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Abstaract — The main motivation behind this work is to introduce the notion of (2, L)-
double fuzzifying topology which is a generalization of the notion of (2, L)-fuzzifying topol-
ogy and classical topology. We define the notions of (2, L)-double fuzzifying preproximity
and (2, L)-fuzzifying syntopogenous structures. Some fundamental properties are also es-
tablished. These concepts will help in verifying the existing characterizations and also help
in achieving new and generalized results. Finally we study a model as an application of
fuzzifying topology in biology.
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1 Introduction

A lattice is a poset L = (L,<) in which every finite subset has both join V and a
meet A with the smallest element 1 ; and the largest element T ;. We assume that
Tp # L, i.e., L has at least two elements. A distibutive lattice is a lattice which
satisfies the distributive laws. A lattice is said to be complete if it has arbitrary joins
and meets, i.e., for every subset A C L the join \/ A and the meet /\ A are defined.
In particular, \/ L = T, and A\ L = L. Throughout this work L always denote a
complete residuated lattice intoduced by [7,14] used L as a complete MV -algebra but
[17,18,19] used L as a complete residuated lattice, Lo = L — {1} and I = [0, 1]. We
say @ is a wedge below b, in a symbol, b> a, if for every subset D C L, \/ D > b implies
a < d for some d € D. The concept of (2, L)-fuzzifying topology appeared in [7] under
the name » (2, L)-fuzzy topology” (cf. Definition 4.6, Proposition 4.11 in [8] where L
is a completely distributive complete lattice. In the case of L = [0, 1] this terminology
traces back to [18,19], where it was studied the fuzzifying topology and elementarily it
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was developed fuzzy topology from a new direction with semantic method of continuous
valued logic. Fuzzifying topology (resp. L-Fuzzifying topology) in the sense of M. S.
Ying (resp. U. Hohle) was introduced as a fuzzy subset (resp. an L-Fuzzy subset) of
the power set of an ordinary set. On the other hand, in topology a proximity space is
an axiomatization of notions of "nearness” that hold set-to-set, as opposed to the better
known point-to-set notions that characterize topological spaces, in this regard. [3,4] gave
a new method for the foundation of general topology based on the theory of syntopoge-
nous structure to develop a unified approach to the three main structures of set-theoretic
topology: topologies, uniformities and proximities. This helped him to develop a theory
including the basis of the three classical theories of topological spaces, uniform spaces and
proximity spaces. In the case of the fuzzy structures there are at least two notions of fuzzy
syntopogenous structures Motivated by their works, we continue investigating the proper-
ties (2, L)—double fuzzifying preproximity. We show that each (2, L)-double fuzzifying
preproximity on X induces (2, L)-double fuzzifying topology on the same set.Also, we
define the notion of (2, L)-Double fuzzifying semi topogenous order and obtain a few re-
sults analogous to the ones that hold for (2, L)-double fuzzifying topology, he relation
between a L-double fuzzifying preproximity structures is also investigated (2, L)-Double
fuzzifying semi topogenous order, double fuzzifying topogenous order on X, double fuzzify-
ing topogenous continuous, (2, L)-double fuzzifying preproximity, double quasi proximity
spaces, double fuzzifying quasi uniform space. This work arranged by: In section 1
and 2 introduction and more survay results in the subject. In section 3, we give a new
notion of (2, L)-Double fuzzifying semi topogenous order, double fuzzifying topogenous
order on X,double fuzzifying topogenous continuous, (2, L)-double fuzzifying preproxim-
ity, double quasi proximity spaces, double fuzzifying quasi uniform space, we study the
relations between them and relations between (2, L)-double fuzzifying topology. In section
4 Mathematical models have been used in biology. In fact, dramatic developments in biol-
ogy and in pure mathematics together, may have led to the interpretation of many natural
phenomena in life, Also, it has been creatively described in the analysis and diagnosis of
multiple diseases dynamically. However, there are many phenomena that are still in the
interest of scientists. This work shows that using dynamic physiological topology we can
describe many natural phenomena dynamically and identify the appropriate times in which
scientists intervene to the subject of human solutions to the distortions of the situation.
We will shed light on breast cancer at the five-stage and determine the possibility of con-
formation and therapeutic intervention. We will show how the dynamical topologies [5].
can develop the diagnostic mechanism and time analysis of the situation and determine
the appropriate time to avoid distortions in the stages of the case. The present article
demonstrates an application of L-fuzzifying dynamice topology clarify a model describing
biological phenomena, This model allow to know all levels of development of an breast
cancer. from 0-level (infection outside cells) until 5-level (infection liver).

