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Abstract

Let G be a group. The Acentralizer of an automorphism « of G, is the subgroup of fixed
points of a, i.e., Cg(a) = {g € G | a(g) = g}. We show that if G is a finite Abelian
p-group of rank 2, where p is an odd prime, then the number of Acentralizers of G is
exactly the number of subgroups of G. More precisely, we show that for each subgroup
U of G, there exists an automorphism « of G such that Cg(a) = U. Also we find the
Acentralizers of infinite two-generator Abelian groups.
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1. Introduction

Throughout the article, the usual notation will be used, for example Z, denotes the
cyclic group of integers modulo n, Z;, denotes the group of invertible elements of Z,,. Let
G be a group. We denote cent(G) = {Cq(g9) | ¢ € G}, where Cg(g) is the centralizer
of the element g in G. Then for any natural number n, a group is called n-centralizer if
|cent(G)| = n. There are some results on finite n-centralizers groups (see [1-7,10,13,15]).
The study of n-centralizer infinite groups was initiated in [9]. Let Aut(G) be the group of
automorphisms of G. If @ € Aut(G), then the Acentralizer of « in G is defined as

Cela) ={g € G|alg) =g}

which is a subgroup of G. In particular, if & = 7, is an inner automorphisms of G induced
by a € G, then Cg(1,) = Cg(a) is the centralizer of a in G. Let Acent(G) be the set of
Acentralizers of GG, that is

Acent(G) = {Cq(a) | a € Aut(G)}.

The group G is called n-Acentralizer, if |Acent(G)| = n.

It is obvious that G is 1-Acentralizer group if and only if G is a trivial group or Zs.
Nasrabadi and Gholamian [12] proved that G is 2-Acentralizer group if and only if G =
Ly, Ly, Or Zgy for some odd prime p. Furthermore, they characterized 3,4, 5-Acentralizer
groups.
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Lemma 1.1 ([12]). Let H and T be finite groups. Then
|Acent(H)||Acent(T)| < |Acent(H x T)|.

In addition if |H| and |T'| are relatively prime, then
|Acent(H)||Acent(T")| = |Acent(H x T)|.

Therefore, if G is a finite nilpotent group of order n = p’flp];? coph wherepy, i =1,... 7,
are distinct primes and k; > 1, then
T
|Acent(G)| = H |Acent(Gy,)|,
i=1
where G, ’s are the Sylow p;-subgroup of G.

Thus in order to find the number of Acentralizers of a finite nilpotent (in particular
Abelian) group G, it is enough to find the number of Acentralizers of its Sylow subgroups.

In this paper we compute |Acent(G)|, considering G to be a cyclic group of prime power
order and of order p’fl ‘e pr, where p; for i = 1,...,r are distinct primes, an elementary
Abelian group of prime power order, group of the form Z,m x Z,n, where m,n are positive
integers and p is a prime and finally a free Abelian group of rank 2.

2. Preliminaries

We begin with computing of Acentralizers of finite cyclic groups. We show that if G is
a cyclic group of odd order, then |Acent(G)| is equal to the number of subgroups of G,
while if |G| is even, |Acent(G)| is less than the number of subgroups of G.

Proposition 2.1. Let G be a cyclic group of order m = p’fl - -pfr, where p; < pg < -+ <
pr are distinct primes and k1, ..., k, are positive integers. Then

(k1 +1)---(kr+1) ifp1 #2

|Acent(G)| =
kil(kiz—{—l)(kr—Fl) if pp =2

Proof. First let G = (a) be a cyclic group of order p”, where p is an odd prime and n a
positive integer. For every 0 < k < n, let G}, = <apn7k> be the unique subgroup of G of
order p*. If a is defined as a(a) = alﬂ’k, then « is an automorphism of G and

n—k —k

afa” ") = (@)D = o
and so Cg(a) = G. Hence every subgroup of G is an Acentralizer of G and |Acent(G)| =
n + 1. Similarly we can see that if p = 2, then every non-identity subgroup of G is an
Acentralizer of G and |Acent(G)| = n.

