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Abstract

As the main new result, we show that one can construct a time-dependent positive definite matrix R(z,z) such that
the solution x(¢) of the initial value problem x(¢) = Ax(¢) + h(z,x(¢)), x(to) = xo, under certain conditions satisfies
the equation ||x(t) | g 4,) = [lxa(?)||r Where x4(z) is the solution of the above IVP when 7 =0 and R is a constant
positive definite matrix constructed from the eigenvectors and principal vectors of A and A* and where || - [[g( )
and || - ||z are weighted norms. Applications are made to dynamical systems, and numerical examples underpin
the theoretical findings.
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1. Introduction

In this paper, the solution of the nonlinear initial value problem (for short: IVP) with linear principal part x(r) = Ax(t) +
h(t,x(t)), x(to) = xo is investigated in a special time-dependent weighted norm || - || ,,) With positive definite matrix R(z, ).
It will be shown that under certain conditions, R(#,#o) can be constructed such that [|x(¢)||g( ;) = [|¥a(t)||r Where x4(¢) is the
solution of the initial value problem x4 (¢) = Axa(t), xa(fo) = xo and R is a constant positive definite matrix constructed from
the eigenvectors and principal vectors of A and A*. In other words, the solution x(¢) in the time-dependent weighted norm
| lR(r.50) is equal to the solution x4 (¢) of the pertinent linear IVP in the weighted norm || - |[z. As a consequence, since x4 (t)
shows vibration suppression and monotonicity behavior under certain conditions, the same holds for ||x(¢)|g( ) This is the
main new result.

The paper is structured as follows. In Section 2, the weighted norm || - ||z and, in Section 3, the biorthogonality of
eigenvectors and principal vectors of the matrices A and A* are recapitulated. Section 4 contains two fundamental matrices,
namely one for the nonlinear IVP and one for the associated linear IVP. In Section 5, the matrix R(¢,#y) is constructed, and the
equation [|x(¢)||g(4,) = |lxa(t)||r is derived. Section 6 contains an expression for ||x()|g( ) in the norm || - [|2, and Section 7
two-sided bounds on ||x(¢)|| in any vector norm || - ||. In Section 8, Applications to free nonlinear dynamical systems with linear
principal part are given including numerical examples. Section 9 is the conclusion section.
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2. The weighted norm || - ||z revisited

In this section, we revisit the results of [1] concerning the weighted norm || - ||z, where R is a special positive definite matrix
constructed from the eigenvectors and principal vectors of the adjoint A* of a given system matrix A.

2.1 The case of a diagonalizable matrix A
We first turn to diagonalizable matrices A.

Theorem 2.1. Let A € C"*" be diagonalizable. Let o; = Aj(A) be the eigenvalues and u; be the associated left eigenvectors of
Afor j=1,--- n; further, let A* € C"*" be the adjoint matrix of A so that uj are the right eigenvectors of A* corresponding to
the eigenvalues @ of A* for j=1,--- ,n, i.e,

ujA=ojuj, j=1,---,n
and
A*ujz@uj,jzl,---m.
Let
pj=0;+0a;j=2Rea;j=2Req;, j=1,---,n
and
Rj=ujuj, j=1,---,n. 2.1
Then,

A'Rj+RjA=pjRj, j=1,--- ,n.

In other words: The matrix eigenvalue problem
AV +VA =uv

has the n solution pairs

(V) =(pj:R;)

with real pj and positive semi-definite matrix R; € C**" for j=1,--- ,n. Further,
n
R:=) R; (2.2)
j=1

is positive definite.
Proof. See [1, Theorems 4 - 6]. ]

Remark 2.2. Since R in (2.2) is positive definite, by
]l := (Ru,u)?, ueC”,
a weighted norm || - ||g is defined.

2.2 The case of a general square matrix A
In this subsection, we consider general square matrices A.

Theorem 2.3. Let A € C"*" have a canonical Jordan form consisting of r Jordan blocks. Let otj = Aj(A) be the eigenvalues and
() ()

uy”, -+ um; be a chain of associated left principal vectors for j =1,--- ,r. Further, let A* € C"*" be the adjoint matrix of A so
n* ()

*
that uy” .-+ ,uy; is a chain of right principal vectors of A* corresponding to the eigenvalues o; = Aj(A*) for j=1,--- 1, ie.

u,(cj)A = Otju,Ej) +u,((]_>
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withu(()j) =0,k=1,---,mj,j=1,--- ,rand

0 *

D" 4l

A*u,(cj)*:ﬁju
with ul"" =0, k=1, ,mj, j=1,-r.
Let

pj:Wj—F(XjZZRe(Xj ZZREWJ', j=1,---,r
and
e L S R B RS 23)
Then,
e p(1,1) (1,1) wy .
AR, AR =piR;, =1,
In other words: The matrix eigenvalue problem

A'V+VA=puv

has r solution pairs

(,V) = (pj,R")

with real p;. Moreover, the matrices Rﬁk’k) are positive semi-definite fork =1,--- ,m;, j=1,--- 1. Further,
<G kh) . Lok
Ri=YR™ j=1,r and R:=Y) Y R 2.4)
k=1 j=lk=1
is positive definite.
Proof. See [1, Theorems 7 - 8]. O

Remark 2.4. With (2.4), also a weighted norm || - |g can be defined.

3. Biorthogonality system of principal vectors of A and A* revisited

First, we investigate the case of a diagonalizable matrix A and then the case of a general square matrix. Even though the result
for a diagonalizable matrix will be included in that for the case of a general square matrix, it seems nevertheless be worthwhile
to study this case separately. This is also a review section.

3.1 Diagonalizable matrix A
In this subsection, we summarize a known result on the biorthogonality of the eigenvectors of matrices A and A*. It can be
shown that — for diagonalizable matrices A — the eigenvectors of A and A* are biorthogonal (so that there is nothing to construct
in this case).