2 Preliminary

Definition 2.1. [16] Let (X, 7) be an L-fuzzifying topological space, and let Y C X.

Define the map 7v : P(Y) — L as follows: 7 (U)= \/ 7(H).
HNY=U
Definition 2.2. [9] The double negation law in a complete residuated lattice L is

given as follows: Va,b€ L, (a— L) = L =a.
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Definition 2.3. [9] A structure ( L,V, A, —, L, T) is called a strictly two-sided
commutative quantale iff

(1) ( L,V, A, L, T) is a complete lattice whose greatest and least element are T, L
respectively,

(2) ( L,x, T) is a commutative monoid,

(3)(a) * is distributive over arbitrary joins, i.e.,

ax \/ bj=V (axbj)Vae L, Y{b;ljeJ}C L,
jeJ jed
(b) — is a binary operation on L defined by: a b= \/ A Va,b€ L.
Axa<b

Definition 2.4. [8,9] Let X be a nonempty set and let P(X) be the family of all
ordinary subsets of X. An element 7 € L™ is called an L-fuzzifying topology on
X iff it satisfies the following axioms:

(1) T(X)=T(¢) =T,

(2)VA,Be€ P(X), T(ANB) >T(A) ANT(B),

(3) V{4, € J} € P(X), T(U 4;) = A\ T(4)).

jed jeJ
The pair (X, T) is called an L-fuzzifying topological space.

Definition 2.5. [11] Let X be aset and let § € LFCOXPX) e §: P(X)x P(X) —

L. Assume that for every A, B,C' € P(X), the following axioms are satisfied:
(LFP1)0(X,0) =1,
(LFP2)0(B,A) = 5(A B),

(LFP3) (A BUC)=4§(A,B)ViA,DC),

(LFP4) Forevery A,B € P(X),3C € P(X) s.t.6(A,B) > 6(A,C)Vi(B,X—-C),
(LFP5) 6({z}, {y}) = CE({x}, {y}).

Then § is called an L-fuzzifying proximity on X and (X, d) is called an L-fuzzifying

proximity space.

Definition 2.6. [4] A uniform structure U on a set X is a family of subsets of
X x X, called entourage, which satisfies the following properties:
(U1) If w € U, then A C u, where A is the diagonal: A = {(z,z) |z € X }
(U2) If v Cu, and v € U then u € U,
(U3) for every u,v € U, unov € U,
(U4) If uw € U, then u™! € U, where u™' = {(z,y) |(y,z) € u}.
(U5) for every u € U, there exists v C U such that v ov C wu, where vov C u,
where v o u is defined by:
vou = {(x,y)| Iz € X such that (z,2) € u and (z,y) € u}, Vz,y € X.
The pair (X, U) is said to be a uniform space.

3. (2, L)-Double Fuzzifying Semi Topogenous Order Spaces

Definition 3.1. Let X be a non-empty set. The pair (7,7*) of maps T,7T* :
2% x 2% — L is called an (2, L)-double fuzzifying semi topogenous order on X if it

satisfies the following conditions:
(LST1) T(A,B) < T*(A,B) — L, for each (A, B) € 2% x 2%,
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(LST2) T(X, X) = T(6,6) = T and T*(X, X) = T*(6, 6) =

(LST3) If T(A,B) # L, T*(A,B) # T, then A C B,

(LST4) If A, C A, B, C B, then T(A1,By) < T(A,B) and T*(Ay, By) >
T*(A, B).

The pair (X, 7, 7T*) is called an (2, L)-double fuzzifying semi topogenous order on
X.

The complement of a double fuzzifying semi topogenous order (7, 7*) is the dou-
ble fuzzifying semi topogenous order (7, '7'\*) defined by T(A, B) = T(A~,B™) and
7/>*(A, B) = 71\*(14*, B7).such that A=, B~ are the complement of Aand B respectively.