Now suppose that G is a cyclic group of order m = plfl -.pkr where p;, i = 1,...,r, are
distinct odd primes. Then, by Lemma 1.1, [Acent(G)| = (k1 + 1) - - - (k. + 1), which is the
number of subgroups of G. Also if G is a cyclic group of order m = 2 péQ - -phr . where
pi, i = 1,...,r, are distinct odd primes, then |Acent(G)| = k1(k2 +1)--- (k. + 1). Note
that in this case the number of subgroups of G is (k1 + 1)(ka +1)--- (k, + 1). O

The following question arises naturally.

What is |[Acent(G)|, where G is a finite Abelian group?

We show that an elementary Abelian p-group G is a m-Acentralizer group, where m is
the number of subgroups of G. The proof of the following result is well-known which is
brought for completeness.
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Proposition 2.2. Let G be an elementary Abelian group of order p™. Then |Acent(G)|
is the number of subgroups of G, that is

|Acent(G)| =co+c1+ -+ cp_1 + cn,

n n n k—1
e fork=1,...,n— L.
Proof. We note that G is a vector space over Z;, and for each 1 < k < n, there are ¢,
subspaces of dimension k in V. To see this, first we count the number of k-element linearly
independent subsets in G. Every such set generates a k-dimensional subspace of G. Let
{v1,...,ux} be linearly independent. The vector v; (which is a non-zero vector) could
be selected in p™ — 1 ways, the vector ve (which is not a multiple of v1) in p" — p ways,

.., and vg (which is not a linear combination of vy,vs,...,vx_1) in p™ — p*~! ways. So
there are t = (p" — 1)(p" — p) - - - (p* — p*~1) lineary independent k-element subsets of G.
Every basis of W := span{vy,...,v;} generate the same subspace and, as shown above,
there are s = (p* — 1)(p* — p)--- (p* — p*~1) basis of W. Therefore there are t/s distinct
k-dimensional subspaces of G.

We show that for every subspace W of V, there exists a € Aut(V') such that « induces
identity just on W, that is Cy(a) = W. Let W be a k-dimensional subspace of V. Then
there exists a subspace U of V such that V =W @ U. Let & = {wy,..., wg,ur,...,u}
be a basis of V, where {wi,...,wi} is a basis of W and {ui,...,u;} be a basis of U. If

where ¢g = 1 and ¢, =

t > 2, then we can define o on V as follows: a(w;) = w;, i = 1,...,k, a(ur) = uy + ue,
a(u;) = w1, @ = 2,...,t — 1, a(ug) = u1. Thus « is an automorphism of V' inducing
identity just on W. If ¢ = 1 then « can defined as a(w;) = w;, i = 1,..., k, a(uy) = uyw;.
If t =0, that is W =V, then « is the identity automorphism. O

We can generalize the above result. In fact we can show that if V' is a vector space over
any field, then every subspace of V is a centralizer of an automorphism of V.

We need to know the structure of subgroups of direct products. We briefly recall the
discussions on pages 34-36 of [14] about subgroups of direct products. A subgroup D of
G = H x K such that DH =G = DK and DN H = {1} = DN K is called a diagonal in
G (with respect to H and K). If H = K and § : H — K is an isomorphism, then

D(0) = D(H,0) = {xd(x) | x € H}

is a diagonal in G (with respect to H and K). Conversely, if D is a diagonal in G (with
respect to H and K), then there exists a unique isomorphism 6 : H — K such that
D = D(9). Thus there is a bijection between diagonals (with respect to H and K) and
isomorphisms of H to K.

Every subgroup U of a direct product G = H x K is a diagonal in a certain section of
G. More precisely, there is natural isomorphism

UKNH _UHNK
UNH  UNnK
Conversely, let W, Uy < H and Wy Uk < K be subgroups of direct factors. For every
isomorphism § : [VJV—'? — [I/Jv—f; there exists a subgroup U < G such that Uy = UKNH, Ui =
UHNK,Wy =UnNH and Wy = U N K, namely

U=DUg,d)={zy |z €Upy,y € d(zW)}.

