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Abstract: In this paper, the(%) expansion method with the aid of computer algebraic systeapl®] is proposed for seeking the

travelling wave solutions for the a class of nonlinear pspadabolic equations. The method is straightforward amtise, and it
be also applied to other nonlinear pseudoparabolic equatMVe studied mostly important four nonlinear pseudopdi@iphysical
models : the Benjamin-Bona-Mahony-Peregrine-Burger(BHYlequation, the Oskolkov-Benjamin-Bona-Mahony-Bus¢@BBMB)

equation, the one-dimensional Oskolkov equation and thergéized hyperbolic-elastic-rod wave equation.

Keywords: The (%) expansion  method, Traveling wave solution; Nonlinear upeparabolic equation

Benjamin-Bona-Mahony-Peregrine-Burger(BBMPB) equatioOskolkov-Benjamin-Bona-Mahony-Burgers(OBBMB)  edoat
one-dimensional Oskolkov equation, Generalized hypérsastic-rod wave equation.

1 Introduction

Nonlinear partial differential equations arise in a largenter of physics, mathematics and engineering problentkeln
soliton theory, the study of exact solutions to these newlirequations plays a very germane role, as they provide much
information about the physical models they describe. Varipowerful methods have been employed to construct exact
travelling wave solutions to nonlinear partial differetiequations. These methods include the inverse scattering
transform [1], the Backlund transform2,3], the Darboux transform4], the Hirota bilinear method5], the
tanh-function method6, 7], the sine-cosine methd@], the exp-function metho{P], the generalized Riccati equation
[10], the homogeneous balance methbd , the first integral methofll2 13, the (%) expansion methdti4, 15|, and

the modified simple equation meth{ib, 18].

The objective of this paper is to use a powerful method caliread(%’) expansion method to obtain travelling wave
solution for the a class of nonlinear pseudoparabolic égusit The method , first introduced by Wang and Zh§irs,
has been widely used to obtain exact solutions of nonlingaa&gons20— 29].

Equations with one-time derivative appearing in the higloeder term are called pseudoparabolic and arise in many
areas of mathematics and physics. They have been usedsfande, for fluid flow in fissured rock, consolidation of
clay, shear in second-order fluids, thermodynamics andagaipon of long waves of small amplitude. For more details,
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we refer reader t{B0— 34] and references therein.

An important special case of pseudoparabolic-type equstis the generalized Benjamin-Bona-Mahony-Burgers
(BBMB) equation,

Ut — Uyt — Uk + YUy + f (U), =0, (1)
whereu(x,t) represents the fluid velocity in the horizantal directioms a positive constanyis any given real constant

and f (u) is aC?-smooth nonlinear function. If we takie(u), = Buuy + Bux in Eq(1.1), the we obtain a general form
of the Benjamin-Bona-Mahony-Peregrine-Burgers (BBMP@)ation

Ut — Ut — O Uy + YUy + BUUx + B = 0. 2
For =0in Eq(1.2), we obtain a general form of the Oskolkov-Benjamin-Bonahbtay-Burgers (OBBMB) equation
Ut — Uxqt — O Uy + YUx + Buug = 0. 3)

This nonlinear, one-dimensional and pseudoparabolictequdescribes nonlinear surface waves that spread aleng th
axis Ox andouyy is the viscosity term.

The one-dimensional Oskolkov equation,
Ut — A Uog — OfUyy + Ul = O (4)

describes the dynamics of an incompressible viscoelastizitk\Voigt fluid.
The generalized hyperelastic-rod wave equation,
Ut — Uyt + OUx 4 2BUUx + 30U Uy — YUyl — Ul = O (5)

wherea, 3,y and 6 are constant parameters. This eqaution includes many tamggrhysical models in mathematical
physics. Foi3 = %, 6 = 0 andy = 2, we obtain the Camassa-Holm(CH) equation

Ut — Uy =+ O Uy + 3UUx — 2UyUxx — Ul = O, (6)

where u is the fluid velocity in the direction g, is a constant related to the critical shallow water wave dp&aking
a=1,8=2,6=0andy=3, the Eq(1.5) leads to the Fornberg-Whitham(FW) equation used to stueyjthalitative
behaviour of wave-breaking

Ut — Uxxt + Uy + UUyx — SUyUyx — Ul = O. (7

As stated before, pseudoparabolic-type equation ariseanynareas of mathematics and physics to describe many
physical phenomena. In recent years considerable attemhts been paid to the study of pseudoparabolic -type
equations. In this pape(,%) expansion method is used to find the solutions for the pserdbplic-type equations
stated above.

The main ideas are that the travelling wave solutions ofinear equation can be expressed by a polynomi{l%'q),
whereG = G (&) satisfies the second order linear ordinary differentialagign: G” () + AG' (£) + uG(&) = 0, where

§ =x—ctandA,u,c are constants. The degree of this polynomial can be detethiig considering the homogenous
balance between the highest order derivative and nonlitexars appearing in the given nonlinear equations. The
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coefficients of the polynomial, u andc can be obtained by solving a set of algebraic equationstiegiffom the
process of using the proposed method. Moreover, the tiagellave solutions obtained via this method are expressed by
the hyperbolic functions, the trigonometric functions &nel rational functions.