For the sequel, we formulate the following conditions :

(Cl) AeCrm,

(C2) A isdiagonalizable, and A;, i = 1,--- ,n are the eigenvalues of A as well as p;, i = 1,--- ,n the associated eigenvectors.
(C3) uj,i=1,---,n are the eigenvectors of A* corresponding to the eigenvalues Aiyi=1,--- nof A*.

(C4) Ai#Aji#j i, j=1,---,n.

Then, we have the following theorem.
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Theorem 3.1. (Biorthogonality relations of eigenvectors)
Let the conditions (C1) - (C4) be fulfilled. Then, after appropriate normalization of the eigenvectors p;,i=1,--- ,n and
uy,i=1,---,n, one has the biorthogonality relations

(Ph”j’):sija i7j:17"'7n1 (31)
where (-,+) is the usual scalar product on C" x C".
Proof. See [2, Theorem 1]. O

Remark 3.2. The condition (C4) is not essential so that it can be omitted. For this, see [3, Theorem 3]. But, we keep it because
it is fulfilled in our Numerical Example 1 in Section 8.

3.2 General square matrix A
In this subsection (more precisely, in Theorem 3.3), we exploit the fact that a principal vector of stage k of matrix A resp. A*
remains a principal vector of stage k if one adds a linear combination of principal vectors of stages 1 to k — 1 of A resp. A*, as
the case may be. Hereby, we can construct a biorthogonal set of principal vectors of A resp. A* (provided that they are not
already biorthogonal, in which case there is nothing to construct).

Like in Subsection 3.1, we formulate the following conditions :

(C1) AeCmm,
(C2") Aiy i=1,---,r are the eigenvalues of A corresponding to the Jordan blocks J;(A;) € C™"*™i j=1,--- r with the chains
0] (i)

of principal vectors p;”,-- , pp;, i=1,---,r.

(€3 u(li)*, e ,uﬁ,’;?*, i=1,---,rare the principal vectors of A* corresponding to the eigenvalues A;, i = 1,-- -, r of the Jordan

blocks J;(4;) € C™>™Mi j=1,---,r.
CH)Y Li# Ay, i# i j=1,r
Then, we have

Theorem 3.3. (Biorthogonality relations for principal vectors)
Let the conditions (C1') — (C4) be fulfilled. Then, the systems {pgl),“- ,p%i;“' ;psr),"' ,PSan} and {u(ll) Lo ,u,%) jee ;u§r> o ,u,(,:g }
can be constructed such that the following biorthogonality relations hold:

W 0O _ | 1, I=m—k+1
(i )—{o, [ #mi—k+1

k=1,--- mj,i=1,--- rand
(pe ") =0, i# .

kz]a"'amiv lzla"'7mj7 iaj:17"'7r'

So, with
Sk ) X
=) (3.2)
l=1,---,my, i=1,---,r one has the biorthogonality relations
(") = 8u. 3.3)
kji=1,--- mj,i=1,---,r, and
Lk
(e v ) =0, i# ), (3.4)
k= 17 ,Mi, l= 11 7mj> la.]: 17 T
Proof. See [2, Theorem 2]. O
Remark 3.4. The properties (3.3) and (3.4) can also be written as
Lk
(o) = 8ij0u, (35)

kzlﬂ"'amh i:1,---,r;l=1,-~~,mj7j:l,---,r.



Analysis of the Dynamical System x(¢) = Ax(¢) + h(z,x(t)), x(t9) = xo in a Special Time-Dependent Norm — 31/47

4. Representations of the solution x(7) of the IVP x(¢) = Ax(¢) + h(t,x(t)), t > to, x(t9) = x0
and of x4 (¢) when i = 0 by fundamental matrices

In the following, we discuss the existence, uniqueness, and boundedness of the solution of the initial value problem X(¢) =
Ax(t) +h(t,x(1)), t > to, x(t9) = xo as well as pertinent representations of x(¢) and x4 (¢) by use of fundamental matrices.

Let 7o € R, let IF be the field of real or complex numbers and [F” be the set of n-tuples with elements in IF. Further, let || - ||
be anorm on ", let y > 0 and I}y = {u € F"[||u|| < y}. Finally, let A € F"*" and h(t,u) € F", t > ty, u € '}, and continuous.
We investigate the initial value problem

x(t) = Ax(t) + h(t,x(t)), t > 19, x(t9) = x0. 4.1

Let Aj(A), j=1,---,n be the eigenvalues of matrix A. The spectral abscissa v[A] is defined as the maximum of the real parts
of the eigenvalues, i.e.,

V[A] = max Relj(A).
J=1n

We suppose that v[A] < 0. Further, if the eigenvalues of matrix A play a role, we implicitly assume that F = C. For vy, [A] and
the index 1(A(A)) of an eigenvalue A (A), we refer the reader, e.g., to [4].

Let @4 (2,19) be the fundamental matrix (or evolution) pertinent to the problem %, () = Ax (¢) with the property @4 (19,7) =
E, where E € """ is the identity matrix. Then, the initial value problem is equivalent to the integral equation

x(t) = @a(t,10) x0 + thDA(t,s)h(s,x(s))ds, t> 1. 4.2)
fo

This is a common implicit representation of x(¢) using P, (¢,79) = exp(A (f — 19). But, we shall employ a different explicit one,
below.
For the sequel, we state the following conditions:

(Co) The function A(-,-) is continuous on Dy := {(t,u) [t > to, u € Fy} = {(t,u) [t > 1o, u € F", [[u]| < y}.
(C)) The function A(-,-) satisfies the (uniform) Lipschitz condition
[t u) = h(t,u)|| < Ly |u—dd[], t > 10, u,u’ €
with a positive constant Lj,.