Thus in order to recover the subgroups of G = H x K we need the isomorphisms between
the sections (i.e., intervals in the subgroup lattice) in [{1}, H] respectively [{1}, K]. Also
every subgroup of a direct product G = H x K is a direct of the form H; x Kj, where
H; < H and K; < K or is a diagonal.

Set G = Zpm X Zpn, where 1 < m < n. First of all, we have the direct product of
chains of length m respectively n, that is, (m + 1)(n + 1) subgroups. Second, we have m
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sections of order p from the first direct factor and n sections of order p from the second
direct factor. Thus for each pair of 1-segments correspond to the isomorphisms Z,, — Z,
of these sections we have p — 1 diagonals i.e., mn(p — 1).

Third, we have m — 1 sections of order p? from the first direct factor and n — 1 sections
of order p? from the second direct factor. Thus for each pair of 2-segments correspond to
the isomorphisms Z,» — Z,» of these sections we have p? — p diagonals i.e., (m —1)(n —
D(p* —p).

In general, for every k =0,1,...,n —m we have m — (k — 1) sections of order p* from
the first direct factor and n — (k — 1) sections of order p* from the second direct factor.
Thus for each pair of k-segments correspond to the isomorphisms Z,» — Z, of these
sections we have p* — p*~1 diagonals i.e., (m — k+1)(n —k+1)(p¥ — p*~1). Thus we have
the following result.

Theorem 2.3 ([8]). Let G = Zym X Zyn with m < n. Then, the number of subgroups of
G is

m—1
(m+1)(n+1)+ > (m—k)(n—k)E* -ph).
k=0
Fix an isomorphism
G & Zpm X Lpn

with 1 < m < n and let Z,m = (a), Zy» = (b). Given an endomorphism o : G — G
we get a(a) = a't’ and a(b) = a"b*, for some integers 0 < 7,7 < p™ and 0 < j,5 < p".

We indicate this situation by a matrix B Z] Observe that the relations a?” = 1 and

" =1yield j =0 (mod p"~™). Note that if n = m, then certainly Aut(G) = GL2(p™),
the group of invertible 2 by 2 matrices over the ring Zy= of integers (mod p™).

Theorem 2.4 ([11, Corollary 3]). Let G = Zpm X Zyn with m < n. Then, the matriz
i
L. S} represents

(1) an endomorphism of G if and only if i € Zym, j =0 (mod p"~ ™), r € Zp» and
s € an ;
(2) an automorphism of G if and only if i € Zym, j =0 (mod p"~™), r € Zpn and
S € Lin.
P

3. Main results

In this section we compute |Acent(G)|, where G = Zym X Zyn. First we show that if p
is odd, then |Acent(G)| is equal to total number of subgroups of G.

Theorem 3.1. Let G = Zym X Zyn, where m < n and p is odd prime, then [Acent(G)| is
equal to the number of subgroups of G, that is
m—1
|[Acent(G)| = (m+1)(n+ 1)+ Z (m —k)(n — k) (pFtt — pP).
k=0
Proof. Let G = AxB, A= (a) = Zyn, B = (b) = Z,», m < n. Let a be an automorphism
of G such that a(a) = a’¥’ and a(b) = a"b®, where 0 < i,7 < p™ and 0 < j,5 < p". By
Theorem 2.4, ged(i,p™) =1, ged(s,p™) =1, and j =0 (mod p"~ ™). Since
a(a®b’) = (a(a))*(a(b))?
—_ (aibj)z(arbS)y

azx+ry bjx—i—sy
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we have
Cole) = {a™0| a(a®b¥) = a®b¥}
{azby ‘ aix+rybjx+sy — axby}‘

