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Abstract

The memory-less property of the Exponential distribution is a strong
reason of its use for testing lifetimes of objects in many lifetime mod-
eling applications. Also, mixture models have extensively been used
in survival analysis and reliability studies. This article focuses on the
Bayesian analysis of the 3-component mixture of Exponential distri-
butions under type-I right censoring scheme. Taking different non-
informative and informative priors, Bayes estimators and posterior risks
for the unknown parameters (parameters of component distributions
and mixing proportions) are derived under squared error loss function,
precautionary loss function and DeGroot loss function. The elicita-
tion of the hyperparameters is also done using prior predictive dis-
tribution.The Bayes estimators and posterior risks are looked at as a
function of the test termination time. Some important properties and
comparisons of the Bayes estimates are presented. Simulated results
and real data example are also given to illustrate the study.
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1. Introduction

The Exponential distribution, because of its memory-less property, has many real life
applications in testing lifetimes of objects where lifetimes do not depend upon their ages.
There are many electronic devices whose failure rate does not depend on their ages,
therefore, the Exponential distribution is suitable to model the lifetimes. Generally, in
lifetime modeling, population is supposed to be composed of more than one subpopu-
lations mixed by unknown mixing proportions. In our study, we take the data from a
population which is characterized by three different members of the Exponential family
of distributions. McCullagh (1994) derived some conditions under which quadratic and
polynomial Exponential models can be generated as mixtures of the Exponential models.
Ragab and Ahsanullah (2001) discussed the location and scale parameters of generalized
Exponential distribution based on order statistic. Hebert and Scariano (2005) compared
the location estimators for the Exponential mixtures under Pitman’s measure of close-
ness. Ali et al. (2005) studied the Bayes estimators of the Exponential distribution
and Abu-Taleb et al. (2007) presented the Bayesian estimation of lifetime parameters of
Exponential distributions when survival time and censoring time are both exponentially
distributed.

The use of mixture models in situations where data are given only for overall mixture
distributions is known as direct application of the mixture models. Li (1983) and Li
and Sedransk (1982, 1988) discussed different features of mixture models and defined
two types of mixture models. The mixture of the probability density functions from the
same family is known as type-I mixture model and type-II mixture model is defined as a
mixture of density functions from several families. In this study, the direct application of
mixture model (with the unknown component and mixing proportion parameters of the
3-component mixture of Exponential distributions) is considered under type-I mixture
modeling.

Due to the development of advanced computational facilities, researchers are now
able to find the Bayes estimates, infer and predict about complex systems such as mix-
ture models. With the provision of these computational facilities, the Bayesian tech-
nique to analyze a 3-component mixture model has developed the interest among many
researchers. The posterior distribution, which is obtained when prior information is
combined with likelihood, is the workbench of Bayesian inference. Thus, the prior in-
formation, a subjective assessment by an expert before the data are actually gathered,
is very important and necessary for Bayesian inference.In this study, the Bayesian anal-
ysis of a 3-component mixture of Exponential distributions using the non-informative
(uniform and Jeffreys’) priors and the informative prior (IP) under squared error loss
function (SELF), precautionary loss function (PLF) and DeGroot loss function (DLF) is
considered.

There are many fields such as engineering, biological sciences, physical sciences and
social sciences where mixture models have been used quite effectively. Most of the re-
searchers worked on the Bayesian analysis of 2-component mixture models. For example,
Sinha (1998) used the Bayesian counterpart of the maximum likelihood estimates of the
2-component mixture model considered by Mendenhall and Hader (1958). Saleem and
Aslam (2008) discussed the use of the informative and the non-informative priors for
Bayesian analysis of the 2-component mixture of Rayleigh distributions. Saleem et al.
(2010) presented the Bayesian analysis of the 2-component mixture of Power distribu-
tions using the complete and censored data. Kazmi et al. (2012) developed the Bayesian
analysis for the 2-component mixture of Maxwell distributions.
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In real life applications, most of the times, it is not suitable to continue the testing
procedure until failure of the last object under testing. In such situations, censored sam-
ples are observed. Censoring is an important and valuable aspect of lifetime applications.
A valuable account on censoring is given in Romeu (2004), Gijbels (2010) and Kalbfleisch
and Prentice (2011). In this paper, an ordinary type-I right censoring is used with fixed
life-test termination time for all objects.

The rest of the paper is organized as follows. In Section 2, the 3-component mixture
of Exponential distributions is presented. Posterior distributions using the uniform prior
(UP), the Jeffreys’ prior (JP) and the informative prior (IP) are derived in Section
3. The Bayes estimators and posterior risks using the UP, the JP and the IP under
SELF, PLF and DLF are presented in Sections 4, 5 and 6, respectively. The elicitation
of hyperparameters is described in Section 7. The limiting expressions are derived in
Section 8. A simulation study and real data example are discussed in Sections 9 and 10,
respectively. Finally, the conclusion of the study is given in Section 11.

2. 3-component mixture of exponential distributions
If X is exponentially distributed with parameter 6,,, its probability density function
is given as:
(2.1) fm (x5 0m) = O0m exp(—O0m x), >0, 0,,>0, m=1, 2, 3.
According to Barger (2006) and Strelec and Stehlk (2012), a finite 3-component mixture

of Exponential distributions with unknown mixing proportions p; and p2 is defined as:

(22)  f(x)=p1 fi(@)+p2 fo(x)+ (1 —p1—p2) f3(x),p1, p2 >0, pr +p2 <1

f(x; 01, 02, 03, p1, p2) = p161exp(—01 x)+ p2 O2exp (—02 )
(2.3) + (1 —p1—p2) O3exp(—0s )
As cumulative distribution function of the random variable X is given by:
(24) Fn(x)=1—exp(—Omz), m=1, 2, 3,
the cumulative distribution function of 3-component mixture distribution is defined as:
(2.5)  F(z)=p1 F1(2) +p2 F2 (2) + (1 —p1 —p2) Fs(2)

(26) F(z)=1-p1 exp(=th ) —p2 exp(—022) — (1 —p1 —p2) exp(—0s )

3. The posterior distribution using the UP, the JP and the IP

The posterior distributions of parameters given data x are derived using the UP, the
JP and the IP.