A double fuzzifying semi topogenous order (7, 7*) is called:

(S) symmetrical if (T,7*) = (T, 7'\*)

(T') topogenous if T ((A1UAy, B) > T (A1, B)AT (A1, B) and T*(A1UAs, B) <
T*(Ay, B)V T*(A1, B), (PF) perfect if T (U, 4, B) 2 /\ il T((AZ,B)) and
T (Ujer Ai, B)) < \/zeF T*((A;, B), for each {(4;, B) :i € '} C 2% x 2%,

(BP) biperfect if it is perfect and T (A, (] B;) > Aer T(A B;) and

i€l
T*(Aa DF Bl’) < /\z’GF T*(A7 Bi)'
Double fuzzifying semi topogenous order (77, 7;") is said to be finer than another one
(T2, T57) it Ti(A, B) > T2(A, B) and T;*(A, B) < T,7(A, B) for each (A, B) € 2% x2X.

Definition 3.2. Let X be a nonempty set. The pair (d,6*) of maps 6, 6" : 2% — L is
called an (2, L)-double fuzzifying topology on X if it satisfies the following conditions:

(DO1) §(A) < §*(A) — L, for each A € 2%,
(DO2) 6(X) =46(0) =T and §*(X) = 6*(0) = L,
(DO3) §(ANB) > §(A)AS(B) and §*(ANB) < §*(A)V§*(B), for each A, B € 2%,

(DO4) 6(U;er Ai) = Nier 0(As) and 6*(U,er Ai) < Vier 0°(4;), for each {4; :
i €'} C 2%,
The pair (X, 6,0%) is called an (2, L)-double fuzzifying topological space.

Definition 3.3. Let (X,61,07) and (Y,09,05) be two (2, L)-double fuzzifying
topological spaces. Then the map f : (X, 71, 7;") — (Y, 75,75) is called double
fuzzifying continuous, if do(B) < §;(f~1(B)) and 05(B) > 67(f~1(B)), for each
Be2¥.

Theorem 3.1. Let (71, 7%) and (72, 75°) be perfect (resp. double fuzzifying topoge-
nous, biperfect) double fuzzifying semi topogenous order on X . Define the compo-
sitions Ty 0Tz and 7" o 7y on X by TioTo(A, B) = \,cox [T1(A, h) A (T2(h, B)] and
T o Ty(A, B) = Npeox [T7 (A, R) V (T5'(h, B)]. Then (Ty 0 Ty, T o Ty") is perfect
(resp. double fuzzifying topogenous, biperfect ) double fuzzifying semi topogenous
order on X.

Proof Let (71,7") and (T3, 7T5) be perfect double fuzzifying semi topogenous order
on X. Then (LST3) If T10T2(A, B) # L and T oT;*(A, B) # T. Then 3 h € 2% such
that 71 o Ta(A, B) > Ti(A,h) A (Ta(h, B)) # L and T o T, (A, B) < T*(A,h) V
(75" (h, B)) # T It implies A C h C B. Easily only prove (PF') from
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Tio 7é(Uz‘eF Ai’ B) - \/hGQX [ﬂ(UzeF Ai> h) (E(ha )}
> /\ieF [\/hGQX [71 (Ai’ h) (E(ha ))H
= Nier Ti © T2(4A;, B)

and

T o T (Uier 4, B)) = Apeax [T (Uier Ais h) V (T5(h, B)]
<Vier [Nneax [T75(Ai h) V (T3 (h, B))]]
= Vier T 0 Ty'(Ai, B).

Definition 3.4. A double fuzzifying syntopogenous structure on X V¥ is a non-empty
family T x ¥ of double fuzzifying topogenous orders on X. If it satisfies the following
conditions:

(LS1) Tx W is directed, i.e. a two double fuzzifying topogenous orders

(T, T7), (T2, T5") € Tx, 3 double fuzzifying topogenous orders (71, 7*) € Tx such
that T > Ti, T2, and T* < T, T,

(LS2) For every (T,7*) € Yx, 3 (T1,7y") € Tx such that T < T 0 75,

and T* > T* o T, .

Definition 3.5. (1) A double fuzzifying syntopogenous structure Yx W is called
double fuzzifying topogenous orders If T x W cosists of a single element. denoted by
Tx¥ ={(7,7%)}, and (X, Tx) double fuzzifying topogenous space.

(2) A double fuzzifying syntopogenous structure Y xW is called perfect (resp.
biperfect, symmetric) if each double fuzzifying topogenous order (7,7*) € Tx is
perfect (resp. biperfect, symmetric).