(Cy) Forevery u € 7,

h
o It

=0 uniformly with respect to t > tg.
u—0  ||ul|

Herewith, we have the following theorem:

Theorem 4.1. (Existence, uniqueness, and boundedness of the solution)

Let the conditions (Cy),(C), and (Cy) be fulfilled. Further, let the spectral abscissa v[A] <0, and xo # 0, ||xo|| as well as
Ly, be sufficiently small.

Then, integral equation (4.2) and thus initial value problem (4.1) has a unique bounded solution for all t > ty.

Proof. See [5, Theorem 1]. O
Remark 4.2. Sufficient for (Cy) is the following condition:
( C§ ) There exists a constant ¢, > 0 such that
()|l < cpllull*,:t > to, u € B, Jul| <,
with K > 1.
We need this stronger condition for the derivation of a lower bound on the solution x(t) of (4.1).

Now, let @4 ;(7,1) be the fundamental matrix with ®4 ;(f0,70) = E pertinent to the IVP (4.1). Then, the representation of
x(t) using @4 5 (2,10) is given by

x(t) = @ u(t,10) xo. 4.3)

The representation (4.3) for the solution x(¢) of the IVP (4.1) plays a major role in the subsequent sections.
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5. Representation of the solution vector x(z) of x(t) = Ax(r) + h(z,x(t)), x(ty) = xo in the
weighted time-dependent norm || - ||z ,,

Let the conditions (Cy), (C;), and (Cé) from Section 4 be fulfilled. We remind that the solution of

X4 (1) =Axa(t), t > 10, x4(t0) = xo 5.1)
can be written as

xa(t) = ®al(t,t0) x0 = A1) o (5.2)

This is the representation of x4 (¢) by the fundamental matrix that plays a role, in the sequel. From (4.3), it follows

xX(1) = Dy p(t,10) e AUT0) ATT0) o — W(z 1) A1710) i (5.3)
with

W(t,10) == Dy s (t,10) e A1) (5.4)
Thus,

x(t) =P(t,10)xa(2). (5.5)

5.1 The case of a diagonalizable matrix A
Let the conditions (C1) — (C4) be fulfilled. Then, according to [2, Theorem 5], one has the representation

Zn: (xo,u}) pre™=0) 1 > 1, (5.6)
k=1
with
Apr=Mpi,k=1,---.n
where py,k=1,--- ,nand u;, k =1,--- ,n are biorthogonal, that is, where (3.1) is satisfied. Inserting (5.6) into (5.5) gives

n n

=Y (x0, ) P (t,10) pre™ 100 = Y (x0,u}) pi(t,10) ™70 1 > 1
k=1 k=1
with
pk(t,l‘o) = ‘P(I,to)pk. (5.7)
Define
P(tat()) = [pl(t7t0)7”’ 7pn(t7t0))}' (58)
Then,
P~ (t,10)P(t,10) = E, (5.9)

where E is the identity matrix. Set

M](t,t())
Pl (1,10) = Ult, 1) =: ”%tj_t‘)) (5.10)
nt ;1)
where u(t,t), j=1,--- ,n are row vectors of length n.

From (5.8), (5.9), and (5.10), we have

u;(t,10) pr(t,t0) = Sj
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or
(pi(t,t0),uj(t,t0)) = Oj.
With (5.7), this leads to
(F(t,10) pr u(t.10)) = Sjk
or
(P, P (1, 00) u(t,10)) = .
On the other hand, also
(Prsu}) = Sk
Subtracting both relations implies
(Prou; = (t,10) uj(t,t0)) =0, j,k=1,---,n
and thus

wi =W (t,00) ui(t,1) =0, j=1,---,n

or
w(t,10) = [P (t,00)] ' = [~ (t,00)] uf, j=1,--- ,n.
This leads to
uj(t,to) = u; ¥~ (t,10), j=1,--,n.
Now, define
Rj(t,to) = ui(t,t0)uj(t,10), j=1,--+,n
and

R(t,t0) = Xn:Rj(t,tU).
j=1

It is left to the reader to show that R;(t,t), j = 1,--- ,n are positive semi-definite and that R(z,1) is positive definite.

With (5.11) and (5.12), we obtain

(R(#,20) x(1),x(1)) = Y (Rj(z,10) x(1),x(1))

||)C([) ”122(;7[0)

-

1

J
(" (r,00)] [ ™ (1,10)] x(1), (1)

|
(NngE

~.
Il

7

=Y (i [ (1,00)x(0)], (¥ (2,10) x(1)])

N

~.
Il
=

I
(ngE

(Rjxa(t),xa (1)) = (Rxa(t),x4(1))

1

J
[lxa(0)]17

so that we have

Theorem 5.1. Let the conditions (Cy), (C1), and (C})) be fulfilled. Further, let the spectral abscissa V[A] < 0 and xo # 0,

as well as Ly, be sufficiently small. Moreover, let the conditions (Cl) - C4) be satisfied.

(.11

(5.12)

xo|
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Then, with (2.2) and (5.12),

(7110 = lea (017

where, according to [1, (47)],
[lxa(2) ||R—ZHXO||2 2 =0) ¢ > g,

In other words: The solution x(t) to the nonlinear problem (4.1) in the time-dependent weighted norm || -||g(; ;) is equal to the
solution x4 (t) of the pertinent linear problem (5.1) in the norm || - ||g.

Remark 5.2. We mention that the vectors p;,i =1,---,n and u},i =1,--- ,n themselves need not be normed. For the
representation (5.6), we only have to demand that relation (3.1) be satisfied.