3.1. The likelihood function. Suppose n units are used in a life testing experiment
with the 3-component mixture modeling. Let r out of n units fail before fixed test termi-
nation time t and the remaining n — r units are still working. According to Mendenhall
and Hader (1958), there are many practical situations in which the failing objects can be
pointed out easily as subset of subpopulation-1, subpopulation-2or subpopulation-3. Out
of r units, suppose r1, r2 and r3 units belong to subpopulation-1, subpopulation-2 and
subpopulation-3,respectively,such that » = r1 + r2 + r3. Now, define xx, 0 < z1, < t, as
the failure time of k** (k =1, 2,---, 7) unit belong to I'" (I =1, 2, 3) subpopulation.
Thus, the likelihood function of the 3-component mixture model for the random sample
vector x is given as(cf. Everitt and Hand, 1981):
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L(@lx) o {Hmfl(wlk)}{szfz(wzk)}{n(l—pl—pz) fs(ﬂf%)}
k=1 k=1

k=1
(3.1) {1-F@)""

L(plx) o« 66505 { (” . T) <Z>
i=0 j=0 J
1
exp {—91 <nt —rt—it+ lek) }
k=1
T2 T3
exp {—92 <it —jt+ Zm2k> } exp {—03 <jt + Zx3k> }
k=1 k=1

(3.2) Py T I (1 — py — pz)j”‘"’] :

where 1/) = (01, 02, 03, pi1, p2) and x= (ZEH,..., Tiryy L21y vy T2rg; L31, .-y $3»r3).

3.2. The posterior distribution using the UP. When no or little prior information
is given, usually, the non-informative prior is assumed to be the UP. Bayes (1763), de
Laplace (1820) and Geisser (1984) proposed that one may take the UP for the unknown
parameters ¢ = (61, 02, 03, p1, p2). Following Bayes (1763), de Laplace (1820) and
Geisser (1984), UPs over the intervals (0, co) and (0, 1) are taken for the parameters (
01, 02 and 05 ) of Exponential distributions and for the mixing proportions ( p1 and p2 ),
respectively. With these settings, joint prior distribution of the parameters 01, 02, 03, p1
and p2, as defined by Saleem (2010), is given by:

(3.3)  mi(¥)ocl; b1, B2, O3>0, p1, p2 >0, pr+p2 < 1.

The joint posterior distribution of parameters 61, 02, 03, p1 and p2 given data x, using
the UP is defined as:

(34) g1 (¥|x)= 7 L% |x)m ()
b

L |x)m (¥) dyp

1 &=\ (i
g (Plx) = EleifAue%fAzl(g%fAsl ZZ ( i ) <]> exp (=Bi161) x

i=0 j=0
(3.5) exp (—B2162) exp (= Bs103) pi "' py™ T (1 — p1 — p2) 7,
where A11 = r + 1, A21 = reo + 1, A31 = T3 + 1, Bll =nt —rt — it + 221:1 L1k,
Bor =it — jt+ 372 wor, Bai =t + > 02 wak, An =n—r—i+rm+1,Bon=i—j+
r2+1,Co1 = j+r3+1, Bt = T (An) T (A20) T (As1) 2050 305, ( ni—r ) ( JZ > )
B (Ao, Boi, Co) By B2t By et
3.3. The posterior distribution using the JP. According to Jeffreys’ (1946, 1961),
Bernardo (1979) and Berger (1985), the JP is defined as p (0m) o +/|I(6m)], m =
1, 2, 3, where I (0,,) = —F [%] is the Fisher’s information matrix. The prior
distributions of the mixing proportions p; and p2 are again taken to be the uniform on
over the interval (0, 1). The joint prior distribution of parameters 61, 62, 03, p1 and p2
is (cf. Sinha, 1998) given by:

1

(3.6) w2 (¢) x ————, 01, 02, 03 >0, p1, p2>0, pr +p2 <1
01 02 03
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The joint posterior distribution of parameters 61, 02, 03, p1 and p2 given data x, using
the JP is:

(3.7) gz(w\x):f L (4 |x) m2 (¢)
b

L (3 |x) w2 () dop

5 (7))o

g2 (Ylx) = X

E20}—A129%—A220;—A32
(3.8) exp (—Ba202) exp (—Bsab3) p1 02~ 'py 2 (1 — p1 — p2) 27,
Where A12 =T, AQQ = T2, A32 = T3, Blg =nt—rt — Zt+ 221:1 L1k, BQQ = it —jt—|—
D2, ®ok, Baa = jt+Y 13 @3k, Aoz = n—r—i+r1+1, Boz = i—j+ra+1,Coz = j+rs+1,

By =T (A1) T (A22) T (As2) Y0730, (n N T> <;> x B (Aoz, Boz2, Co2) B2 B3y B2

7

3.4. The posterior distribution using the IP. As an informative prior distribution,
we take Gamma distribution for component parameters 61, 62, 03 and bivariate beta
distribution for proportion parameters p1, pa2, i.e.

byt 4
(3.9) T4 (91; ai, bl) = F(la ) 01] lexp(—bl 01)7 60, > 0, ai, b1 >0
1
bg2 ag—1
(3.10) 5 (92; asz, bg) = F(az) 02 exp(—bg 02)7 6o > 0, asz, bs >0
b3?