Hence the elements of Cg(«) is of the form a”b¥, where (z,y) is a solution of the following
equation

ir+ry=x (mod p™),
jr+sy=y  (modp")
that is

{ (i—1z+ry=0 (mod p™), W

jr+(s—1)y=0 (mod p").
Let A, = (a?"") be the unique subgroup of A of order p*, u = 0,1,...,m; and let

B, = ("""} be the unique subgroup of B of order p*, v = 0,1,...,n. Then G has
(m + 1)(n 4+ 1) subgroups of the form A, x By, u = 0,...,m, v = 0,...,n. For every
u=20,...,mand v =0,...,n we find an automorphism « of G inducing identity just

on A, X By. If we choose i = 1+ p¥, j=0,7r =0, and s = 1 + p” then « defined by
a(a) = a'*?" and a(b) = b'*P" is an automorphism of G, such that Cg(a) = A, x B,.

For every £ = 1,...,m we have the diagonals corresponding to the automorphisms

Ly — Lk, which give pF — p*¥=1 diagonals for each pair of k-segments. So there are

(m—k+1)(n—k+1)(p* —p"1) diagonal subgroups corresponding to the automorphisms
between sections of order p*. We find these subgroups explicitly and automorphisms of G
inducing identity just on these subgroups.

For every u = k,...,m,v = k,...,n and for every ¢ with gcd(p¥, t) = 1, the isomorphism
O Au/Aufk — B’U/B’Ufk
T Ay = BBy,

n—uv

aP
gives a diagonal subgroup
Dyvi = {zy|ze Ay, ye€on(zhu_r)}
= {a”" "Ny |1< 6 <p*, yeb NB, )
= {a?" TG <y <pt 1<y < PR}
= {a?" OO | < <t 1 <0y < pUR)

We find an automorphism of G inducing identity just on D, ,;. We must choose i, j,r, s
such that (p™ ="y, p" ({1t + £op*)) is a solution of (1) that is

P (i = 1)l 4 p"r (bt + Lop*) =0 (mod p™),

PTG+ p (s = 1) (it + LapF) =0 (mod p").
If we choose i = 1+ p%, s =1+7p% j = p» ™% and r = p™ ", then «, defined
by a(a) = a"b" "™ and a(b) = a?” "T'BMP’ | is an automorphism of G such that
CG(a) = D’I_L,U,t’

Thus we have shown for every subgroup M of G there exists o € Aut(G) such that

Ca(a) = M. Hence |Acent(G)| is equal to total number of subgroups of G and the proof
is completed. O

To compute |Acent(Zgm X Zan)|, we need to find the subgroups of Zgm x Zgn, which are
not Acentralizers.
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Lemma 3.2. Let G = A x B, A = (a) = Zom, B = (b) = Zon, m < n. The following
subgroups are not Acentralizers of G.
(1) A, = (a®""), where u =0,1,...,m,
(2) B, = (0®*""), wherev=1,2,...,n —m — 1, and
(3) Dyyy, where k=v <u,u=k,...,m,v==k,...,n for every t with ged(2F, 1) =1
and k=1,...,m.

Proof. First we show that the element b s a unique element of order 2 in G, which
is fixed by every automorphism of G. Let o be an automorphism of G. We know that
a(a) = a' and a(b) = a"b®, where 0 < i,7 < 2™ and 0 < j,s < 2". By Theorem 2.4,
ged(i,2™) = 1, ged(s,2") = 1, and j = 0 (mod 2" ™); so i — 1 and s — 1 are even.
Therefore,

Oz(anil) — (arbs)2"*1

_ a2n—1rb2n—ls

_ (a2m)anmflrbznfl(s_l)anfl
-1

= .

Since 2" ¢ Ay, u=20,...,m, and b2t ¢ Dy, v < u, it follows that A, and Dy, ¢
are not Acentralizers.