2 Description of the (%) expansion method

In this section, we describe th % expansion method for finding travelling wave solutions ohlireear partial
differential equations. Suppose that a nonlinear pariféréntial equation(PDE), say in two independent vagixk
and t, is given by

P(u, U, Uy, U, Ut , Uy, ...) =0 (8)

whereu(x,t) is an unknown function, P is a polynomial i = u(x,t) and its various partial derivatives, in which
highest order derivatives and nonlinear terms are involved

The summary of the{%’) expansion method, can be presented in the following sixsstep
Step 1: To find the travelling wave solutions of E§)(we introduce the wave variable

u(xt) =u(é),é =x—d, 9)
where the constant is generally termed the wave velocity. Substituting Byifito Eq.@), we obtain the following
ordinary differential equations(ODE) i& (which illustrates a principal advantage of a travellingveaolution, i.e., a

PDE is reduced to an ODE).
P(U,cU’,U’,cU” c2U”,U”,..) =0 (10)

Step 2: If necessary we integrate E@id) as many times as possible and set the constants of integtatbe zero for
simplicity.

Step 3: We suppose the solution of nonlinear partial differenteal@&ion can be expressed by a polynomia{%’) as

u(é) iiaa (%)I (11)

where G = G (&) satisfies the second-order linear ordinary differentialegimpn

G"(§)+AG (&) +uG(&) =0, (12)
where G' = %,G” = g%‘, andaj,A and u are real constants with,, = 0. Here the prime denotes the derivative with
respect tc€. Using the general solutions of E4jd), we have

clsinh< V A§74” E> +czcosf< V A§74“ E>
_A L VA A2_4u>0
2 T 2 \/)\2—4/.1 \/)\2—4/.1 ’ IJ =
clcos?-<—2—5> +czsinh<—2—5>
Gl
<—) = —cysin %izf +cpcos| Y 42'7'\26 (13)
G Ay Vau-A? A2 _ap<o0
2t 2 S 2 N AT A S
clcos<TE> +czsm< f)
C A 2 —
ClJFiZE) —2:AT-4u=0
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The above results can be written in simplified forms as

2_ 2_
A Y Mianh( YA M 4 g AZ—4u >0 tanhg =, | &

)

<G’) S VIR oo VA L g) 22— 4 < 0,c0théo — &, |2 <1, (14)
A _ -
_%+Wcot(@f+50>,)\2—4u<0a°°t5°:%’

(cliizf) ~5.A2—4u=0

Moreover, it follows from Eq11) and (L2) that

Ea((% |+1+)\(%, i+“(%)|1),
Un= z|a((|+ )(%) @it (%’)i+l+i(/\2+2u) (%)' (15)
r@-nau(9) i (9)).

and so on, here the prime denotes the derivative with respéct

Step 4: The positive integer m can be accomplished by consideriagntimogeneous balance between the highest order
derivatives and nonlinear terms appearing in E@.@s follows: if we define the degree of&) asD[u(&)] = m, then
the degree of other expressions is defined by

d9u o[ d9u\®
D[d_Eq] =m+aq, D[u <d—Eq> } =mr+s(q+m).
Therefore, we can get the value of min Ej4).

Step 5: Substituting Eq11) into Eq.@L0) using general solutions of EGZ) and collecting all terms with the same order
(%) together, then setting each coefficient of this polynonaiaero yield a set of algebraic equationsdgic, A and

Step 6: Substitutes;,c,A andu obtained in step 5 and the general solutions of Ef).into Eq.(1). Next, depending on
the sign of discriminan@x\2 — 4u), we can obtain the explicit solution of Eg)(immediately.

3 Benjamin-Bona-M ahony-Peregrine-Burger s(BBM PB) equation

The Benjamin-Bona-Mahony-Peregrine-Burgers (BBMPB)agigun is given by
Ut — Uyt — OUxx + YUx + BuUx+ Bupx =0 (16)

whereqa is a positive constanfl and 3 are nonzero real numbers. Using the wave varigblex — ct in Eq.(16), then
integrating this equation and considering the integratimmstant to be zero, we obtain

(yfc)UfaU’+gU2+(B+C)U”:O (17)

According to step 4, balancind? andU” gives N=2. Therefore, the solutions of ELj7{ can be written in the form

U(E)=a0+al(%)+az(%)2, (18)
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whereap, a; anday are constants which are unknowns to be determined laterogB1 ® or Eq.(??) we derive

U’:—Zag(G) — (2apA +a1)(G (2a2u+al)\)( )—alu.
=6a2(€)4+(10a2;\ +2a1) (§) "+ (8ak + 4222+ 3auh ) (& )2 (19)
+ (630 + 2aap + a1A?) (& )+2azu2+ali\u,

Substituting Eq18) and its derivatives Eq.4.8) into Eq.s ((7) and equating each coefficient é%) to zero, we obtain
a set of nonlinear algebraic equationsdgra;,a;, A andc.Solving this system using Maple, we obtain,

