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Abstract

In this work we are basically interested in some structure related to the
universal modules of high order derivations introduced and developed
by H. Osborn.

Specifically, we have investigated universal modules on R ®; S and
estimated the homological dimension of Q, (R ® S).
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1. Introduction

Let R be a commutative algebra over an algebraically closed field k with character-
istic zero. Let Q,(R) and 0, : R — Q,(R) denote the universal module of n-th order
derivations and the canonical n-th order k-derivation of R respectively.

The pair (65, 2n(R)) has the universal mapping property that for any R-module N
and any higher derivation d : R — N of order < n there is a unique R-homomorphism
h:Qn(R) — N such that d = hd,.

Qn(R) is generated by the set {d,(r) : r € R}. Hence if R is finitely generated
k-algebra, Q,(R) will be a finitely generated R-module.

Let R and S be a commutative algebras over an algebraically closed field k with
characteristic zero. Then R ®j S is a commutative ring with unit by defining

(ZM@&)(ZT;@)S;) ZZZrir;®sis;7
i J ioJ

where ri,r; € R and si,s; es.
Let I and J be ideals of R and S respectively. If R — R/I and S — S/J are canonical
homomorphism of k-algebras then there exists an k-algebra isomorphism
R®r S
I®,S+R®kJ
(see Nortcott, [3]).

~ R/I &y S/J
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2. Universal Modules

2.1. Theorem. Consider affine k-algebras R and S. Let I be an ideal of R and §,, :

R — Qy(R) the canonical n-th order k derivation of R. Suppose that N is the submodule
of Qn(R) generated by all elements of the form 6, (x), © € I. Then the sequence

N +IQ,(R) Qn(R)
—

IQ,.(R IQ,.(R)

is an exact sequence of R/I modules.

0— — Qn(R/I) — 0

Proof. See Nakai [2]. O

2.2. Proposition. Let I and J be ideals of R and S respectively. Then there is an exact
sequence

0 — Ker — Qu(R@k S) —— Qn(R/I @k S/J) — 0

of R ® S modules.
Proof. We have 7 : R®y S — R/J ®i S/J, the canonical homomorphism of the module
R®rS. Let 6, : Rk S — Qn(R(X)k S) and (5; : R/I@k S/J — Qn(R/I@)k S/J) be the

canonical n-th order k derivations of the modules R ®, S and R/I ®j S/J, respectively.
By the universal property of ,(R ®x S) there exists a unique homomorphism

0: Qn(R @k S) — Qu(R/I @y S/ J)

of R ®x S modules such that 65, = &, 7, i.e. the following diagram commutes.

R S u R/I @k S/J
dn s,
Qn(R®k S)— — £ — = Qu(R/T @k S/T) ~ (752255

This homomorphism is onto, and we have that
0 — Ker — Qu(R@k S) —— Qn(R/I @k S/J) — 0

is an exact sequence of R ®j S modules. O

2.3. Theorem. Consider affine k-algebras R and S. Let I and J be ideals of R and S
respectively, and assume that K = I @, S+ R®y J. Suppose that N is the submodule of
Qn(R & S) generated by all elements of the form 6n(x), = € K, where §, : R®y S —
Qn (R ®1 S) is the canonical n-th order k derivation of R ®y S. Then the sequence

N+ KQ,(R®k S) Qn (R R S) R®r S

O “Ka.RenS) K. (R S) K

L)Qn( )—)0

modules.

. R®jS
is an exact sequence of %

Proof. If we consider R ®j S instead of R and K instead of I in the following exact
sequence of Theorem 2.1:

N +IQ,(R) O (R)
9. (R I(R)

then we obtain an exact sequence as required. d

0— — Qn(R/I) — 0,
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2.4. Proposition. Suppose that R = k[z1,...,zs], S = k[y1,...,y:] are polynomial
algebras, let I and J be ideals generated by the elements fi,...,fr and the elements
gi,--.,q1 of R and S, respectively, and let K =1 ®, S+ R®y J. Then K is generated
by the set

{f2®1a 1®gj:fi€-l7 ngJ}~

Proof. Let L={f;®1, 1®g;: fi €I, g; € J}. Then, L C K is clear.
On the other hand, let t € K where t =) (a+ ) foralla € I ®; S and 8 € R®y J.
Then
a=Y aifi®s; = (;@s)(fi®l), 8= ri@big; =Y (ri®b)(1®g),
0] 4,3 4,7 4,7
where a;,7; € R, b;j, s; € S. Hence t is in the module generated by L. O
2.5. Proposition. Suppose that R = k[z1,...,zs], S = k[y1,...,y:] are polynomial
algebras. Let I and J be ideals generated by the elements f1,..., fr and by the elements
gi,--.,q1 of R and S, respectively, and let K = I ® S+ R ®y J. Consider L to be the
submodule of Qn(R ®i S) generated by
{0n(@fi ®17), dn(a" @y7g)) [0<a+F<n 0<y+p<n,
i=1,....k j=1,...,1}
Then
(R®k S)0n(K) C L+ KQ(R®k S).
Proof. Since d, is a k-linear map we only need to prove that, for any ¢t € (R Qx S),
On(t(fi ®1)) and 6, (t(1 ® g;)) belong to L + KQy, (R Qs S).
Let t = Y aar® ® >.bsy” € R®y S, where aa,bs € k. Then:
a 3