5.2 The case of a general square matrix A
Let the conditions (C1") — (C4’) from Section 3 be fulfilled. The relations (5.1)-(5.5) remain valid. But, here, instead of (5.6),
according to [2, Theorem 6], we have

() =Y (o, ) ) (1), 1 > 10 (5.13)
with

-t ot L (0= 10) + )M 1 > 1, (5.14)

k=1, ,mi, i=1,-,r where p{’ k=1, ,mj, i=1,-- ,rand v} := ui{jilﬂ*, I=1,,mj,j=1,--rfrom (32)
satisfy (3.5).
In the semi-norm || - ”R(k"k)’ x4 () has, according to [1, 4.2,(56), (57)], the form

. .
)Py = 1Pyt —10) e

with P)(ci)) w1t —19) in (5.21) below. Next, we proceed as in Section 5.1. From (5.5) and (5.13), (5.14) we conclude that

X(t) = qf(t,to)xA(t)if(xo,uf;‘f_kﬂ*)x
(2 (t,10) p\” (’(k’ol)l_)‘{{; Bt 00) p (1 —t0) + W (1,10) pl] Hil 1)
so that
w>=;§mﬁﬂﬁx
[ (10) S0 -4 P (1,10) (1 10) + Py (1, 0) | )
with
P (t10) = P(10) p, j =1 misi=1, (5.15)
Next, define
P(t,10) = [P (t,10), o (1, 10)5 50 (0,10), -+, i 2,10)]- (5.16)

Then,

P~ (t,10) P(t,10) = E. (5.17)
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Set

W (e,10)

Vgrzl)(nt())
P t,10) =: V(t,10) = :
Y 10)

Vi

EAEYE

where v,((j) (¢,t0) are row vectors of length n. From (5.15), (5.16), and (5.17), we have

V;(f) (t,10) P (t,10) = 0;j Ok,
k=1,--,m;,0=1,---,r;s=1,---,mj, j=1,---,ror
(Y (t,to),v,(f) (t,t0)) = 6ij Sks-
With (5.15), this leads to
(P(t,10) p v (1,10)) = 8 e
or
(p§1>1lp* (tat0) V](ci)*(l,to)) = 6ij 6ks'
On the other hand, also
(P ") = 83 8.
Subtracting both relations implies
(P ) = 10) ) (1,10)) =0, k=1,
and thus
v}({i)* —lP*(l‘,to)V;({i)*(t,to) =0, k=1, ,myi=1,-,r
or
v (o) = 9 (10))) o = [ o)) 0
k=1,---,my,i=1,---,r. This leads to
w(t,10) = v ¥ (1,10)
k=1,--- ,mj,i=1,--- r. Similarly to (3.2), define
Vgi) (tato) = ufrlg—l-kl (t7t0)7
as well as
RV (1,10) = (1, 10) ) (1,10) (5.18)

k=1, ,myi=1,---,r,

m;

Ri(t,10) = Y R¥ N (1,10), j=1,--n (5.19)
k=1
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and

.
R(t,10) Z (t,10). (5.20)

Again, it is left to the reader to show that Rﬁk’k) (t,t0), Rj(t,19) are positive semi-definite and that R(t,#y) is positive definite.
Herewith,

—
=
—~
~
S
Nalid
=
—~
-~
~—
=
~~
~
N
=

l ]‘
—
)

=

=

=

=
—
~
S
N
o
—
~
—
=
—
~
—
N

() zes =

Ei

|
™-

Jj=1k=1
- ¥ () [ 2 10) ()], 9 (1,10) x(0)))
j=1k=1

B

I
1~
—~
=
=
=
=
—
~
~—
=
—
~
~—
~—

<
I

—
Il

R

I
t1-1

Rj(t,to)xA(t%xA(t))

Rxa(t),xa(t))

Il
A~ ~.

lea (1)1

so that we have

Theorem 5.3. Let the conditions (Cy), (C1), and (C5) be fulfilled. Further, let the spectral abscissa V[A]
as well as Ly, be sufficiently small. Moreover, let the conditions (C1') — (C4') be satisfied.
Then, with (2.4) and (5.20),

(71109 = lea (017

where, according to [1, (57), (56)],

[[a (2 ”R Z Z ‘pxok 1 |2 2h4 )(t_t())a t > 1,
j=lk=
with
i t — 1 i)*
P (= 10) = (xo,u” ((k—O)l) tetul =)+l (5.21)

In other words: The solution x(t) to the nonlinear problem (4.1) in the time-dependent weighted norm || - ||g( s,) is equal to
the solution x4(t) of the pertinent linear problem (5.1) in the norm || - ||

Remark 5.4. We mention that the vectors p,(j), k=1,--- my,i=1,--- rand v,(j)*, i=1,---,rthemselves need not be normed.
For the representation (5.13), (5.14), we only have to demand that relation (3.5) be satisfied.

6. An expression for ||x(¢)||z( ) in the norm || - ||

According to Section 5, under the respective conditions, one has

(1) 3y = a0 113

As a consequence of this, one obtains a series of corollaries. The first one follows from [6, Section 3].
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6.1 The case of a diagonalizable matrix A
We first turn to diagonalizable matrices A.

Corollary 6.1. Let the conditions (Cy), (C1), and (C5) as well as conditions (C1) - C4) be satisfied. Let R; be given by (2.1)
and R by (2.2) as well as Rj(t,ty) by (5.11) and R(t,ty) by (5.12). Further, let

(1) i= (xo, ) eReHWIT0) g > g 6.1)
j=1,--- n, as well as

w(t) =y (), 2 (0), - wa(0)])" 6.2)
Then,

|(xo0,u3)| = [|x0]|r;

j=1,--- n and
X [R(110) = Ixa @) Iz = (W (2) |2, 1 > t0.