Setlc=—B,A =/ 4+ WBE a0 = 28 gy — VHOMIE,
\/25(B+y)?—24a? =
Set2.0:7%+%’+%24‘ﬂ7/\: 4”+6(éfc)

_ 19 %(B+y)-6Aa | 3a*(6A2-1),
a = 50 250(B+C)

__B_.y 25(B+y)*—24a2 _12(B+c 120 12A(B+c
Set3o= 54§ - YEEGEE A =\ Jau+ gl ap = - G e = - SR

_ —18%(B+y)-6Aa | 3a’(6A2-1),
g = 50 + 250(B+c) *

_ By \VosB+y+24a? 5 _ [y oy
Set4.C—*§+§+#,/\— 4IJ+6(B+C)

_ —150%(B+y)-6Aa _ 9a%(2A%-1),
a = 50 ~ T20(B+o)

By o5Bty)i24a® 4 12B+0) . 120 12A(B+0)
Setbc=—-5+5—Y=5——,A —\/4IJ+65+C) P=—""g =" 590 6

_ —152(B+y)-6Aa _ 9a%(2A%-1)
a = 50 ~ T258(B+0) -

12(B+c 12 122 (B+c
o= - 2210 gy e

12(B9+c) a; = 120 122 (B+c¢)

S
\
\
o
D
D

Using these values in EQ.§) whenA?2 — 4u > 0, we obtain the hyperbolic solutions respectively:

. B B
wLxt)= YEB_YiB cusinh (15 ) + ccosh{ '€ (20)
’ 0 6 clcosh(%f) +czsinh(%f)
whereé = x+ f3t,
. 3A2(c—y) 3a2(6A2—1) 6a [ y—c [ cisinh(wé)+ cocoshwé)
Up(x,t) = ——p——+ 250(B+c) 56\ 6(B+c) <clcosh(WE)+Czsinh(W5))
c—y ([ cisinh(wé) + cpcosh(wé) 2
Y <c1cosh(w£)+chinh(wE)) -
wherew = 3, / gl andé = x+ (E—%—%Zzw)t’
. 3A%2(c—y) 3a2(6A2-1) 6a y—c [ cisinh(wé)+ cacoshiwé)
uz(x,t) = ——p—+ 250(B+c) 50\ 6(B+0) <clcosf‘(WE)+CzSinh(W5))
c—y ([ cisinh(wé) + cpcosh(wé) 2
T <c1cosh(w£)+chinh(wE)) )
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2_ 25402
WhereW:%,/ (B+c and& = x+ <’3 %’+25(B+17¥3240>t,

t_3A2(C—V) 9a2(2A2—1) 6a [ c—y [ cisinh(w&)+cocoshiwé)
Us (x,t) = 6  250(B+c) 50\ 6(B+c) (clcosk(WE)Jrczsinh(wE))

y—c [ cysinh(wWé) + ccoshiwé ) 2 23)
20 \ cpcosh(wé) + cosinh(wé)
wherew = 3, / &1 <p+c and§ = x+ <E —3- 725([3?82”%2) t,
. 3A2(c—y) 9a%(2A2-1) 6a [ c—y [cisinh(w)+cycoshwé)
Us (x.1) = 6  250(B+c) 50\ 6(B+c) (clcosf‘n(wf)+czsinh(wf)>
y—c [ cisinh(wé) + c;coshiwé) 2 (24)
20 \ cpcosh(wé) + cosinh(wé)

2
wherew = 3, /=S¥ (BJFC and& = x+ <B %’Jr%W)t_

WhenA? — 4 < 0, we obtain the trigonometric solutions respectively:

B 3A2(c—y) 3a%(6A2-1) 6a [ c—y [—ciSin(WE)+cocos(wé)

Us () = =g+ Zsa(51c) 50\ 6(B+c)<clcos(WE)+czsin(W§))
y—c (—clsin(WE)+czcos(WE))2 (25)
26 \ cicos(wé)+cosin(wé)

2
wherew = } —C’V) and§ =X+ <% -¥- 725([3?3 24"2> t,

_ 3A%(c—y) 3a%(6A2-1) 6a [ c—y [—cisin(wé)+cocos(wé)
U7 (x,t) = ] + 256(B+c) 56\ 6(B+c) ( c1cos(Wé) + cosin(wé) )

i (G )
wherew =3, /s andg = x+ (B %’4—%224"2)'[,
3A2(c—y) 9a%(2A?2-1) 6a [ y—c [—cisin(wé)+ cocos(wé)
o) = e e 851 65+ ( crsoswe) o))
(S )
wherew = 4, /515 andg = x+ (% - W)t,
3A%2(c—y) 9a%(2A2-1) 6a [ y—c [ —cisin(w&)+cocos(wé)
i) = o\ s1rre (creosud) o))
+ 50 (ot oot ) @)

(© 2016 BISKA Bilisim Technology
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wherew = %,/6(‘;—&) and& = x+ (%‘_Z/jLW)L