(3.11) 6 (93; as, b3) = 0;371exp(—b3 03)7 63 > 0, as, bs >0

I (as)
1
B(a, b, ¢)
p1, p22>20, p1 +p2<1,a,b c>0.
So, the joint prior distribution of parameters 61, 02, 03, p1 and p2 using the IP is
73 (1) oc 09 exp (—b161) 052 exp (—babz) 053 x
exp (—bsf3) pi P (1 —p1 —p2)°T"

The joint posterior distribution of parameters 61, 62, 03, p1 and p2 given data x, using
the IP is:

(3.14) gs(d’\X):f
P

)c—l

(8.12) w7 (p1, p2; a, b, ¢) = Py (L—p1—p2

I

(3.13)

L (9 |x) s (¢)
L (4 [x) 73 () dap

ng io (n i T) <;> exp (= Bisb1) exp (—Ba302)

7
g3 (Y |x) = Eg@%_Alg'@;_AzS@;_ASS X
@15 exp (~Busts) 8 (1 )
where A13 =71 + a1, Az =12 + a2, Ass =13 +as, Big =nt —rt —it + >, w1 + by,
Boz =it —jt+> 72 wor +b2, Baz = jt+> ;3 w3+ b3, Adoss=n—r—i+r1+a,Boz =
S . nrd o fn—r\ (i
t—J4+r24+b,Cos =j+rs+c Ezs =T (A13)T (A23)T (As3) > > ( . > () «

i=0 j=0 J

B (Aos, Bos, Cos) BI3A13 B;3A23 B§3A33 .
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4. The Bayes estimators and posterior risks using the UP, the JP
and IP under SELF

If L (0, d) is aloss function then the expected value of the loss function for a given deci-
sion with respect to the posterior distribution is posterior risk function and if d is a Bayes

estimator then p (ci) is called posterior risk and is given by p (d) = Eyx {L (9, cf) }
The SELF is suggested by Legendre (1806) and is defined as: L (6,d) = (9—d)2. The
Bayes estimator and posterior risk under SELF are: d= Eyx (0) and p (cf) = Fyg|x (62) —
{Eg‘x (19)}27 respectively. So, the Bayes estimators and posterior risks using the UP, the

JP and IP for parameters 01, 02, 03, p1 and p2 under SELF are obtained with their
respective marginal posterior distributions as given below:

élv:r(AlvH)l:EiAgv (Azy) "ZZ(,%T)“)X

1=0 5=0

(4.1) Byt BA2 BoA B(Ag,, Cow) B (Bow, Aos + Cov)

é%:r(Alv)r(Azjv T (As) nzz(n—r)< )X

i=0 j=0

(4.2)  ByA B2t BoAse B(Ag,, Cou) B (Bow, Ao + Cou)

G - DAL (Az;,) (Asy +1) ”ZZ<n—r>< )X

=0 j=0

(43) B;vAlv B;'UA2U B_(A3“+1) B (AO’U7 CO’U) (BO’Ua AO’U + C(O'u

ﬁlv:F(AIU) (A2v (Asv) Tii(n—r)(;)x

=0 j=0

(44) B;UAlv B;UAZv B;,UASU B (B()v, CO’U) (AOU + 1, B()»U + CO'U)

faw = F(Alv)f‘(;jv)f‘(Agv) nZZ( S ) ( J’ ) )

=0 j=0

(4.5)  ByAv B2 B39 B(Agw, Cov) B (Bow + 1, Aoy + Cou)

p(0n) = T (A1 +2) E(A% (As.) nzz (nr) () )

=0 j=0

Bl_’U(A1U+2)B2_UA2v BS—UAsuB (AOUa COv) (BOU7 AOv + COU) -

) ) 2
T(A1,+1)T(Ag,)T(Agy) "i” i n—r) v
(4.6) Ev i=0 j=0 1 J
BB, 2By B (Aow, Cou) B (Bow, Aow + Cou)

p(é%):F(Aw) (Ai;+2 (As,) ii(nﬂ“)(')x

=0 j=0
B;UAM B;U(szJr?)B;UASvB (on, Cov) B (13()1,7 Aoy + COv) _
1 . 2
[(A1,)0(Agy+1)D(Agy) = <= [V —T i y
o " & 5 < i j)

B;vA11)B2_v(A2y+1)B;uA37)B (A0v7 COU) B (BOU7 AOU + COu)




p(égv) _ I'(A,)T (A;g (Asy +2) nzorjio <nr> () o

B;UAlv B;UAzu B;U(A3u+2)B (A()m C()v) B ( v, Aoe + COv) .

Bo
) . 2
D(AL)T(A2,)0(Azu+1) 5~ 5~ (M7 (1)
(48) B 120 j;O < { > ])
Bl—UAM B;;A2UB7(ASU+1)B (AOU, Cov) B (B()v, Aoy + Cm,)

p (pry) = AL AQ” () ZZ n_’“><.>x

1=0 j=0
Bl Ah]B AzuB ASUB (BO’U7 CO'U) (AO'U + 2, BO’U + CO’U) -

2
L(A1) (420 T (A5e) )0
» ()0
B;,UAMJ B;UAZU B;ASUB (BO’Ua CO’U) (AO'U + 17 BO'U + CO’U)

1=0 j=0

BfA“B’AZUB’A“B (Aom COU) (Bov + 2, Agw + Cou) —

2
w ) ()
Z5 (" )(j) |
BlivAh’B;vsz B;’UAJUB (A()m CO’U) B (BOU + 17 AOv + CO'U)

where v = 1 for the UP, v = 2 for the JP and v = 3 for the IP.
5. The Bayes estimators and posterior risks using the UP, the JP
and IP under PLF

Norstrom (1996) discussed an asymmetric PLF and a special case of general class of

R 1

PLFsis L (0, d) = O=a)” d) . The Bayes estimator and posterior risk are: d = {Eg‘x (02) } 2
1

and p (d) =2 {Eg‘x (92)}5 — 2Eyx (), respectively. The respective marginal posterior

distributions yield the Bayes estimators and posterior risks using the UP, the JP and the
IP for parameters 61, 02, 03, p1 and p2 under PLF as:

) (A1, +2)T(A2,)(A3,) AN
(5.1) O = o 12% JZ ( ) (J)

BIJA1U+2)BEUA2“ B3UA3” (Aov, Cov) B (Bow, Aow + Cou)

F(Alv)F(A2u+2)F(A3v) Z Z < >< )
1=0 j=

BlivAlv B2711(A21’+2)B3vA3v AO’U7 CO’U (BO’U7 AO’U + CO’L))

. D(A14)T(A24)(Agy+2)
53) esv—{ 2 ZZ( > )

N

[N

(5.2) Oy =

BIUA1vB2UA2uB A3u+2)B A0v700v B(BOu7A0y+C()u)

F(Alu)F(Azu)F Asy) Z Z
=0 j= .]

