V of X is said to be invariant
under T" (or simply T-invariant) whenever

T(V) C V.

3.13. Lemma. Let T': X — X be an operator. If T is compact and M is a closed
T-invariant subspace of X, then T |5 is compact.

Proof. Let {xn}nen be a subsequence in M C X. Then {x, }neny C X, thus there exists a
subsequence {Zn,, }ren of {Zn }nen such that T'(x,, ) converges in X, but T'(z,, ) C T(M)
since {zn, }ken € M. Then T(zn,) converges on T(M) C M = M. Therefore T(xn, )
converges on M, hence T |p is compact. O

3.14. Theorem. Let M, be a compact operator. For € > 0 define
Ac(u) ={z € X : |u(z)| > e},
and
Ly w(Ac(w) = {fXa.(u) : f € Low}.
Then Ly w(A:(u)) is a closed invariant subspace of L ., under M,. Moreover
Mo |1y (Ac ()
is a compact operator.
Proof. Let h,s € Ly w(Ac(u)) and o, 8 € R. Then h = fxa,(u) and s = gxa, (u) Where
f1g € Ly w thus
ah + Bs = a(fxa.w) + B9XA. ()
= (af + B9)xa.(w) € Lp,w(As(w)),

which means that L, ., (A:(u)) is a subspace of Ly .
Next, for all h € L, (A< (u)) we have

Myh = uh
= u(fXa. ()
= (uf)X (),
where uf € Ly . Therefore My, € Ly w(Az(u)), which means that Ly ., (Az(u)) is an
invariant subspace of Ly, ., under M,.

Now, let us show that L, . (A:(u)) is a closed set. Indeed, let g a function belonging
to the closure of L, . (A:(u)) then there exists a sequence {gn }nen in Ly w(Ac(u)) such
that

gn — g in Ly w
Just remain to exhibit that g belongs to Ly, (A< (u)). Note that

9 = 9XAc(u) T gXAL(u)-
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Next, we want to show that gxac() = 0. In fact, given €1 > 0 there exists no € N such
that

lgxaellow = 1(9 = gno + gno)Xac(u)l
= 1(g = gno)xac(w)llo,w
<1lg = gnol

p,w

pw < E1.

Thus, gxac(u) = 0 which means that g = gxa, (), that is, g € Ly,w(A:(u)). Finally by
lemma 3.13 we have

Mu | Ly w(Ac(w)

is a compact operator. And the proof is now complete. O

3.15. Theorem. Let M, € B(Ly,w). Then M, is compact if and only if L . (A:(u))
is finite dimensional for each & > 0.

Proof. If |u(z)| > €, we should note that
lufxa. (@) > efxa(u (@)

and so

{2 s efxac (@ > A} C {o: [ufxa. (@) > A,
thus

DEfXAg(u) (W) < DquA,_;(u) (A,
then

{A>0: Dupyy )W) S8 C{A> 02 Depyy ) (V) < 8}
from this we have

inf{A > 0: Depyy_ () (A) <t} <inf{A >0 Dugyy (o, (A) <t}
that is

(EfXacw)" () < (ufxa.w) (£).

{k>0:/}w¢(WXA57]w>w(t)dtg1}g

{k>0:/ooogo(M)w(t)dt§1}.
Therefore

inf{k>o:Aw¢(M)wu)dt§1}g

. > ((ufxa. ) (@) ) }
fik>0: —e e dt <153.
in { > /0 ® ( A w(t)dt <
And hence

(3.6) 1Mo fxacwllow > ellfXawllew-

Now, if M, is a compact operator, then L, ., (A:(u)) is a closed invariant subspace of
Ly, under M, and by lemma 3.13

Hence

My | Ly (A (u)
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is a compact operator. Then by (3.6) M, }Lep.,w<As<u)> has a closed range in L, ., (A:(u))
and it is invertible, being compact L, (Ac(u)) is finite dimensional.

Conversely, suppose that L, ., (Ac(u)) is finite dimensional for each € > 0. In partic-
ular, for each n, Ly (A%(u)) is finite dimensional, then for each n, define u, : X — C

as
w () = u(z) if |u(z)| >
(@) {0 if Ju(z)| <

3l=3=

Then we find that
((un — ) - )" (1) < Il — ulloo f(8) V' £ > 0.
Consequently
HMunf - Muf'

N

oo < [tn = ulloo | fllo
1
~[I/]
n
which implies that M, converges to M,, uniformly. As L .,(A<(u)) is finite dimensional

so My, is a finite rank operator. Therefore, M,, is a compact operator and hence M,
is a compact operator. O

IA

P,wH
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