Theorem 3.2. Let (7,7*) be a double fuzzifying topogenous order on X. The
mapping f(77+) : 2% X Ly x Ly — 2%, is defined by fir7(A4,a,8) =N {B~ €2*:
T(B,A™) > a, T*(B,A™) < B} foreach A, A1, Ay € 2¥ and a,a’ € Ly, 8,5 € L.

Then it has the following properties:

(1) (X, o, 8) =

(”) A - f(T,T*)(A> «, 5)7

(i) If Ay C Ay then fir (A, o, B) C firm (A o, f),

(@) fer (A U Ag,a A o' ,BVB) C frr(Aa,B)N for (A, o, 3).
(v) Ifa<a, B=F, then firr (A, a,B8) C firr(Az,a,8),

(vi If (T,7T*) be a double fuzzifying topogenous order on X,
f(T,T*)(f(T,T*)(X> a, 5)) Q f(T,T*)(X> a, 5)

Proof (i)since T(X,X)=T and T*X,X)=1, firm(X,ap)=

(ii) Since T(B,A™) # L and T*(B,A”) # T, then B C A~. Then A C
frm(A, a, B)

(iii) For A} C Ay, since T(B,A;) C T(B, A7) > aand T*(B,A;) > T*(B,A]) <
67 we have f(T,T*)(AQaa7B) 2 f(T,T*)(A17aa6)7
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(iv) Suppose taht there exist Aj, Ay € 2% such that fi77+)(A1UA,, ala VB ¢
Jforr (Ao, B) 0 for 7+ (As, o', '), by the definition of for (A, a, B) there exist
By, By € 2% with T(By, A7) > o, T*(B1, A7) < B, T(By, A7) > o', T*(Ba, Ay) <
', such that for (AU Az, a A a,BVvp ) ¢ By NB;.

On the other hand, by (7'), and (LST4) T((B1N By, (A1 UA)7) >T(B1N
By, AL)AT (BiNBy, A7) > T((By, AT)AT (Ba, A7) > aAa’ and T*((B1NBsy, (AU
A2)7) S TH((B1U By, Ap) V TH(BiN By, Ay) < T*((By, AY) V T(Ba, Ay) < BA g
It is implies fir7(A1 U As,a N, BV 3) C(BiNDBy)” = By UB,. This is a
contradiction.

(v) and (vi) by the fashion.

Theorem 3.3. Let (7,7*) be a double fuzzifying topogenous order on X. The
mapping fir 7+ : 2% X Lo x Ly — 2%, is defined by.

foroAaB)=U{Qe2*: T(Q.A")>a— 1, TH(Q.A7)<p— L}
Then it has the following properties:

(7’> f(T,T*)(X7 «, B) = (b )

( Z) f(T,T*)(Aaofaﬁ) - A_v ) .

(i) If a>a and f<f, then firr)(A,a,f) C firr(A e B),
() forro(AiNAy,ana BV ) D firr) (AL a,B) N forr(As,a, ).

Proof (i) From (LST2) and since 7(Q,A”) > a — L and
T*(QaA_) < ﬁ — J—a f(T,T*)(X7aaﬁ> = (b

(ii) From (LST3) and since T(Q,A”) <a — L and
TH(Q,A7)>p— L, then, QC A™. Thus fir7+(4,0,8) C A~

iii) For a > o', < ', since T(Q,A")>a — L >a — 1 and
QA7) < B = L<B— 1, wehave fir7(A o B) C firr(A,a,B).

(iv) fr (A, a,8) N frr(B, o, ) = U{Q: € 2 : T(@Q1, A7) >a—= 1,
T(Q1A7) < B —= L} n(H{Q2 € 2% 1 T(Q2,B7) >0 — L, THQnA") <
Br— 1) =U{@inQe2¥: T(QLA) >a— L, T(QB)>a —
LT ,A)<B—L, THQ,B)<p — 1L }

- U{Ql ﬂQQ € 2X . T(Ql,éi)\/ T(QQ,Bf) > (a — L)\/(O/ — L),T*(Ql,Af)/\
T(QuB)<(B—=L)A (B = 1)}

Q U{Ql HQQ € 2X : T(Ql N QQ,Ai U Bi> <
>T(Q1, A )N T(Qe, B7) > (a — J_)/\(Ct/ — 1)
B)>(@B vp) =1}