WhenA?2 — 4 = 0, we obtain the rational solutions respectively:

2
ulO(Xat) = 7% <C1 —EZCZE) ) (29)

whereé = x+ f3t,

" _ 30%2(6A2-1) 120 ( o 128+¢) [ c \?
Una (X, ) = 250 (B +c) _ﬁ(clﬂzz)_ 0 (cl+c25) ’

where& = x+ <E Y @) t,

2 2 10

Ui2 (X,t) =

3a2(6A2—1)@< C )12([3+c)< C )2
250(B+c) 50 \c1+cé ] ci+cé)

2
where& = x+ (% — ¥ 4 VBB 2% 24"2) t,

ul3(xat) = -

902(2)\2—1)@( c2 )12([3+c)< c2 >2
250(B+c) 50 \c1+coé ] ci+cé )’

2
where€ = x+ (% - %ﬂmz) ‘)

9a2(2A2-1) @( Cy )12(B+c)< Cy >27

Una () = — 250(B+c) 50 \ci+Goé 0 C1+ o€

N
wheref = x+ (%—%_F%W L

4 The Oskolkov-Benjamin-Bona-M ahony-Bur ger S(OBBM B) equation

Consider the Oskolkov-Benjamin-Bona-Mahony-BurgersB®H) equation
Ut — Ukt — Uk + YUy + Bl =0 (30)

wherea is positive andg is a nonzero constant. Using the wave variable x — ct in Eq.(16), then integrating this
equation and considering the integration constant to be »e¥ obtain

(y—c)U—aU’+gU2+cU”:O (31)
According to step 4, balancingd? andU” gives N=2. Therefore, the solutions of E3fl) can be written in the form

U(E)=ao+a1(%)+az(%/)2, (32)

whereap,a; anday are constants which are unknowns to be determined latestiBiting Eq.82) and its derivatives
Eq.s (L9) into Eqg.s B1) and equating each coefficient é%) to zero, we obtain a set of nonlinear algebraic equations
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for ag,a1,a2,A andc. Solving this system using Maple, we obtain,

Setlc=0,A=/4u+ Y 8, =0a =2 ag= L,
/ 2
Set2c7§’+ 25V+24a )\f\/4ﬂ+%’,az—*%c a = *%*%c’

—12u(1803+30yA a®+125\ cy’+ 75cya+30cA o ?) |

56/(6A a2+25cA y+5ac) '
_y_ V2512402 cy i _ 120 _ 12\c
Set3c=3 10 A=A+ = a1 = — g 5

_ —12u(18a°+30yA a?+125\ ¢+ 75cya+30cA a?) |

8 = 56/(6A a2+25cA y+5ac) !
_y_ V2240 Y=C o _ _1x o _ 12 12c
Set4c=3 10 A=A+ s =T, = — 25 5

a0 = La3—28110%-72A pya®+ 3000 pey?+180uacy+12cA a?~72cA pa?

0(6A a?—25cA y—5ac) ’
_ Yy V/252-24a? 5 _ 12c 120 12Ac
Set5.c_§+T,)\_ au+ Gc,az___ a=—%5 — 55,

La®- 28643722 pya®+-3001 ey’ +180uacy-+12cA a?—72cA uaz
6(6A a?—25cA y—5ac)

a0:

Using these values in E§2) whenA? — 4u > 0, we obtain the hyperbolic solutions respectively:

Yy cysinh(25x) + c2cosh(25X)
Uy (1) = 6 9<clcosh(% X) 4+ csinh(25X) | (33)

6aA 3A%c 6a c—y(clsinh(WE)Jrczcosr‘(WE))

U2 (x1) =8+ 25 +—p5~ ~zg c1cosh(wé ) + cpsinh(wé)

Ly-c c1sinh(wé) + cocoshiwé )\ 2 (34)
206 \ cpcosh(wé) + cosinh(wé)
—12u(18a3+30yA a2+ 1254 cy?+ 75cya +30cA a2 [c— \/25y2+ 2402
whereag = ( 56/(6A a2+25cA y+5ac) : W=3 2 3 andf =X= (g * T) L
_ 6aA 3A%c 6a [c—y [cisinh(wWé)+ cacoshiwé)
Us(6t) =20+ 5+~~~ 55\ Tac <clcosr‘(wf) +czsinh(w§))
y—c [ cysinh(wé) + ccoshiwé ) 2 (35)
20 \ cicosh(wé) + casinh(wé)
_ —12u(18a3+30yA a?+125 cy?+75cya+30cAa?) 1 [o_y _ vy \/25/2+24a?
whereao = 56(6A a2+25cA y+5ac) T2V e andf =x—{3- "5 — |t
Ua (x.t) = ao+%+3)\2C76—a y—c clsinh(WE)+czcc?sf(WE)
560 6 560 ¢y cosh(wé) + casinh(wé)
Leovia sinh(Wé ) + ccoshwé ) \ 2 (36)
20 \ cicosh(wé) + casinh(wé)
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whereag =