BlivAlvB;vsz BC;UAJUB (BOU7 COU AOv + 2 BOu + COv)

Wl

—_— —m\— ——
=
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F(AIU)F(A%)F ASU)
a5 e S5 )()
BBy, 2 B3, %" B (Aow, Cou) B (Bow + 2, Aow + Cou)

1
- . 3
X D(A1y 42)T(A20)0(Az) N~ 5~ (P77 (1) g=(Anvt2)
(o) <o e () (o
(5.6) BQUszB Asv g B (Ao, Cov) B (Bow, Aow + Coy)

D(A1p 41T (A2)T(Agy) 5~ < ©) n—(A1,+1)
_9 : E1,2 . Z > ( ><j>B1v ! X

0 57=0

B2vA2UB3vA3v (AO'U, CO’U) B B0v7 AO'u + CO’U)

N P(A1)T(A2p+2)I'(Agy) —Alu o
p(0an) =2 8 ppa < )() .

(5.7) By, 2B 19 B (Aoy, Cou) B (Bow, Aoy + Cov)
T(A1,)T(Azy + 1T (Azy) 5~ (Ca W R D PP
-2 B 12:0]Z< ><J> "
BQ_U(A%H)B;UAS"B (Aov, Cov) B (Bow, Aow + Cov)

) (A1) (A2)T(Agu42) K g~ (17 (1) goary
P (0311) =2 Bv z;) Jgo { J 1y

=

=

Nl

SAwp Agp+2
(5.8) B3, "By ( sut )B(AO’LMCO’U) (BO'U,AO'U"FCO'U)
T(A1,)T(A2)T(A3p+1) -T ? B A
_9 E, ZE:O JZ i g X

[N

~.

BQUA% Bgv(A3u+1)B (Aoy, O()v) (B()v7 Aoy + C()v)
A1y Agy)T(Asy)
. (A )F(E2 )T (As Z (

—Ajy
p (Pro) =2 =6 ><> o X

(5.9) B,/ 2*B3. " B( BOv,COU ) B (Agy + 2, BoU+OoU)

P(A10)T(A20)T(A50) " B At
X
_9 B, ZO P B

B,,/**"B;,**" B (Bov, Cov) B on+1 Bov+cov)
T(A1y)T(Any)T(Agy) e &
(1)(E2>(3)ZZ<

1
. 3
n—r ) _A
R . ) B " 11)><
p (Pav) =2 v i=0 j=0 > <J> !
2

7
(510) B;UAQD BZ;;ASUB (A0v7 CO'U) B (BOv + 7A0v + COv)

L r(Alv)F({Eljwr(Asv) i ) ("—7“ <Z'>B1UA1'UX
B 1

M

1

=0 j=0 ? J

B2—UA2u B;vAgv B (A()u, C()v) (BU’L} + ,on + C()v)

6. The Bayes estimators and posterior risks using the UP, the JP
and the IP under DLF

DeGroot (2005) introduced the asymmetric loss function, L (8, d) = (e%dd)Q, known

Eojx (%)

Fyn (@) ond

as DLF.The Bayes estimator and its posterior risk under DLF are: d=
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p (d) =1- M, respectively. The Bayes estimators and posterior risks using the

Eg|x (02)
UP, the JP and the IP for parameters 61, 62, 03, p1 and p2 under DLF are:
g, _— D(A1,+2)'(A2,)(A3y)

010 = Ty, A DA, 0T (A30)
n—r i [N—T 7
C(A1p42) Aoy —A
Bl'u( L )B2v 2vB;. 3Y B(Agv,Cov) B(Bow,Aow+Cov)

n—r i n—r 7
C(Appd1) y—Agy — A
> . . Bl'u( ot )Bzv 2vBg, 3V B(A0v,Cov) B(Bov;A0w+Cov)
i=0 j=0 )
Gy, — DAL (A2, +9)0(Ag,)
VT T(A1)T(A2u+1)T(Asy)
n—r i n—r 7
—A Agy+2),—A
T . | BBy (A2 T BIASY B4, Cou) B(Bows Agy+Cou)
(6.2) i=0 j=0 7 J
n—r i n—r Z
— A1y = (Agy 1), —Ag,
,EO ‘Zo i j By 10 B (*20 T BT 430 B(4g,,Cou) B(Bow,Aos+Cov)
=0 j=

fo — D(A1L)T(A3y)0 (A5, +2)
3V 7 T(A1,)T(A2y)D(Asy+1)

n—r i n—r Z
—A —A A 2
PIDS . I Br By A2 BL 30T B4y, Cou) B(Bows Ao +Cou)
(6.3) i=0 j=0 ) ]

ner i (=T [T\ . a4
pORD VN I Pt topg A2 g (430t B(ag, Coy) B(Bow, Aou+Cou)
Zo =

5 D(A14)(A2y)T(Asy)
P1v = T(4,,)T(A20)T(Asy)

ner i [(N—=T\ [T\ _, .,
> . .| Biy 1B,y 2YBg, 3Y B(Bow,Cov)B(Aow+2,Bov+Cou)
(6.4) i=0 j=0 7 J