Zaaxa ® Zbgyﬁ = Zaabg(ma ®y”)
o B a,B

=Y awbp @ ©y" )+ 3 awbpr (@ ©y”),
o’p! o't B
where aq/,aq,bgr,bgr € k are such that |o' + 8’| > n and |’ + 8”| < n. Hence,
Su(t(fi®10) = 3 awbpbalfie™ 037+ Y auwrbyrdn(fia™ ©3”")
o’ B! ol B
The second part of the sum in the equality above is in L. As for the first part, we have
on(fir™ @y”) =Y axbybn(fix* @y ) + (i@ DD acbodn(a® @ y),
XX’ €€
where ay, by, ae, b € R ® S are such that |y + x| < n and |e + €/| < n since 6, €
Der " (R®% S, Qn(R®4 S)) using the definition of the derivation operator. By substituting
in the last equality we get

5ult(fe® 1) = Yaxbydu(fir® ©9¥) + (fi 0 DY achodn(a® @37 )+
Xx/ €,/
—+ Z aanbgudn(fixo‘” ®yﬁ”),
a//’ﬁll
which belongs to L + KQ,(R ®x S).

Similarly, 0,(t(1 ® g;)) is in L + KQu(R ®x S), therefore (R ® S)on(K) C L +
KQn (R & S). O
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2.6. Corollary.
(R®k 8)0n(K) + KQn (R ®% 5)
KQ,(R® S)

is generated by
{0n(z*fi @Y%) + KQu(R®% 5), dn(a" @y g;) + KQu(R®y S) :
0<a+pf8<n, 0<~y+4+pu<n,i=1,....kj=1,...,1}

Proof. Let L be as above. Then %égfg)s) is generated by

0<a+f8<n 0<y+pu<n,i=1...,kj=1,...,1}
By the last proposition (R ® S)d,(K) C L + KQ,(R ® S). Therefore,

(R % 8)6,(K) + KQ(R®, S) L+ KQ. (R S)

as required. 0

2.7. Corollary. Let 6, : R®y S — Qu(R @i S) and dn, : B85 — Q, (E2L5) pe the

K K
n-th order universal derivation operators. Then Qn(R%{’“S) is generated by

{do(z* @y” + K): 0<|al+]|8] <n}.

Proof. Qn(R®s S) is a free R ®x S module on the basis {6, (z* ® y°) : |a| + |3| < n}.
Qn(R®kS) R®k,s
K (R®ES) K
{On(z>®@y?) : |al +16] < n}.
Therefore Qn(R%("S) is generated by {n(d,(z* @ y?)) : |a| + |8] < n}, which is
{dn(a" ®y” + K): 0 < |a| + 8] < n},

as required. O

-module with basis

Hence is a free

2.8. Theorem. Consider the affine k-algebras R and S. Let I and J be ideals of R

and S respectively, and assume that K = I ®, S + R ®, J. Suppose that N is the

submodule of Qn(R ®1 S) generated by all elements of the form 6n(x), © € K, where

0n : Rk S — Qn(R ®y S) is the canonical n-th order k deriwation of R ®y S. Then
(i)

N+ KQn(R Qi S)

hd ( ) < 0o <= hd (Qn(

KQ,(R®k S) K
(ii)
N+ KQ,(R® S) R®i S
h = hd (9, = 0.
d( KOn(R @5 9) ) =00 <= hd (Qn( % )) =00
Proof. From Theorem 2.3 we have the exact sequence
04)N+KQR(R®1€S)_) Qn(R Qi S) HQH(R@);CS)_)O

of R @, S modules. Known facts about the homological dimension now complete the
proof. O

Now we give an example about estimating the homological dimension of the universal
module Q,(R ® S).
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2.9. Example. Consider the affine k-algebras R = k[z,y] and S = k[z,t]. Let I =

(y* — %) and J = (2 — t3) be ideals of R and S respectively, and assume that K

I®LS+RQwJ.

R®r S
K

Q4 ( ): Let F be the free R ® S module generated by

{61(1. ® 1)7 61(:{/ & 1)7 51(1 ® Z)v 51(1 & t)}a
and let N be the submodule of F' generated by
{0u(fen), 6(leg): f=y"—a°, g=2"—1"}.
By Corollary 2.7,
R®y S ) = F
K - N
and hence we have the exact sequence

R®i S
K

Q1 (

0 — N— F — Q ) —0
of%modules.

Since the rank of Q;(£2:5) is 2 we have

K
rank N = rank I’ — rank Ql(R B S

)=4-2=2

So {51(f®1),61(1®g): f=9y* — 2% g=2>—t3} must be a basis of N. Therefore we
have a free resolution
R®y S

0— N—F— O 7

) —0

of Ql(%). Hence,

R®r S

bl (€ (=

) < 1.

R ®¢ S):

K
{02(x®1), d2(y®1), 2(1® 2), 62(1®1), d2(z® 2), d2(z ® ), d2(y ® 2),

Sa(y @), da(z” ®@1), G2(y” ® 1), S2(1®2%), S2(1®¢%), d2(xy @ 1), d2(1® 2t)}
and let N’ be be the submodule of F’ generated by

{02(f ®1),02(1®g), 62(fr®1), 62(fy®1)d2(1 ® 2g), 02(1 @ 1g),
5(f®2), 2(f®1), S2(z®9), S2(y@g): f=y*—a’, g=2" -},

From Corollary 2.7,

R®r S, F’
K =N
and hence we have the exact sequence
R®r S
)

Qs Let F’ be the free R ® S module generated by

Qa(

0—>N’—>F/—>Q2(

of % modules.

Since the rank of QQ(R%(]CS) is 5, and the rank of F’ is 14, we have that the rank of
N'is14—-5=09.

R®i S

The result hd (Q2( )) < 2 is proved by Erdogan and Cimen in [1].
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