We show the centralizer of « is not equal to B,, v =1,2,...,n —m — 1. Suppose that
Cgla) = B,. Then """ = a(b®™") = a® "p*"" "%, Sincem+1<n—-v <n-—1,
a?"""" = 1. Therefore b>" " = """ 50 b*""=1) = 1. Hence 2" (s — 1) = 0 (mod 2").
If s = 1, then a(b) = a"b and so a(b?*") = a®""0*" = b2". But b*" ¢ B,. Thus s # 1.
If j = 0, then a(a) = a' and so a(a®" ') = ¥ ' = 2" ("Dg2" " = ¢2"7'. But
a2 ¢ B,. Hence j # 0. Since ged(2",s) = 1, there exsits t with t = 1,...,n — 1, such
that ged(27, s—1) = 28, If n—m < t < n—1, then a(b?") = a?" 702" = p2"(5=Dp2" = 2™,
But v*" ¢ B,. Thus 1 <t <n —m — 1. Hence s — 1 = 2!k’ where £’ is odd.

If j = 2""™h, where h is odd, then

2m71b2n7t71) 2m71 2n7t71

a(a)”  a(b)
2m71ib2m71ja2n7t71rb2n7t7IS

ala

2m71 a2mfl(i_1)b2m71jb2nftfls

2m71 b2mfljb2n7t71(Sil)bznftfl

SHESTEESHES!

S A A A CE DT R A
Since 2m~1j 4 2n—t=1(s — 1) = 2n=tp 4 27K = 2" Y (h 4+ k') and h + k' is even, 2715 +
n—t=1(s—1) =0 (mod 2"), we have a(a?” b2 ") =a2" B2 But o202 ¢
B,.

If j = 2" "™h, where h is even, then

2m—1b2n—t) _ a(a)2m—1a(b)2n—t

melimefleanternfts

ala

2m—1 a2m_l(i71)b2m_1j b2n—ts

a
= a
Y A A O VP

— g2 (s 2t

Since 2m~1j + 277 t(s — 1) = 2" 1h 4+ 2"k’ = 271 (h + 2K') and h + 2k is even, 2" 15 +
27 t(s—1) =0 (mod 2"). Hence a(a?” 2" ") = a2" 2" . But 2" 'b*" " ¢ B,. Thus
B, is not an Acentralizer. O
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In the following theorem we show that |Acent(G)|, where G = Zgom X Zgn is less than
the number of subgroups of G.

Theorem 3.3. Let G = Zom X Zon, where m < n, then
m—1
|Acent(G)| = (m+1)(n+ 1)+ Z (m—k)(n— k)(2kJrl — Qk) —(n—m-—-2+ 2m+1).
k=0

Proof. Using the notation of the proof of Theorem 3.1, we have,
{ (i—1z+ry=0 (mod 2™),

2
jr+(s—1)y=0 (mod 27). @)

Let A, = (a®"™") be the unique subgroup of A of order 2%, u = 0,1,...,m; and let
B, = <b2n_v) be the unique subgroup of B of order 2Y, v = 0,1,...,n. Then G has
(m + 1)(n + 1) subgroups of the form A, x B,, u =10,...,m, v = 0,...,n. By Lemma
32, A, =(a®"" ") foru=0,1,...,mand B, = (b*" ") forv=1,...,n —m — 1 are not
Acentralizers. For every u =1,...,m and v = 1,...,n we find an automorphism « of G
inducing identity just on A, X B,. If we choose it =14+2% j=0,r=0,and s =1+ 2"
then a defined by a(a) = a'*t?" and «(b) = b'*?" is an automorphism of G, such that
Cg(a) = Ay, X B,. For u =0and v = n —m,...,n we find an automorphism « of G
inducing identity just on A, x B,. If we choose i = 1, j = 2™ y = 2m~"FV and s = 1
then o defined by a(a) = ab?" " and a(b) = a2™ """b is an automorphism of G, such that
Cg(a) = Au X Bv.
Also by Lemma 3.2, D, ¢, v < u are not Acentralizers. For other D, ,; the proof is
similar to Theorem 3.1. Hence