20821863722 pya®+ 3001 ey’ +180uacy+12cA a?—72cA pa? w1 /Y= ands = x— (L \/25y2— 2402 t
6(6A a?—25cA y—5ac) T2 o 2 ’

B 6aA 3A%c 6a [y—c [cisinh(wé)+ cacoshiwé)
Us(x.1) =20+ 5o+ 5~ ~ 55\ 6 (clcosfm(WE)Jrczsinh(wE))

c—y ( cisinh(Wé) + cpcoshwé )\ 2 (37)
26 \ cpcosh(wé) +cpsinh(wé) ) -

_ 2a%-215,4572) ya®+300A pcy’+180uacy+12cA a?~72cApa® 1 [y—c _ y | \/25/2—24a2
whereag = -2 ] 8(6% 0?2501 y—5ac) W= 35/ andé =x— | 5+ Y—5— |t.
WhenA? — 4 < 0, we obtain the trigonometric solutions respectively:

6aA 3A%c 6a [y—c [ —cisin(wWé)+crcos(wé)
Us (1) =20+ -+~~~ 55\ & (clcos(wf)+czsin(wf) )
+cfy —cysin(Wé) + cacos(wé ) \ 2 (38)
20 \ cicos(wé)+cpsin(wé) )
_ —12u(18a3+30yA a?+128 cy?+75cya+30cAa?) 1 [y ¢ B v . /25712402
whereao = 5661 aZ+25cA y+ 5a0) W=34/6c and{ =x— | 3+ —55— |1,
6aA 3A%c 6a [y—c [ —cisin(WE)+ crcos(WeE)
t)=ag+—a +—— — =21/ .
U7 () = a0+ 50 ' 6 50\ 6c (clcos(WE)Jrczsm(wé) )
Leoy —c1Sin(Wé) + cpcos(wé )\ 2 (39)
20 c1cos(wé) + casin(wé) ’
_ —12u(18a%+30yA a®+125 cy?+75cya+30cAa?) 1 [y¢ _ y  \/25/2+24a2
whereao = 56(6A a2+25cA y+5ac) W=3y/ % andd =x— (3 - — )L,
6aA 3A%c 6a [c—y ¢y sinh(wé) + c;coshiwé)
Us (x,t) =80+ 55+ =5 50\ 6c (clcosi"(wf)+czsinh(wf))
Ly=c ¢ Sinh(Wé ) + cocoshiwé ) \ 2 (40)
26 \ cycosh(wé) +cpsinh(wé) ) -
12 ,3_ 216 3 2 2 2
_ Fa =% ua 72 uya +300\ pey?+180uacy+12cA a?—72cA pa _ 1 ey v (v _ \/25y2—24a2
whereag = 8(6% a?—250Ay—5ac) W= 31/ % andé =x (2 55— |t
6aA 3)%c 6a [c—y [cisinh(w Cpcosh(w.
Ug(X,t) =ag+—5 +—— — — Y (Gsinh(wé) + cz . hwé)
56 C] 56 6c \ c1cosh(wé) + csinh(wé)
Ly-c c1sinh(Wé) + cocoshiwé )\ 2 41)
20 \ cicosh(wé) +cpsinh(wé) )

20821845722 ya®+300 pcy’+180uacy+12cA a?~72cA pa® 1 [o_y _ y | \/25/2—24a2
whereag = -2 5 8(6% 0?2501 y—5ac) W= 35/ andé =x— | 5+ 55— |t.
WhenA?2 — 4 = 0, we obtain the rational solutions respectively:

2a C2
=—— 42
Us (%,1) 0 (c1+czx> (42)
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6Aa 3A%c 12a C 12c Cy 2
Uio(X, 1) = - 4 - - | — )= — 43
10(t) =80+ g+~~~ 55 <c1+c25> 0 <c1+czz) (43)
_ —12u(18a°+30yA a?+125\ cy?+75cya+30cA a?) _ Yy | \/25/2+24a2
whereap = 56(6) a?+25cA y+5ac) andé =x— {3+ Y= — |4,
6Aa  3A%c 12a I 12c C 2
u X,t) = _t J— 44
11 () =80+ =+ =g~ ~ 55 <c1+c25> 0 <c1+czz) (44)
_ —12u(18a°+30yA a?+125\ cy?+75cya+30cA a?) _ v /25712402
whereap = 566 ar2+25cA y+5ac) andé =x— {3 - +Y—p — Jt,
6Aa  3A%c 120 Cy 12¢ o 2
Upo (X,t) =80+ —— + —— — = = —= 45
12(6) =@+ Fgm+ —g— — 55 (c1+c25) 0 (c1+c25) (45)
12 ,3_ 216 3 2 2 2
22032803 —72) pya?+300) pey?+180uacy+12cA a?—72cA pa _v_ [y _ A/25/2—24a2
whereag = 8(6% a?—25c1y5ac) andé =x (2 e |t
6Aa 3A%c 12a C 12c Cy 2
Uiz (x,t) = - — 46
1) =2+ Fa+ —g=— 55 (c1+c25) 0 (c1+c25) (46)
12 ,3_ 216 3 2 2 2
124821843 72X ya®+300 pey?+180uacy+12cA a?~72cA pa v (v, \e5°—24a2
whereag = 8(62a2—25cA y—5ac) and¢ =x (2 * 10 t
5 The one-dimensional Oskolkov equation
The one-dimensional Oskolkov equation is given by
U — BUxg — O Uy + Uuy = 0. (47)