n—r i n—rTr ’L —A —Aq A
= i j By, 1B, 2V B, %Y B(Boy,Cov) B(Aow+1,B0v+Cov)
=

A — F(AI'U>F(A2U)F<A31;)
P2v = T(A,,)T(A2,)T(Asy)

n—r i [N—T [ Ay Ay A
DORDY : By, VB, 2YB5, 3V B(Agy,Cov) B(Bow+2,40,+Coyv)
(6.5) i=0 j=0 1 j

n-r i [Nn—T AR 2o
B 1Y B, "2V B, "3V B(Agy,Cov) B(Bouv+1,400+Cov)

i=0 j=0 7 j
p(610) = 1 — ILALFDN(A2,)T(4g,))
v EyT(A1y+2)T(A24)T(Asy)
2
n— n—r\(i _ _
(6.6) {'Zo B B 1 B (40, C0u) B(Bou Ao +Con)
. 1= J
ner i (n—r)\(i\ _ _ Y
‘Zo ’Zo< i j Blu(A1U+2)B2UA2UB3UA3UB<AO’chO’U>B(BOU1AO’U+CO'U)
iZ0 5=
p ég —1— {D(A1,)T (A, +1)T(Agy)}?
v EyT(A1y)T(A2,+2)T(Agzy) )
n—r i\ a4 A —A
(6.7) 0 ( . | By, B, ( 2v+1>B » 3V B(Agw,Cov) B(Bow,Aow+Cou)
. i= ]

ZZ 1v

n—r n-—r 7
CAyy = (Agy42) o —A
. .| B, 1B, ( 2ot >B o 3Y B(A0w;Cov)B(Bow,A0w+Cou)
i=0 j=0 i Ji
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7. Elicitation of hyperparameters

Elicitation is a tool used to quantify a person’s belief and knowledge about the param-
eter(s) of interest. In Bayesian perspective, elicitation, most often, arises as a method for
specifying the prior distribution of the random parameter(s). Elicitation is simply the
quantification of prior knowledge about the random parameter(s) so that this can then be
combined with the likelihood to obtain posterior distribution for further statistical anal-
ysis. Elicitation has remained a challenging problem for the statistician.Authors who
have discussed this problem include Kadane et al. (1980), Birch and Bartollucci (1983),
Chaloner and Duncan (1983), Gavasakar (1988), Al-Awadhi and Gartwaite (1998), Aslam
(2003), Hahn (2006), Saleem and Aslam (2008) and references cited therein. In this study,
we adopted a method based on predictive probabilities, given by Aslam (2003).

For eliciting the hyperparameters, prior predictive distribution (PPD) is used. The
PPD for a random variable X is:

(7.1) p<x>=Ap<x|w>wS<¢>d¢

1 { a ay b}? b as b3? cas b3®
atbte) [(br+a)"* (b2 2)?T (b +2)

We choose the prior predictive probabilities, satisfying the laws of probability, to elicit
the hyperparameters of the prior density. By following these laws of probability, some
minor inconsistencies may arise which are expected to be ignorable. Using the prior
predictive distribution given in (7.2) we consider nine intervals (0, 1), (1, 2), (2, 3), (3,
4), (4, 5), (5, 6), (6, 7), (7, 8) and (8, 9) with probabilities 0.57, 0.20, 0.10, 0.05, 0.02,
0.015, 0.01, 0.005 and 0.003, respectively, given as expert opinion. The following nine
equations are derived from the given information using the (7.2) as:
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(7.7)
(7.8)
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(7.10)

(7.11)
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dxr = 0.20

dx =0.10
dr = 0.05
dr = 0.02
dr = 0.015
dx =0.01
dz = 0.005
_ dxz = 0.003

The above nine equations (7.3-7.11) are solved simultaneously by using Mathematica

software for eliciting the hyperparameters (a1, b1, a2, b2, as, bs, a, b, ¢). Through this
criteria, the values of the hyperparameters are obtained as (3.8330, 3.7310, 3.3570, 3.1360,
2.9030, 2.7330, 3.0280, 0.6995, 2.7350).

8. The limiting expressions

When ¢ tends to oo, r tends to n and r; tends to n;, [ = 1, 2, 3, then all the values
which are censored become uncensored in our analysis. So, the information contained in
the sample is increased. Consequently, the posterior risks of the Bayes estimates diminish.
The efficiency of the Bayes estimates is increased because all the values are incorporated
in our sample. The limiting (complete sample) expressions for Bayes estimators and
posterior risks using the UP, the JP and the IP under SELF, PLF and DLF are given in
the Tables 1-6.

Table 1. Limiting Expressions for the Bayes Estimators as ¢ — oo
using the UP, the JP and the IP under SELF

Bayes Estimators
Parameters UP JP 1P
0, ni+1 ni nitay
g g n
D=1 Tik T S el @iktb1
0 ng+1 no nataz
™
Sl mak | Xl mop | Sp2 ) woptbe
03 ng+T n3 nztag
7 7 ™
Sl mak | Xl mak | Xp2 ) waptbs
ni+T ni+1 nita
h n+3 n+3 n+a+tbtc
naF1 naF1 __nafb
P2 n+3 n+3 n+a+b+4c
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Table 2. Limiting Expressions for the Posterior Risks as ¢t — oo using
the UP, the JP and the IP under SELF

Posterior Risks
Parameters UP JP 1P
91 ni 1 2 ni nifay >
(ZL: 1+931k) (anﬁ Ilk) (ZZ%} T§+b1)
0 2.2 - - R— —__nafas
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Table 3. Limiting expressions for the Bayes estimators as ¢ — oo
using the UP, the JP and the IP under PLF

Bayes Estimators
Parameters UPp JP 1P
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Table 4. Limiting expressions for the posterior risks as ¢ — oo using
the UP, the JP and the IP under PLF

Posterior Risks
Parameters UP JP IP
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9. Simulation study