Proof. See proof of [6, Lemma 3]. O

6.2 The case of a general square matrix A
In this subsection, we consider the general square matrices A.

Corollary 6.2. Let the conditions (Cy), (C1), and (Ch) as well as conditions (C1") — (C4") be fulfilled. Let R

i R;, and R be
E-k’k>(t,to), Rj(t,10), and R(t,tg) by (5.18), (5.19), and (5.20), as the case may

be. Moreover, let pi{)')kfl (t —10) be given by (5.21), and let

given by (2.3) and (2.4), respectively, as well as R

y (0) = p (1 — 1) ReHi W 0], (6.3)
k=1,--,mj, j=1,---r, as well as
v ) = (1), il ()] 6.4)
i=1,---,rand
wg(t)
y(t) = v (t): : (6.5)
vo)
Then,
608 )1 = Il

k=1,---.mj, j=1,---,r, and
[x(O)|&(e.10) = Ixa @)z = 1w (@)]]2, 2 = to.

Proof. See [6, Lemma 4]. O
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7. Two-sided bounds on x(7) in any norm || - | based on y(¢)
In [6, Sections 4.1 and 4.2], under certain conditions, we have established the two-sided bounds
X[yl < lxa®ll < X [w @), £ > 10, (7.1)

with y(z) from (6.1), (6.2) for the case of diagonalizable matrices A and with y(¢) from (6.3)-(6.5) for general square matrices
A.

The same two-sided bounds will be derived for x(¢) instead of x4 (7). As a preparation for this, we prove the following
lemma.

Lemma 7.1. (Two-sided bound on ||x(t)|| by ||xa(2)||)

Let the conditions (Cy), (C1), and (C5) be satisfied; further, let vy [A] = V[A] and let the spectral abscissa V[A] of matrix A
be negative and for every eigenvalue A(A) with ReA(A) = v[A] let the index 1(A(A)) be 1(A(A)) =1, let xy # 0, and ||xo|| as
well as cj, and Ly, be sufficiently small.

Then, there exist positive constants Xy and X1 such that

Xo llxa (@)l < [lx(0]] < Xi lxa (@)l # = 10 (7.2)
Proof. From [35, Corollary 4], we obtain

Xan0 VM=) < |1x(1)|| < XA,h7lev[A] (t=10) ¢ > 1, (7.3)
with x(r) = P4 5 (7,10) xo and positive constants X4 5 0 and X4 5 ;. For the special case i = 0, this leads to

XAOeV[A] (1=10) < EAGI gXAJe"[A] (t—fo)’ t>1

with x4 (1) = ®4(t,10) xo and positive constants X4 o and X, ; or

1 B 1
1o @l < eV Mlli=) < T Ol 1 =10 (7.4)

From (7.3) and (7.4), we conclude that ((7.2) is valid with

X
Xy = JARO
Xa1
and
X
X| = JAmL
Xa0

7.1 The case of a diagonalizable matrix A
In order to obtain the two-sided bounds in (7.1) with x(¢) instead of x4 (¢), we first turn to diagonalizable matrices A. Here, we
have

Corollary 7.2. Let the conditions (Cy), (C1), and (C}) as well as conditions (CI) - (C4) be satisfied and let || - || be any vector
norm. Let y(t) be defined by (6.1) and (6.2). Let x(t) be the solution of the initial value problem (4.1). Then, there exist positive
constants Xo and X; such that

Xolly@)] < @O <Xally @), 1 = 10 (7.5

Proof. The proof of (7.5) follows from Lemma 7.1 and relation (7.1) which, in turn, is stated in [6, Section 4.1, Theorem
51. O

Remark 7.3. The two-sided bound (7.5) turns out to be much better than (7.3).
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ky ko Kn I<n+1
m m My
— —{— i ——= » —] —]i

by > b2 > bn > bn+1
Y1 Y2 Yn

Figure 8.1. Multi-mass vibration model.

7.2 The case of a general square matrix A
In this subsection, we consider the general square matrices A.

Corollary 7.4. Let the conditions (Cy), (C), and (C}) as well as conditions (C1") — (C4') be fulfilled, and let || - || be any vector
norm. Let p(;) w1 (t —10) be given by (5.21) and y(t) by (6.3)-(6.5). Let x(t) be the solution of the initial value problem (4.1).

X
Then, there exist positive constants Xo and X1 such that

Xolly@)] < @O <Xilly @), 1 = 10 (7.6)

Proof. The proof of (7.6) follows from Lemma 7.1 and relation (7.1) which, in turn, is stated in [6, Section 4.2, Theorem
6]. O

Remark 7.5. The two-sided bound (7.6) turns out to be much better than (7.3).

8. Applications to free nonlinear dynamical systems with linear principal part

In this section, we consider applications to free nonlinear dynamical systems with linear principal part represented by a
mechanical multi-mass vibratory system. Both the case of a diagonalizable and the case of a non-diagonalizable system matrix
A is considered. For both cases, numerical examples illustrate the obtained results.

8.1 The multi-mass vibration model with nonlinear stiffness functions
We consider the multi-mass vibration model in Figure 8.1.
Here, k; means the nonlinear stiffness function

k(v) =k (v+nv?), veR

1

with positive constants kfo)
a nonlinear model.