We will investigate the equation f@# # 0 anda € R.Using the wave variablé = x— ct in Eq.(@47), then integrating this
equation and considering the integration constant to be »e¥ obtain

1
chfaU'JrEUZwLBU”:O (48)

According to step 4, balancind? andU” gives N=2. Therefore, the solutions of E4f( can be written in the form

U(E)ao+al<%/>+az<%/)2, (49)

whereag,a; anday are constants which are unknowns to be determined latestiButing Eq.49) and its derivatives
Eq.s (9 into Eq.s @8) and equating each coefficient % to zero, we obtain a set of nonlinear algebraic equations
for ag,a1,a2,A andc. Solving this system using Maple, we obtain,

2 2
Setlc= 80 A = /AU + 585,80 = —12B,ay = —12BA — & ag = _7125%53;30);

Set2c= 80 A =—, /au+ a0 = —12B,a1 = —12BA — 18 ag = - LA130),
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Set3.c=— ggﬁ,/\—,/4u+2532,a2f 12B,ay = —12BA — 122,

_ —12q2 _ 12uB(3a+567).
8= —35 SBA+a

Setdc=— ggﬁ,/\—ﬂ/4u+%;2,a2 —128,a1 = —128A — 122,

_ —1202  12uB(3a+5BA)
8 = —35 5EA+a

Using these values in E¢$) whenA? — 4u > 0, we obtain the hyperbolic solutions respectively:

12Bu(56A +3a)

W) =-—"gm; g

6aA 602 clsinh(ﬁf)jtczcosh(ﬁ
5 258 &

)
TS 29 | oo 18,2 < comnn

)

¢
¢

(50)

302 (clsinh(ﬁf) +czcosh(lgﬁi)>2
¢

clcosh(ﬁE)Jrczsmh(%ﬁ )
wheref = x— S‘égt andA =, /4u+%§2,

123#(5[3)\+30) L apa? +@—6L{2 clsinh(ﬁf)w%zcosh(ﬁf)
cmosh(ﬁf) +Czsinh(ﬁf)

56A +a 5 258
2
g ) (51)

up(x,t) = —

302 (clsinh<%ﬁf) + Czcosh(ﬁf
a
—Bf

258 clcosh(iﬁf) Jrczsinh(10

whereé = x— ggﬁt andA = —, /4u 5[32’

128 (5BA +30) L 300) 1202 6a? [ C1Sinh(1%5&) +cocosh( 1%5¢)
Ug(X,t) = — 3 T3P T
SBA +a 25 258 clcosh(&i)jtczsmh(iﬁf)

2

cicosh +czsmh(il3 )

whereé = x+ 25Bt andA = 4y+ 5527

12Bu (56A +3a)
56A +a

392 clsinh(ﬁf)ﬂzcosh(ﬁf
258 clcosh(ﬁf) +czsinh(ﬁf

Ug (X,t) = — +3BA%+

001 —120° _ga ((%5h(5fp€) +rcosh( g
25 258 Z Lﬁ

) ) 2 (53)

)
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whereg — x- S5t andA — - /a1 225

WhenA?2 — 4 = 0, we obtain the rational solution:

2
u5(x,t)12[3u+3[3)\212ﬁ'< G > (54)

C1+CoX

6 The generalized Hyperelastic-rod wave equation
The generalized hyperelastic-rod wave equation readdlas/fo

Ut — Uy + O Uy + 28Uy + 30UPU — YUyl — Ullox = O (55)

wherea, 3,0 andy are constants parameters, and we assumebtimhonzero. Using the wave variabfe= x —ct in
Eq.(5), then integrating this equation and considering the irdign constant to not be zero, we obtain

(a—c)U +cu"+;3u2+eu3<"71>u'2uu"o (56)

According to step 4, balancing® andUU” gives N=2. Therefore, the solutions of Esf) can be written in the form

U(E)ao+al<%>+az<%)2, (57)

whereag,a; anday are constants which are unknowns to be determined latestiButing Eq.67) and its derivatives
Eq.s (9 into Eq.s 66) and equating each coefficient é%) to zero, we obtain a set of nonlinear algebraic equations
for ag,a1,a2,A andc.Solving this system using Maple, we obtain,

62+ 4y+4y> — 8By +1— 4B+ y* — 4B + 4B2 — 24ay6 + Byp>

Y+2y+1-2B— ) ) ) ) >
—16y*u? — 32yu? — 12a 6y? — 64y3u? — 80y2u? — 12a 0 + 432y

Setlc= 0 ,

A=0, ap= 2<v9+2)7 ay = 0,80 = 4V2u+8u+31§{{:12)B7By—36c;