Simulation study is a flexible methodology to illustrate the properties of the Bayes
estimates of the 3-component mixture of Exponential distributions using the UP, the JP
and the IP under SELF, PLF and DLF in terms of different sample sizes and test ter-
mination times. The samples of different sizes n = 30, 100, 200 are generated from the
3-component mixture of Exponential distributions for each choice of the vector of the pa-
rameters (01, 62, 03, p1, p2) = {(4, 3, 2, 0.5, 0.3), (3, 3, 3, 0.4, 0.4), (2, 3, 4, 0.3, 0.5)}.
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Table 5. Limiting expressions for the Bayes estimators as ¢t — oo
using the UP, the JP and the IP under DLF

Parameters Bayes Estimators
UP JP 1P
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Table 6. Limiting expressions for the posterior risks as ¢ — oo using
the UP, the JP and the IP under DLF

Posterior Risks
Parameters UP JP 1P
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L ni+2 ny+1 nitai+1
05 T T T
no+2 no+1 naotao+1
03 1 1 1
n3+2 n3+1 n3ztaz+1
(na+n3+2) (na+n3+2) (n2+n3+b+c)
b1 (n1+2)(n13) | (n1+2)(n+3) | (nitatl)(ntatbtec)
(n1+n3+2) (n1+n3+2) (nitnsFatc)
D2 (n2+2)(n13) | (na+2)(n+3) | (natbtl)(ntatbic)

The simulation is repeated 1000 times and the results are then averaged. Sample of
sizes pim, pen and (1 — p1 — p2)n are chosen randomly from first component density
f1(z; 61), second component density f2 (z; 62) and third component density f3 (x; 63),
respectively. To check the impact of test termination time on Bayes estimates, we es-
timate the parameters of the 3-component mixture of Exponential distributions based
on a sample censored at fixed test termination times ¢t = 0.5, 0.8. The observations
which are greater than test termination time t are taken as censored. Only failures can
be considered as members of subpopulation-1, subpopulation-2 or subpopulation-3 of
the 3-component mixture of Exponential distributions. For the sake of brevity, simu-
lated results only for n = 30, 100,200 and (01,02, 03,p1,p2) = (4, 3, 2, 0.5, 0.3) are pre-
sented in the Tables 8-10 (see appendix). The simulated results for (01, 62, 03, p1, p2) =
{3, 3, 3, 0.4, 0.4), (2, 3, 4, 0.3, 0.5)} are available with the first author and can be
obtained on demand.

From Tables 8-10 (see appendix), it can be seen that differences of Bayes estimates
of component and proportion parameters from assumed parameters reduce with an in-
crease in sample size at different test termination times and same is the case with large
test termination time as compared to small test termination time for different sample
sizes.Also, if 61 > 02 > 03 and p; > po, first and second component parameters and sec-
ond proportion parameter using the IP under SELF, PLF and DLF are under-estimated
but third component and first proportion parameters are over-estimated at different sam-
ple sizes and test termination times with a few exceptions.By using the IP under SELF,
PLF and DLF, three component parameters and second proportion parameter are under-
estimated, however first proportion parameter is over-estimated with a few exceptions in
case of 1 = 02 = 03 and p1 = pa. Also, if 1 < 02 < 03 and p1 < p2, third component
and second proportion parameters using the IP under SELF, PLF and DLF are under-
estimated but there is a mixed pattern (over-estimation or under-estimation) for first and
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second component and first proportion parameters using the IP. Similarly, the component
parameters using the UP and the JP under SELF, PLF and DLF are over-estimated but
there is a mix pattern (under-estimation or over-estimation) for proportion parameters
using the UP and the JP under SELF, PLF and DLF at different sample sizes and test
termination times.

It is, also, clear from the Tables 8-10 that for a fixed test termination time, the
posterior risks of the Bayes estimates, using the UP, the JP and the IP under SELF,
PLF and DLF, reduce with an increase in sample size. On the other hand, for all priors,
loss functions and sample sizes considered in this study, posterior risks decrease with an
increase in test termination time.The posterior risks using the IP are smaller than the
posterior risks using the UP and the JP for different sample sizes and test termination
times.Also, the posterior risks using the JP are smaller than that using the UP for
different sample sizes and test termination times. It is also observed that in estimating
the component parameters 61, 2 and 63, posterior risks are smaller under DLF than
under SELF and PLF at different sample sizes and test termination times considered in
this study. However, for estimating the mixing proportions, SELF yields smaller posterior
risks than SELF and DLF, at different sample sizes and test termination times. Thus,
DLF is more suitable for estimating component parameters and SELF is a preferable
choice for estimating proportion parameters p; and pa.

10. Real data example

Davis (1952) reported a mixture data on lifetimes (in thousand hours) of many compo-
nents used in aircraft sets. To illustrate the proposed methodology, we take the data on
three components, namely, Transmitter Tube, Combination of Transformers and Combi-
nation of Relays. It is unknown that which component (Tubes, Transformers and Relays)
fails until a failure (of a radar set) occurs at or before the test termination time t = 0.4.
The total number of tests are conducted 702 times.For test termination time ¢ = 0.4, the
data are summarized as below. n = 702, r; = 310, ro = 148, r3 =181, r =639, n—r =
63, > i, Tk = 36.875, > 12 war = 22.90, > ;3 w3 = 19.125. Since n —r = 63, we
have almost 9 percent censored sample. Thus, this is a type-I right censored data. Bayes
estimates and their posterior risks using the UP, the JP and the IP under SELF, PLF
and DLF are showcased in Table 7 given below.

From the Table 10, it is noticed that results obtained through real data are compatible
with simulation results, however, there are some exceptions which can be attributed to
using large data set. The Table 10also reveals that the performance of the IP is best. In
addition, results are relatively more precise under the JP than the UP.It is also observed
that DLF (SELF) performance better than PLF and SELF (PLF and DLF) for estimating
component (proportion) parameters.