ﬂ/-\

(a A o/) — 1},
= (aVva') = L, T(QUQy, AU

= TH(Qu A7)V T'(QuB) < (5= 1)V (8 = 1)=(5v 7))~ 1}
= THQuA)V T'(QeB) < (B L)V (F = 1)=(Bvi) > L
=UH{Qe2X: T(Q, (ANB)7) > (a Va') — L, T*Q, (ANB)7) < (BAB) — L}
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= frm(ANB,ava ,BAB)

Theorem 3.4. Let (7,7*) be a double fuzzifying topogenous order on X, and L
be a chain The mapping o7, & : 2% — L, is defined by d7(A) =\ {a € Lo :
forrmA,a,B) =A, a< = L} and 6.(A) = AN{B € Li: firm(A o, B) =
A, o < — L}. Then the pair (X,0, 0*) is an (2, L)- double fuzzifying topology
on X.

Proof For each A € 2%, we have

(DO1) 605.(A) = L =AN{B€ Li: formAapB)=A a<pf—=1}—=1
\/{ﬁ_)J— f(T,T*)(A>O[a5):A’ (ISB—)L}

\/{C( € Lo : f(7-77—*)(A,Oz,ﬂ) = A, o< ﬁ — J_}
o7(A)

AV

(DO2) 1t is clear.

(DO3) Suppose taht there exist A, B € 2% such that 7(ANB) # 67 (A) A 67(B)
and 8% (ANB) & 0% (A)Vds.(B). since L is chain and by the defintion of §7(A) and
0% (A), there exist vy € Lo, f1 € Ly with a; <y — Land fir7+(4,0q4,58:) = A
such that 67(ANB) # a1 A 67(B) and 65.(ANB) £ BV 67 (B). Again, by the def-
inition of d7(B) and 07.(A), there exist oy € Lo, 1 € Ly with ay < By — L and
fir7 (B, a2, B2) = B such that 67(ANB) % a1 A oy and 8. (ANB) £ 1V fBa. By
Theorem 3.2 (v) , we have fir 7 (AN B,auhay ,51VB2) 2 firm (A, a1, 1) N
forr(B,ag, f2) = AN B. Then, we have firr (AN B,ai Aoy ,f1VPB2) =
ANB. Thus, 67(ANB) > oy Aag and 8% (A)(ANB) < 51V Ps. This is a contradiction.
Hence 67(ANB) > 67(A) A d7(B) and 67.(A)(ANB) < 05.(A) V §7.(A) VA, B €
2X,

(DO4) Suppose that there exist A= |J A; € 2¥ and a € Ly, B € L; with
i€l
a < B — L such that 07(A) < o < A d7(4;) and 6. (A) > 8>\ 65 (A;). Then
ier ier
07(A4;) > o and 67.(A4;) < B for each ¢ € I'. This implies that fi7 7+ (A4, 5) =
A; Viel.Since A, CA Viel. Then, firr(Ai,o,B)C fir7(A o, B). Then

A= farar(Ai,a,B8) C firo(A,a,B). Therefore A= |J A; C fir(A, o, f).
el

Then, fir7+(A,a,B) = A. Then 67(A) > a and §7.(B) < 5. It is a contradiction.

Hence, 67(J A4i) > A 07(A;) and 8 (UJ A4i) < V 05.(4;), for each {A; : i €

el el el el

I} C2¥.

Definition 3.6. Let (X, 7:,7) and (Y, 72, 7)) be two double fuzzifying topoge-
nous order spaces. Then the map ¢ : (X, 71, 7;") — (Y, 72,75) is called double
fuzzifying topogenous continuous, if 73(A, B) < Ti(¢5 (A), ¢5, (B)) and T, (A, B) >
T (95 (A), o5 (B)), foreach A, B e 2Y.

Theorem 3.5. Let (X, 71,7;*) and (Y, 73,75°) be two double fuzzifying topogenous
order spaces, Let ¢p : (X, T1,7") — (Y,72,75) be double fuzzifying topogenous
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continuous. Then:

(1) frr (95 (Q),a, 8) 2 61 ( frmr)(@Q,a,B)), for each Q €2, a€ Ly, B €
L.