Y2 +4y+4y> — 8By + 1— 4B+ y* — 4y + 432 — 24a Y6 + 8yB2
Y+2y+1-2B+ 2 N 2 2 2
—16y*u? — 32yu? — 12a 0y? — 64y3u? — 80y2u2 — 12a 0 + 4322
Set2.c= 0 ,
A=0, ap= 242 ay =08 = itousam 2y 3
144y — 4B — 4y°B + 8UA2Y* + 16yuA 2 + 40uy°A 2 — 24a Oy + 32uA2y3
yP+2y+1-2B— —12a0y? — 8By — 12a 6 — 80y°u? — 64y°u? + 8yB? — 32yu?
cet3 +4B22 — 16y % — A%y —BA%Y? — AA 4B — 20ty A+ 4P 4 6y + 4B2
et3.c= &0 ,
2 o 2 _ 2_
ap = 2<y5r2)7 ay = 2’\%”), a0 = A2 48y°u 23y+3)\6§y2j{§1 4AB+16u+2A 66c;
144y — 4B — 4y°B + 8UA2Y* + 16yuA 2 + 40uy°A 2 — 24a Oy + 32uA2y3
VP+2y+1-2B+ —12a8y? — 8By — 12a 8 — 80y°u? — 64y>u? 4 8yp? — 32yu?
cets +4B22 — 16y % — A%y —BA%Y? — AA 4B — 20ty A+ 4yP 4 6y + 4B2
etdc= 50 ,
2 o 2 _ 2_
ap = 2<y5r2) A= 2A(g+2)7 a0 = 222 48y°u ZBV+3A6&L5J‘:%J 4B+164+2)2—66c

(© 2016 BISKA Bilisim Technology



=
NTMSCI 4, No. 4, 51-66 (2016) Wwww.ntmsci.com BISKA s

Using these values in E@.3) whenA?2 — 4 > 0, we obtain the hyperbolic solutions respectively:

up (x,t) =

A+ 8u+12yu—2p - By—36c  2(y+2)y—H (clsinh(\/_uE)Jrczcosr(\/_yf))Z )

36(y+1) ] cycosh(,/—ué&)+ casinh(y/—pué)

6y2 + 4y +4y> — 8By + 1— 4B+ y* — 4y°B + 4B — 24a Y6 + 8yB?
—16y*u? — 32yu? — 120 8y? — 64y3u? — 80y°u° — 1200 + 432y t
60 )

Y+2y+1-2B—

whereé = x—

U (x,t) =

A+ 8u+12yu—2p - By—36c  2(y+2)yV—H (clsinh(\/_uE)Jrczcosr(\/_yf))Z 59

36(y+1) ] cycosh(y/—ué&)+ casinh(y/—pué)

6y2 + 4y +4y3 — 8By + 1— 4B+ y* — 4y°B + 4B — 24a Y6 + 8yB?
—16y*u? — 32yu? — 120 0y? — 64y3u? — 80y°u2 — 1206 + 4322 :
60 )

VP+2y+1-2B+

whereé = x—

—2A2y2 1+ 8yPU — 2By — 6A2y+ 24y — 4B + 16u — 422 — 66C
60 (y+1)

2y (32— gy ([ (25 ) - cacosh( Y
* Cmosh(@g) +Czsinh(@5)

uz(xt) =

(60)

1+ 4y — 4B — 4y2B + 8UA2Y* + 16yuA2 + 40uYPA 2 — 24a Oy + 32uA%y?

yP+2y+1-2B— —12a8y? — 8By — 12a 6 — 80y’ u? — 64y>u? 4 8yB? — 32yu?

4B 16/ Ay —SAP - AN 20y 4P+ 6y +4B7
66 )

whereé = x—

—2A2y? + 8y°u — 2By — 6A%y+ 24y — 4B + 161 — 41 — 66C
60 (y+1)

n (y+2) (A%2—4p) Clsmh<@5> +C2COSh(@E)
“ Cmosh(@g) +czsinh(@5)

ug (x,t) =

(61)

144y — 4B — 4y°B + 8UA2Y* + 16yuA 2 + 40U YA 2 — 24a Oy + 32uA2y3
VP2y+1-2B+ —12a8y? — 8By — 12a 6 — 80y’ — 64y>u? 4 8yB? — 32yu?

+4B2Y2 — 16y4u% — A%y —BA%Y? — AA 4B — 20ty A4 4P 4 6y + 4B2
whereé = x— &0 t.

WhenA? — 4u < 0, we obtain the trigonometric solutions respectively:

Us (th) =

4V2“+8“+12V“_23_BV—390+2(V+2)\/ﬁ cysin(y/H) + cocos(y/é) | ° )
36(y+1) 0 crcos(y/HE) +casin(/HE) |
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62 + Ay +4y> —8By+1— 4B+ y* — 4y2°B + 4B2% — 24ay6 + 8yp2

V2+2y+1-2B— —16y4u2 — 32yp2 — 1200y — 64y3u2 — 80y2u2 — 120 0 + 4B2)>
where& = x— 60 '

Us (X,t) =

30(y+1) 0 cicos(/H€) + casin(y/HE)

62 +4y+4y> —8By+1— 4B+ y* — 4y°B + 4B% — 24ayH + 8yp?