The equation of motion in vector form is given by

,i=1,--- ,n+1 and with some parameter > 0. For 1 = 0, we obtain a linear model, and otherwise

M3i+By+q(y)=0, y(0)=yo,y(0) =0

with

and

K2 Gt = yn2)® = 0 = yu1)?
0 0
Y G = n1)> =K g1 = yn)?
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where yo = y,41 = 0; the matrices M, B and K% are given by

mj
ny
M = m3 R
my
[ b1 +by —by 1
—by by + bs —bs
—b;3 b3+ by —by
B= :
_bn—l bn—l +bn _bn
L —by by + bn+l i
B S ]
KO R0 40 e
0 0 0 0
o I )
ST U U
0 0
| SR

with the mass, damping, and stiffness matrices M, B, and K (), as the case may be, and the displacement vector y. In state-space
description, this problem takes the form

x(t) = Ax(t) + h(t,x(t)), t > 0,x(0) = xo

with x = [y7,z7]|7, z = y, and where the system matrix A is given by

0 | E
A= KO [ M B
and h by
0
h(t,u) =n =:ho(u)
—M~ ¢ (v)

with >0, u = [vI',wT|T v,w € F". We mention that x,u € F" and A € F"*" with m = 2n. From [5], it follows that
(e, u) | = o ()| < cillul®,r >0, uePF™,
where ¢, = 1 ¢, with a constant ¢, independent of 1 as well as
/ !/ !/
At u) —h(t, ) || < Ly |lu—u'll,t >0, u,u’ € Fy,
where L, = 1 Ly,, with a constant L, independent of 1.

8.2 Numerical examples
Numerical Example 1: Matrix A diagonalizable
(i) Data:
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The values m;, j=1,--- ,n and bj,kﬁo),j:1,~~~,n—|—lare also specified as in earlier papers, namely as
mj = 1,j=1,---,n
K = 1 =1, 0t
and
b 1/2, jeven
I 1/4, jodd.
Then,
M = E,
- ; _l -
S B
S G R
B: 4 .4 .2 .
13 1
A O
L 2 4 4

(if n is even), and

2 -1
-1 2 -1
—1 2 -1
kO —
-1 2 -1
-1

We add the details in order to make the paper more readable on its own. Further, we choose n =5 in this paper so that the
state-space vector has dimension m = 2n = 10. For the initial time, we take

tp=0
and
n €4{0,0.5,1.0}.
Finally, the initial conditions for y(¢) and y(z) are chosen as
yo=[-1,1,-1,1,—1]"
as well as
yo=[-1,—-1,-1,—-1,—1]".

(ii) Computation of important quantities:
Using the Matlab routine eig.m, one obtains

M(A*) = —0.699760638780536 + 1.795981478159753i,
M(A*) = —0.699760638780536 — 1.795981478159753i,
A3(A*) = —0.562668374040742 + 1.6163587016438601,
A(A*) = —0.562668374040742 — 1.616358701643860i,
As(A*) = —0.375000000000000 + 1.363589014329465i,
A¢(A*) = —0.375000000000000 — 1.363589014329465i,
A7(A*) = —0.050239361219464 +0.516371450711010i,
Ag(A*) = —0.050239361219464 —0.516371450711010%,
Ag(A*) = —0.187331625959257 +0.994521686465592i,
Ao(A*) = —0.187331625959257 — 0.994521686465592i.
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Therefore, 1j(A*), j=1,---,m=2n=10and also A;(A) = A;(A*), j=1,--- ,m =2n = 10 are distinct. Thus, matrix A is

diagonalizable. Further, we obtain

U = [”T?"' 7”T0}

where
0.2680 -+ 0.0309i 0.2680 — 0.0309i —0.4533 —0.4533 0.3314 —0.2662i
—0.4491 —0.0157i —0.4491 +0.0157i 0.4039 — 0.0764i 0.4039 +0.0764i 0.0539 4 0.0558i
0.5119 0.5119 0.0563+0.1119¢ 0.0563 —0.1119i —0.4393 4 0.1546i
—0.4370+0.0153; —0.4370 - 0.0153i —0.4321 4 0.0205: —0.4321 - 0.0205i —0.0354 - 0.0773i
" " 0.2439 —0.0309i 0.2439 +0.0309; 0.3970 - 0.1119; 0.3970+0.1119; 0.5101
[Ml'm '"5] = 0.0798 —0.1237i 0.0798 +0.1237i —0.1000+0.2519: —0.1000 - 0.2519i —0.1194 - 0.2759
—0.0836+0.2122i  —0.0836—0.2122i 0.0550 —0.2290i 0.0550+0.2290i  —0.0000+0.0000i
0.0955 — 0.2474i 0.0955 +0.2474i 0.1063 — 0.0140i 0.1063 +0.0140i 0.0230+0.3285i
—0.0836+0.2122i  —0.0836—-0.2122i  —0.0550+0.2290i ~ —0.0550—0.2290i  —0.0000 — 0.0000i
0.0158 —0.1237i 0.0158+0.1237  —0.0063—0.2379i  —0.0063 +0.2379i 0.0957 —0.3478i
and
0.3314 +0.2662i 0.0497 —0.1441i 0.0497 +0.1441i 0.3779 0.3779
0.0539 — 0.0558i —0.0531 —0.2199i —0.0531+0.2199i 0.3400 — 0.0254i 0.3400 +0.0254i
—0.4393 —0.1546i —0.0259 — 0.2635i —0.0259 +0.2635i —0.0700 —0.1592i —0.0700+0.1592i
—0.035440.0773i 0.0095 —0.2322i 0.0095 +0.2322i —0.3050 4 0.1050i —0.3050 — 0.1050i
[“* e ] _ 0.5101 —0.0755 - 0.1194i —0.0755+0.1194i —0.3079 4 0.1592i —0.3079 — 0.1592i
670 —0.1194 4 0.2759i —0.2568 — 0.0165i —0.2568 +0.0165i 0.0314 —0.3582i 0.0314 +0.3582i
—0.0000 — 0.0000i —0.4417 - 0.0001; —0.4417 +0.00017 —0.0079 — 0.3406i —0.0079 + 0.3406i
0.0230 — 0.3285i —0.5104 —0.5104 —0.0857 4 0.0199; —0.0857 —0.0199;
—0.0000 + 0.0000¢ —0.4417 —0.0001; —0.4417 +0.0001{ 0.0079 + 0.3406i 0.0079 — 0.3406i
0.0957 +0.3478i —0.2536 +0.0165: —0.2536 — 0.0165i 0.0543 +0.3383i 0.0543 —0.3383i

here the output results are given with only four decimal places for space reasons. The weighted matrix R is computed as