(i) ¢r : (X, 075 , 07.) — (Y, 05, 07%;) is double fuzzifying continuous.
Proof (i) From the definition of f77+) in Theorem 3.3 and since ¢ : (X, 71,7))
— (Y, 72,75) is double fuzzifying continuous, then

o1 (formm (@), o, B)

o) [U{DEQY E(DQ)>O¢ — 1, T*(DQ) b6 — H
U% 7 (D) € 2X: Ti(¢5 (D), o5 (Q ))>04 — L, T (o5 (D), 05 (Q7)) <8 — L}
U{Ae2¥:Ti(4 (¢ (Q)) >a — L, (A (65 (Q)) <f — L}

f7-2,7-2* (¢L (Q))aaﬁ)'

(i) For each A € 2" . If 05(A)= L and 07.(4) = T, the prove is trivial.
So let 7,(A) # L and 07.(A) # T.
Since 61,(A) # L, by the defintion of 7 (A) there exist ag € Lo, By € Ly
with ag < By — L such that 67,(4) = «a and fi75)(A, a0, B) = A. Thus
o1 (A) = o1 (fem.1) (As @0, o) € fim.75) (07 (A), a0, Bo) (by (1)), we have ¢j(A) =
ferm) (95 (A), ao, o) since ag < By — L, 073(¢7 (A)) > ag = o7 (A).
similarly, when 73 # T, 07.(¢1 (A)) < 07.(A). Hence ¢ : (X, 07 ,07.) —
(Y, 65, (5*72) is double fuzzifying continuous.

NN

Theorem 3.6. Let (X, 71,7%), (Y, 73, 75) and (Y,75,755) be double fuzzifying
topogenous order spaces, if ¢p : (X, 71, 7;) — (Y, 72, 75), and ¥ : (X, 73,75)
— (Y, 75, T5") are double fuzzifying topogenous continuous, then W o ¢ : (X, 71,7;%)
— (Y, T3, 75) is double fuzzifying topogenous continuous

Proof For each A, B € 27

Ti((Wo @) (A), (Wo@) (B) =Ti((ey (Y (A)), (of (Vi (B))
> (V5 (A)), (¥ (B)))
> T5((A), (B))),

T ((Woo)p(A), (o) (B)) =T (01 (V7 (A)), (¢ (¥ (B))
< Ty ((Vp (A)), (¥ (B)))
< T ((A), (B)))-

Theorem 3.7. Let (X,71,7{), (Y, 72,75°) be double fuzzifying topogenous order
spaces, if ¢r : (X, T1,77") — (Y, T2, 75), is double fuzzifying topogenous continu-
ous.Then it has the following properties:

(1> ¢Z)<f(7-1,7-1*)(14 O‘aﬁ)) < f(ﬁ,@*)(qbf(A)?&aﬁ)) for each A € 2X7a € LOa B S Ll

(2) fer (07 (B), o, B)) < ¢ (fm,75)(B, o, B)) for each B €2, a€ Lo, BE Ly
(3) ¢r,: (X orn (57*) — (Y, 07, 0%;) is double fuzzifying topogenous continuous.

Proof (2) for each B € 2¥,a € Ly, B € Ly, Put A= ¢5 (B), From (1), then

or (firmn (0 (B), o, B)) < (Jom7p) (01 (01 (B)), . B))
< (B, o, B)
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It implies

fernn(05 (B), o, 8)) < 97 (o7 (fer.m)(91 (B), @, 8)))
2‘5((]0(71,71*)(@5?(@5?(3), o, 3)))

(fer (B, o, )
(3) It is easily from Theorem 3.5 and fr, 7(B, , 8) = B implies
famo) (9L (B), o, B)) = o1, (B).

Definition 3.7. The pair (€, Q%) of maps Q,Q* : 2% x 2% — L is called (2, L)-
double fuzzifying preproximity. If it is satisfies the following conditions:
(DP1) Q(A,B) > Q"(A,B) —» 1, VA, Be2",
(DP2) (X, 6) = 26, X) = L, (X, 6) =2'(6,X) = T,
(DP3) If Q(A,B)# T and Q*(A,B) # L, then AC B,
(DP4) If A1 Q AQ, then Q(Al,C) S Q(AQ,C), and Q*(Al,C’) Z Q*(AQ,O) s
(DP5) Q(Al ﬂAQ, Bl UBQ) S Q(Al, Bl) \/Q(AQ, BQ), and Q*(Al ﬂAg, Bl UBQ) 2
Q*(Al, Bl) N Q*(AQ, BQ) .
The pair (X, 2,Q%) is said to be an (2, L)-double fuzzifying preproximity space.