m—1

[Acent(G)] = (m+1)(n+1)+ Y (m—k)(n—k)@E™ —p"
k=0
—[(m+1)+n—m—-1)+[2-1)+...+ (2™ =1)]]
m—1
= (m+)n+1)+ > (m—k)n-kE"™ -ph)
k=0
—[n—m —2+2mH]

and the resut follows. O

In the rest of the paper we find the Acentralizers of infinite two generator Abelian
groups. We start with free Abelian groups. Let G be a free Abelian group of rank 2.
Note that Aut(G) = GL2(Z), the group of invertible 2 by 2 matrices over Z. If {a,b} is
a basis of G and « is an automorphism of G, then a(a) = a’t’ and a(b) = a"b*, where
i,j,7m,8 € Z, and is — jr # 0. Since

Ca(a) = {a®b¥ | a™TVpI*tsy = g¥p¥},

the elements of Cg(«) is of the form a”b¥, where (z,y) is a solution of the following
equation

{ (t—1z+ry=0

jr+(s—1)y=0.

Let H be a non-trivial subgroup of G. First suppose that rank(H) = 1. Then there exists
a basis {a,b} of G such that {a"}, where u is a positive integer, is a basis of H. If u =1,
then H = (a) and so H = Cg(a), where « is an automorphism of G defined by a(a) = a
and a(b) = ab. We claim that if w > 1, then there is no automorphism « with Cg(a) = H.
Suppose that Cg(a) = H, for some a € Aut(G). Since a* = a(a*) = a™b*, j = 0, and
i =1 and so a(a) = a. Thus (a) < Cg(a) = H, and so u = 1, which is contradiction.
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Suppose that rank(H) = 2. Then there exists a basis {a,b} of G such that {a“,b"},
where u and v are positive integers with u | v, is a basis of H. We find an automorphism «
such that H = Cg(a). If u+v+1 # 0, then we define a(a) = a'*?b~" and a(b) = a~“b' T
(thatisi —1=wv,j=—v,r=—u,and s — 1 =wu). If u+v+1 =0, then we define
afa) = a®’Terlpe*tu=2 and o(b) = a b1 (that is i — 1 = w2 +u, j = v +u — 2,
r=—u? and s — 1 =1 —u?). In any case it is easy to see that H = Cg(a).

Let G = A x B, where A = (a) = Z and B = (b) = Z,,. If o is an automorphism of G,
then a(a) = a't’ and since a(b) is of finite order, a(b) = b*, where ged(n, s) = 1. Since B is
a characteristic subgroup of G, it follows that a subgroup of A is not an Acentralizer of G.
Suppose that C' is a subgroup of G and « is an automorphism of G such that C = Cg(«).
Since a®bY € Cg(a) if and only if a®b¥ = a™®b/b*Y it follows that the elements of Cg(a)
are in the form a*b¥, where

{ (i— 1)z =0

jrt(s=1y=0 (mod n). (3)

Case I: If i # 1, then x = 0. So C' = Cg(«) is a subgroup of B. For any divisor d of n, let
By = (0% be the unique subgroup of order d. It is easy to see that such automorphism
exists. In fact if we define a(a) = a?b and a(b) = b'*?, then « is an automorphism of G
and Cg (o) = By.

Case II: If  # 0, then i = 1. Let t = ged(j,n). Then a(a™?) = a™/ti/t = g™/t(Hi/t)"
and so ™' € Cg(a). If a’ = a(a’), then a’ = a’®* and n | j¢. Therefore 2 %6 and
so % | £. Hence z is a multiple of n/t. It follows that b¥ € Cg(a) and n | (s — 1)y. Let
v = ged(s — 1,n). Then 2 | =1y and so 2 | y. Hence b*/v € Cg(a). Tt follows that

v
Cala) = (™) x (b"/*).
It is easy to see that such automorphism exists. In fact, if ¢ and v are two arbitrary
divisors of n then a(a) = ab’ and a(b) = b**? defines an automorphism of G and Cg(a) =

(am/ty x (p/v),
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