11. Conclusion

The importance and application of the 3-component mixture models in real life prob-
lems is undeniable.An extensive simulation study is performed to compare and highlight
some important and interesting properties of the Bayes estimates of a 3-component mix-
ture of Exponential distributions using the UP, the JP and the IP under SELF, PLF
and DLF. The simulation results revealed that an increase in sample size and/or test
termination time produced improved (in terms of closeness)and reliable (in terms of pos-
terior risk) Bayes estimates. It is concluded that with an increase in sample size and/or
test termination time, the posterior risks decrease.To estimate component as well as pro-
portion parameters, priors can be ordered with respect to their performance as: IP <
JP < UP. The ordering of loss functions depends upon the parameters being estimated.
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Table 7. Bayes estimates (BEs) and posterior risks (PRs) using the
UP, the JP and the IP under SELF, PLF and DLF with Davis (1952)
mixture data

Prior Loss Function 01 02 03 P1 P2
UP SELF BE 6.916945  4.026699  8.372263  0.470263  0.262025
PR 0.288346 0.194104 0.639500 0.000426 0.000360
PLF BE 6.937758  4.050730  8.410368  0.470716  0.262711
PR 0.041624 0.048061 0.076210 0.000905 0.001371
DLF BE 6.958632  4.074904  8.448647  0.471169  0.263398
PR 0.005991 0.011830 0.009041 0.001922 0.005212
JP  SELF BE 6.900167  3.999295  8.313222  0.470132  0.262032
PR 0.286064 0.191420 0.635543 0.000425 0.000359
PLF BE 6.920864  4.023155  8.351360  0.470584  0.262716
PR 0.041396 0.047721 0.076275 0.000903 0.001368
DLF BE 6.941624 4.047158 8.389672 0.471036 0.263402
PR 0.005972 0.011826 0.009112 0.001919 0.005201
IP  SELF BE 6.339530  3.948387  7.209497  0.473607  0.253837
PR 0.212304 0.168152 0.469845 0.000416 0.000341
PLF BE 6.356253  3.969624  7.242009  0.474045  0.254509
PR 0.033445 0.042473 0.065024 0.000878 0.001343
DLF BE 6.373019  3.990975  7.274667  0.474485  0.255182
PR 0.005255 0.010671 0.008958 0.001850 0.005271

Specifically, for estimating component parameters, ordering of loss functions is: DLF <
PLF < SELF, while it changes to SELF < PLF < DLF when proportion parameters
are being estimated. The results obtained through real data coincide with the simulated
results. Finally,it can be concluded that for a Bayesian analysis of mixture data, the
IP paired with SELF and the IP paired with DLF are preferable choices for estimating
proportion and component parameters, respectively.
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Appendix

Table 8. Bayes Estimates (BEs) and Posterior Risks (PRs) of 3-
Component Mixture of an Exponential Distribution using the UP under
SELF, PLF and DLF with 6; =4, 62 =3, 63 =2, p1 = 0.5, po = 0.3
and ¢t = 0.5, 0.8

t n  Loss Functions 01 22 03 P1 P2
0.5 30 SELF BE 5.03127  4.81717  14.4058  0.493360  0.305990
PR 3.78733 7.04383 393.721 0.010409 0.009351
PLF BE 5.18096  5.34651  7.10057  0.506304  0.321826
PR 0.65794 1.14487 2.26392 0.021169 0.030100
DLF BE 5.69559  6.08516  32.9960 0.517202  0.336103
PR 0.12627 0.21448 0.31318 0.042015 0.094862
100 SELF BE 4.32408  3.48119  3.18176  0.501051 0.306898
PR 1.06177 1.47960 2.49490 0.004021 0.003927
PLF BE 4.43269  3.75565  3.47246  0.505030  0.311397
PR 0.23514 0.39934 0.66400 0.008038 0.012548
DLF BE 4.51580  3.99458  3.89480  0.510777  0.317893
PR 0.05348 0.10395 0.18747 0.015990 0.039946
200 SELF BE 4.15969  3.30336  2.65355  0.500567  0.304289
PR 0.54772 0.77122 1.06800 0.002233 0.002223
PLF BE 4.18300  3.38534  2.92080  0.504513  0.307870
PR 0.12781 0.22162 0.37151 0.004457 0.007263
DLF BE 4.29189  3.53659  3.03098  0.506274  0.309894
PR 0.03027 0.06450 0.12266 0.008705 0.023440
0.8 30 SELF BE 4.60708  4.06730  3.95910  0.491784  0.305857
PR 2.06164 3.05704 6.71197 0.008108 0.007047
PLF BE 4.78976  4.41100  4.44132  0.499841 0.317388
PR 0.41090 0.64347 1.02895 0.016344 0.022641
DLF BE 5.04824  4.71186  4.92032 0.50771 0.328947
PR 0.08470 0.14425 0.21952 0.032500 0.070789
100 SELF BE 4.19187  3.34385  2.65896  0.498415  0.303129
PR 0.57004 0.73496 0.89049 0.002707 0.002426
PLF BE 4.27433  3.41190  2.72112  0.499986  0.307765
PR 0.13347 0.20684 0.29326 0.005432 0.007970
DLF BE 4.34097  3.53208  2.93405  0.503415  0.311406
PR 0.03143 0.06083 0.10652 0.010834 0.025890
200 SELF BE 4.08408  3.13722  2.34034  0.499107  0.302543
PR 0.28609 0.35794 0.38474 0.001398 0.001282
PLF BE 4.14270  3.17768  2.43561  0.500479  0.305603
PR 0.06892 0.10915 0.15321 0.002780 0.004201
DLF BE 4.13182  3.26269  2.52608  0.502583  0.306298
PR 0.01687 0.03470 0.06245 0.005568 0.013850
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Table 9. Bayes Estimates (BEs) and Posterior Risks (PRs) of 3-
Component Mixture of an Exponential Distribution using the JP under
SELF, PLF and DLF with 61 = 4, 0 = 3, 5 = 2, p1 = 0.5, po = 0.3
and ¢t = 0.5, 0.8