1.2501 —0.2868 —0.1297 0.0135 —0.0988 0.1966 —0.1314 —0.3356 —0.0196 0.2662
—0.2868 1.0887 —0.3824 —0.0842 0.0179 —0.1567 0.2066 0.0440 0.0239 0.0319
—0.1297 —0.3824 1.1899 —0.3531 —0.1196 0.2780 0.0018 0.2200 —0.1271 —0.3402
0.0135 —0.0842 —0.3531 1.0873 —0.3227 —0.0173 —0.0525 —0.1892 0.1947 0.0505
_ —0.0988 0.0179 —0.1196 —-0.3227 1.2619 —0.3017 0.0042 0.3092 0.0215 0.2699
- 0.1966 —0.1567 0.2780 —-0.0173 —-0.3017 0.7620 0.2782 0.1039 0.0439 —0.0256
—0.1314 0.2066 0.0018 —0.0525 0.0042 0.2782 0.8373 0.3358 0.1512 0.0458
—0.3356 0.0440 0.2200 —0.1892 0.3092 0.1039 0.3358 0.9171 0.3240 0.1085
—0.0196 0.0239 —0.1271 0.1947 0.0215 0.0439 0.1512 0.3240 0.8373 0.2919

0.2662 0.0319 —0.3402 0.0505 0.2699 —0.0256 0.0458 0.1085 0.2919 0.7685

We mention that the items in (i) and (ii) are already given in [6]. We have added them for the sake of completeness.

(iii) Graph of y = [|x(t)||g(s) for 1 € {0,0.5,1.0}:

In Figure 8.2, the curve y = [|x(#)||g(;) for n € {0,0.5,1.0} is plotted.

The result in all three cases ) € {0,0.5,1.0} is numerically identical with that in [6, Fig.4], i.e. for y = ||x4(¢)||z. But, the
method of computing Figure 8.2 is different from that used for [6, Fig.4]; for this, see Section 8.3 below. The result of Figure
8.2 underpins the theoretical findings in Corollary 6.1.

The curve y = ||x(¢)||g(.) for n € {0,0.5,1.0} behaves essentially like y = ¢~" and clearly shows vibration suppression.
Thus the curve in Figure 8.2 may serve as a measure of the damping property of the system.

The vibration behavior is due to the fact that the eigenvalues are pairwise conjugate complex. Since ReA;(A*) = ReA;(A) <
0, j=1,---,10, the system is asymptotically stable so that [x(¢)[|g( ) — O (t — ).

(iv) Two-sided bounds on'y = ||x(t)||2 for n = 0:

Now, we apply Corollary 7.2, first for 1) = 0 in order to check corresponding results from [6].

In Figure 8.3, the optimal upper and lower bounds y = X; 2 ||w(#)||2 and y = Xo2 ||w(¢)]|2 on y = ||x(¢)|]» for n = 0 are
shown where the optimal constants X; > and X are determined by the differential calculus of norms. Let #; > and ;> be the
pertinent places of contact. For the initial guesses f;,2, = 15.0 and £ 5, = 12.0, the following results are obtained:

tu2 = 15.204749,

X1, = 1.560408,
and

ty2 = 12162025,

Xop» = 0.803475.

These results are numerically identical with those in [6]. However, the computational methods are different, see Section 8.3.

(v) Two-sided bounds on 'y = ||x(t)||2 for n = 0.5:

Now, we apply Corollary 7.2, for n = 0.5. In Figure 8.4, the pertinent optimal upper and lower bounds y = X » || y(¢)]]»
and y = Xo2 || y(t)]|2 on y = ||x(1)]|> are shown where the optimal constants X; » and X, are determined by the differential
calculus of norms. Let #;, > and 7y > be the pertinent places of contact. For the initial guesses #;,2, = 19.0 and 75,5, = 16.0,
the following results are obtained:

19.697311,
1.444709,

ts,u,2
X2
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y=IIx@) |l
R(tL)

3.5 : / b

05 i i i i
0 5 10 15 20 25

Figure 8.2. y = ||x(t)||r(,,) for n € {0,0.5,1.0} for diagonalizable system matrix A.

and

tio = 16737657,
Xon = 0.759622.

These results are new. Computational details are given in Section 8.3.
Numerical Example 2: Matrix A non-diagonalizable
(i) Construction of a non-diagonalizable matrix A:
In the case n = 2 in Figure 8.1, we have

_ ny 0
= ]
B bi+by | —by
N —by [ by+bs |’

and

O K0 |

K0 _—
SO

)

so that the pertinent characteristic equation reads

A2V A AB 4 KO — | A A +b) + (K + &) | A(=by) — kY
A(—b2) — ) [ A2my 4+ A by +b3) + (K + &)

For the construction of a case with non-diagonalizable matrix A, we choose
by=0,my=m =1, by =by, k" =k

Then,
A2my +Aby + (K0 + k) = sk with se {+1,-1}.