—16y*u? — 32yu? — 1200y — 64y3u? — 80y2u% — 120 6 + 432y
whereé = x— 50 t,

Y2 +2y+1-2B+

—2A2y? + 8y°U — 2By — 6A%y + 24y — 4B + 161 — 412 — 66C
60 (y+1)

n (v+2) (4[.1 —/\2) Clsm(@f) +02003(@5)
* Clcos<mg> +cpsin (@f)

uz(x,t) =

(64)

2

144y — 4B — 4y2B + 8UA2Y* + 16yuA 2+ 40uy2A 2 — 24a Oy + 32U 2y3
yP+2y+1-2B— —12a0y? — 8By — 1208 — 80y2u? — 64y3u? + 8ypB? — 32yu?

+AB2Y2 — 164 % — A%y — BA%Y? — AA4YB — 204yt At 4P 4 6) + 4B2
whereé = x— 0 t

—2A2y2 1+ 8y°U — 2By — 6A2y+ 24y — 4B + 16u — 422 — 66C
66 (y+1)

(y+2) (4u—2?) —Clsin(@f) +c2cos(@ 5)
B 01005(@6) +c23in(@ 5)

Us (X7t> =

2

(65)

1+4y— 4B — 4y°B + 8uA 2y + 16yuA2 4 40uy°A 2 — 24a 0y + 321N %8
V2+2y+1-2B+ —12a6y? — 8By — 12a 6 — 80y°u? — 64y3u? + 8yB? — 32yu?

+4B2y2 — 16y U2 — A4y* —BA%YR — 4A 4R — 204y + yF + 4yB 4 6Y2 + 4B2
whereé = x— 50 t

WhenA?2 — 41 = 0, we obtain the rational solution:

28— By 36¢c 2(y+2)< C2 )2

t) =
Uo (6 = =357, 5 1) 8 \citcd

(66)

62 +4y-+4y>—8By+1—4B+y' - 4y°B+4p?
—24ay0 + 8yB% — 12a0y? — 12a 0 + 432y
whereé = x— 53 t,

V+2y+1-28—

2
~2B—By-36c  2(y+2) < c2 > (67)

t) =
Uo(t) = —ag7 1) 8 \citct

6y2+4y+4y° —8By+1—4B+y* — 4y°B +4p?
—24ay0 + 8yB% — 12a0y? — 12a 0 + 4B%y?
whereé = x— 55 t,

Y2 +2y+1-2B+
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_2A2 _ _Rx2 _ 2 2
b1 (x) = 2A2y2 +8y2U — 2By — 6A2y+ 24y — 4B + 161 — 4A 69c+2(y+2)< Co ) (68)
60 (y+1) 6 C1+C2¢
1+ 4y — 4B — 4y2B + 8UA2yA + 16yUA 2+ 40uyPA 2 — 24a Oy + 32uA 23
V2+2y+1-2B— —12a0y? — 8By — 12a 6 — 80y°u? — 64y°u? 4 8yB? — 32yu?
+4B2y2 — 16y*u2 — A%y —BAYY2 — 4N 4B — 204y + - AyP B2 + 482
whereé = x— &0 t,
_ 2322 _ _ 2 _ _ 2 2
bip(xt) = 2022+ 8y2 U — 2By — BA2y+ 24y — 4B + 161 — 4A 6ec+2(y+2)( C ) (69)
66 (y+1) 6 C1+C2€
1+ 4y— 4B — 4y?B +8uA 2y + 16yuA2 + 40U YA 2 — 240 Oy + 32uA2y3
VP+2y+1-2B+ —12a8y? — 8By — 12a 6 — 80y’ u? — 64y>u? 4 8yB? — 32yu?
+4B%y° — 164 u% — A% —BA%Y2 — 4A 4B — 2A 4y + A+ 4yB 4 62 4 42
whereé = x— &0 t.

7 Conclusions

In this paper, we have seen that t6%) expansion method is successfully used to obtain abundalling wave
solutions not only for the class of nonlinear evolution dgpres but also for the a class of nonlinear pseudoparabolic
equations. We have seen that three types of travelling waluiens were successfully found, in terms of hyperbolic,
trigonometric and rational functions. It will be more impamt to seek solutions of higher-order nonlinear equations
which can be reduced to ODEs of the order greater than 2. We inated that this method changes the given difficult
problems into simple problems which can be solved easilg fiethod yields a general solution with free parameters
which can be identified by the above conditions in section drédver,some numerical methods like the Adomian
decomposition method and homotopy perturbation metho@rpn the initial conditions and obtain a solution in a
series which converges to the exact solution of the probldowever,it is obtained by thé%) expansion method a
general solution without approximation and there is no rteeabply the initial and boundary conditions at the outset.
The % expansion method is also a standard, direct and computégimgethod, which allows us to solve complicated
and tedious algebraic calculation. The solution procedarebe easily implemented in Mathematica or Maple.
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