t n  Loss Functions 0, 0o 03 P1 D2
0.5 30 SELF BE 4.68438  4.14788  4.14810  0.486255  0.307003
PR 3.28607 5.84447 112.213 0.010047 0.009113
PLF BE 5.06787  4.50278  4.97240  0.492724  0.320652
PR 0.63799 1.05847 2.13408 0.020695 0.029650
DLF BE 5.43172  5.13024 11.0016  0.505493  0.336744
PR 0.12292 0.22330 0.37228 0.041414 0.090771
100 SELF BE 4.28903  3.44976  2.65577  0.496809  0.303804
PR 1.00298 1.45326 1.90329 0.003884 0.003721
PLF BE 4.38009  3.58409  3.01029  0.503270  0.309635
PR 0.22362 0.37814 0.60703 0.007759 0.012199
DLF BE 4.48458  3.75851  3.37003  0.504503  0.316679
PR 0.05133 0.10363 0.19409 0.015604 0.039164
200 SELF BE 4.17641  3.21003  2.41831  0.497047  0.303295
PR 0.53203 0.72122 0.90182 0.002145 0.002173
PLF BE 4.19861  3.37741  2.64199  0.502472  0.305365
PR 0.12219 0.21241 0.33145 0.004263 0.006915
DLF BE 4.25922  3.47091  2.83717  0.503951 0.310409
PR 0.02966 0.06356 0.12632 0.008578 0.022924
0.8 30 SELF BE 4.39979  3.52249  3.04594  0.486904  0.306358

PR 1.94160 2.57549 4.29295 0.008017 0.007075

PLF BE 4.60389  3.91436  3.79902  0.495912  0.316711

PR 0.40382 0.62240 0.98201 0.016328 0.022631

DLF BE 4.82216  4.34275  3.93999  0.504094  0.327098

PR 0.08604 0.15228 0.25101 0.032569 0.070579

100 SELF BE 4.13305  3.21866  2.38451  0.498135  0.302131
PR 0.55222 0.69769 0.76144 0.002695 0.002421

PLF BE 4.20130  3.26838  2.54904  0.499784  0.307532

PR 0.13079 0.20230 0.28690 0.005401 0.007958

DLF BE 4.22792  3.43384  2.74990  0.502684  0.310692

PR 0.03143 0.06125 0.10953 0.010812 0.025775

200 SELF BE 4.06307  3.10621  2.24022  0.498726  0.302046
PR 0.28071 0.35039 0.35378 0.001388 0.001271

PLF BE 4.09626  3.13286  2.34996  0.499902  0.305688

PR 0.06796 0.10693 0.14942 0.002775 0.004169

DLF BE 4.14565  3.22203  2.39826  0.501271  0.306324

PR 0.01668 0.03474 0.06291 0.005545 0.013783
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Table 10. Bayes Estimates (BEs) and Posterior Risks (PRs) of 3-
Component Mixture of an Exponential Distribution using the IP under
SELF, PLF and DLF with 6; =4, 62 =3, 63 =2, py = 0.5, p2 = 0.3
and ¢t = 0.5, 0.8

0,

0

0

t n  Loss Functions P1 P2
0.5 30 SELF BE 2.33666  1.99205 1.56456  0.516529  0.253366
PR 0.38446 0.44742 0.42467 0.008301 0.006275
PLF BE 2.40593  2.12002  1.67158 0.52332 0.269693
PR 0.16074 0.21795 0.26020 0.016032 0.024229
DLF BE 2.50499  2.22293  1.82387  0.530591  0.282341
PR 0.06619 0.10097 0.15199 0.030634 0.089499
100 SELF BE 3.12388  2.56172  1.92370  0.513419  0.284786
PR 0.32993 0.38752 0.37916 0.003298 0.002739
PLF BE 3.17347  2.64326  2.03329  0.518166  0.288056
PR 0.10266 0.14824 0.18994 0.006375 0.009540
DLF BE 3.23605  2.73451  2.14476  0.520769  0.295013
PR 0.03215 0.05510 0.09357 0.012292 0.032628
200 SELF BE 3.47498  2.77357  2.06363  0.511406  0.292558
PR 0.25846 0.30721 0.31254 0.001865 0.001619
PLF BE 3.49013  2.80368  2.16324  0.512843  0.295125
PR 0.07334 0.10910 0.14811 0.003661 0.005535
DLF BE 3.54183 2.88947 2.22229 0.514936 0.297619
PR 0.02086 0.03829 0.06791 0.007115 0.018739
0.8 30 SELF BE 2.41149  2.03909  1.63540  0.505104  0.263843
PR 0.37034 0.41121 0.40135 0.007235 0.005650
PLF BE 2.50768  2.14343  1.76339 0.51284 0.27436
PR 0.15051 0.19540 0.23654 0.014208 0.021037
DLF BE 2.59032  2.26105  1.88480  0.519925  0.284365
PR 0.05938 0.08976 0.13082 0.027575 0.070114
100 SELF BE 3.21605  2.57804  1.93565  0.504645  0.288391
PR 0.27556 0.30674 0.29392 0.002599 0.002186
PLF BE 3.26907  2.61318  2.02791  0.508064  0.293030
PR 0.08505 0.11580 0.14777 0.005135 0.007558
DLF BE 3.33053  2.77935  2.14013  0.510514  0.296837
PR 0.02567 0.04355 0.07129 0.010059 0.025568
200 SELF BE 3.53859  2.78925  2.06133  0.504253  0.295431
PR 0.18994 0.21303 0.20664 0.001364 0.001188
PLF BE 3.57238  2.82378  2.10400  0.505779  0.296186
PR 0.05289 0.07625 0.09668 0.002695 0.004006
DLF BE 3.58655  2.89477  2.13775  0.507708  0.298415
PR 0.01471 0.02687 0.04567 0.005307 0.013426