Hence, withm; =1,

A= —%i \/(I;‘)z—kﬁo) i sk,
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y=X,, 0 I,

y=lIx(0 Il

T

y=Xo, 16O 1,

05 i i i i
0 5 10 15 20 25

Figure 8.3. y = ||x(¢)]|» for diagonalizable system matrix A and 11 = 0 as well as optimal upper and lower bounds.

y=X,, 1w 1,

y=llx( Il

A

y=Xo., 160

05 i i i i
0 5 10 15 20 25

Figure 8.4. y = ||x(¢)|| for diagonalizable system matrix A and = 0.5 as well as optimal upper and lower bounds.
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Now, in order to get one real solution, we set

0 b
k(l )= (3)2~
This implies
b
_?17 S:+17
A, =
b
~ i 2il?) =1
2
(i1) Data:

As numerical values for the quantities not yet specified, we choose b; = 1/4, kgo) =23 = 8. On the whole, this delivers the
following data:

mi=my=1; by =1/4 by =0,bs=1/4; k) = 1/64 = 1/2* K" =8,k = 1/64 =1/2*,

which leads to

[ m O] [1]0
v ot = [Tt
B _ |[bitba| —by ] _T025| 0
o L —by ‘b2+b3 o 0 ‘0.25 ’
and )
o _ | KR ] kY | (/6448 | -8 ] _ [ 8015625 | 8
- — i \k§°)+k§°) - -8 |8+1/64 | -8 [8.015625 |°

Further, we choose

to=0
as well as
yo=[-1,1]"
and
yo=[-1,-1]T.

(iii) Computation of important quantities:
Using the Matlab routine jordan, one obtains

AM(A*) = —0.1250+4.0000i,
A(A*) = —0.1250—4.0000i,
A3(A*) = —0.1250,
M(AY) = A3(A%).

Here, m; = mp = 1, and m3 = 2. Thus, matrix A* and therefore also A is not diagonalizable, and the computation of

U =, u®
gives
0.25+40.0078125: 0.25—-0.0078125; 0.0625 0.5
e | —025-00078125i —0.25+0.0078125i 0.0625 0.5

0.0625i 0.0625i 05 O
0.0625i 0.0625i 05 0
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241
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t

Figure 8.5. y = ||x(¢)||g(;,) for non-diagonalizable system matrix A and 7 € {0,0.5,1.0}.

The weighted matrix R is computed as

0.379028320312500 0.128784179687500 0.032226562500000 0.030273437500000
0.128784179687500 0.379028320312500 0.030273437500000 0.032226562500000
0.032226562500000 0.030273437500000 0.257812500000000 0.242187500000000
0.030273437500000 0.032226562500000 0.242187500000000 0.257812500000000

R=

We mention that the items (i) - (iii) are already given in [6]. We have added them for the sake of completeness.

(iv) Graph of y = ||x(t) || g(t 4) for n € {0,0.5,1.0}:

In the norm || - ||g(; > We obtain Figure 8.5.

The result in all three cases is numerically identical with that in [6, Fig.9], i.e., for y = ||x4(7)||z. But, again, the method of
computing Figure 8.5 is different from that used for [6, Fig.8]; for this, see the computational aspects discussed in Section 8.3.

Remark 8.1. The computation of the optimal two-sided bounds y = X » ||y(t)||2 and y = Xo 2 ||y (t)||2 on y = ||x(2)||2 for
N = 0.5 corresponding to Figure 8.4 is left to the reader.

8.3 Computational aspects
In this subsection, we say something about the used computer equipment, used Matlab programs, and the computation time.

(i) As to the computer equipment, the following hardware was available: an Intel Core2 Duo Processor at 3166 GHz, a
500 GB mass storage facility, and two 2048 MB high-speed memories. As software package for the computations, we used
MATLAB, Version 7.11.

(ii) Whereas in [6], the computations were based on the representation x4 (t) = Al ”O)xg of the solution of the initial value
problem x4 (1) =Axa(t), t > to, xa(to) = X0, here for the solution of the nonlinear IVP % () = Ax(¢) + h(t,x(t)), t > 19, x(t9) = x0,
the Matlab program ODE45 is applied. In the case of 1 = 0, we obtain the same numerical result as in the linear case. The
computation time is larger, however.

(iii) The computation time t of an operation was determined by the command sequence t1=clock; operation; t=etime(clock,t1).
It is put out in seconds, rounded to four decimal places. For the computation of the eigenvalues of matrix A, we used the
command [XA,DA]=eig(A); the pertinent computation time for Example I is less than 0.0001 s. For the computation of
the 251 values #,y(t) with y(t) = [|x(#)[|r(4,)» t = 0(0.1)25 for, say, Figure 8.5, it took #(table forFigure8.5) = 7.8930s. The
computation times for the other figure are of a similar order.

9. Conclusion

In this paper, it is shown that one can construct a time-dependent positive definite matrix R(z,fy) such that the solution x(z)
of the nonlinear initial value problem with linear principal part x(r) = Ax(¢) + h(z,x(¢)), t > o, x(to) = xo in the weighted
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norm || - [|g( ) is equal to the solution x4 () of xa(t) = Axa(t), t > to, xa(to) = xo in the weighted norm || - [z where R is a
constant positive definite matrix. As a consequence, if ||x4(¢)||z shows vibration suppression or monotonicity behavior, so does
[[%(t) | R(r,49)- Further, since ||x4(#)||z can be used to assess the damping behavior of the underlying dynamical problem, by the
equation [x(¢)|g() = [1%4(?)[[z also the damping behavior of the nonlinear IVP can be assessed. The results are applied to
dynamical systems, and examples underpin the theoretical findings.

One might object that incase of matrix A is not diagonalizable, the Jordan canonical form has to be calculated. But, the
determination of the Jordan canonical form can be done by the jordan routine of MATLAB. Further, engineers usually reduce
an originally large matrix A by a process called condensation. For these reduced matrices, it is usually no numerical problem to
determine the canonical Jordan form, and it is then not costly to compute [|x(¢)||g(4,)- In addition, in engineering practice,
often models with small matrices A are applied. For these models, the new method is likewise of major interest. Moreover, the
matrices used in practice are in most cases diagonalizable. In these cases, no numerical problem at all exists.
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