VAVANIVAN

(2, L) double fuzzifying preproximity space is called (2, L)-double fuzzifying quasi
proximity provided that

(DP6) Q(A,B) > N {QA,D)Vv QD B)},
and =

(A, B) < \/ {Q(A,D)AQ*(D,B)}
De2X
(2, L) double fuzzifying quasi-proximity is called (2, L)-double fuzzifying proxim-
ity provided taht
(DP) Q(A,B) =Q(B,A) and Q(A,B) =Q"B,A).

(2, L) double fuzzifying preproximity space is called (2, L)-double fuzzifying prinic-
ipal provided that:

i€l i€l il i€l
Let (29,9Q7) and (Q,3) be (2, L)-double fuzzifying proximities on X . (21, 27) is
coarser than (€, Q%) if (A, B) < Q(A, B) and Qj(A, B) > Q5(A, B), for each
A, B € 2% and we write (21, Q7) < (Q2,Q3).

Theorem 3.8. (1) Let (X,7,7*) be double fuzzifying (resp. symmetric) to-
pogenous order spaces, and let the map ¢ : Qr, Q. : 2%¥ x 2% — L defined
by Qr(A,B) = (T(A,B7)) — L and Q%.(A,B) = (T*(A,B7)) - L VA, B €
2%, Then (27, Q%) is double fuzzifying quasi proximity space (resp. double fuzzi-
fying proximity space) on X.

(2) Let (©,Q*) be an (2, L)-double fuzzifying quasi proximity space (resp. (2, L)-
double fuzzifying quasi proximity space) on X. T, Tg. : 2% x 2¥ — L defined
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by To(A,B) = (QA,B7)) — 1) and 75.(A,B) = (W(A,B7)) - L VA B €
2X. Then (Tq, Tg.) is double fuzzifying (resp. symmetric) topogenous order spaces.

(3) (2,40) = (Qp, Q7 ) and (T, T*)(Tar, Tg: )

Proof (1) Since T o7 > T and T*oT* < T,

Q7 (A, B) (T(A,B7)) = L
(ToT)AB7))— L
[V heox [T(AR) A(T(h,B7)]] — L
A [l[T(AR)] — L] V[T (h,B7)] — L]]

A, (07417 v 270 ).

(T*(A,B7)) — L
((T*oT*)(A,B7)) — L

> 1 A [T(Ah)V (T*(h,B™)]

= Vieox [[T°(A )] = LIA[[T*(h, BT)] = L]]
Vh62X {Q**( >h )/\Q**( >B)}

[RAVAAVARI

Q5. (A, B)

IA

(2) and (3) are easily proved

Theorem 3.9. Let (€2, Q%) be a double quasi proximity. The mapping fo,o+) : 2X —
L, is defined by.

f(Q,Q*)(A,OJ,B> = ﬂ {Q_ €2%: Q(Q7A> <a— 1, Q*(QaA) > ﬁ — J—}
Then it has the following properties:

(1) foon(d,a,B) =0,

(”) f(Qaﬂ*)(A’ Q, B) 2 A>

iii) If AC B, then faoy(A o, B) C floe(B,a,B),

i) fon(AV B aAa, BV B) C f(n,n* (A a, B)V fa,a (B, a1, b)
(v) If a<aiand > p, then fioo(A a,B8) C fao (A ar,b),
(v)  fao(fiaa) (A a B8),a,8) C f(QQ*)(A,a,ﬁ).

/\/_\

Theorem 3.10. Let (2, Q*) be a double quasi proximity.Define the mas dg(A) =
\/ {C( € Ly: f(Qﬂ*)(A,Ct,ﬁ) = A} and (55*(14) = /\ {ﬂ € L;: f(7—77—*)<A7,Oé,ﬁ) =
A~}. Then the pair (X, Q,Q*) is an (2, L)- double fuzzifying topology induced by
(Q, Q).

Definition 3.8. Let (X, Q4,Q7) and (Y, Qs, Q5) be a double quasi proximity spaces.
A maps ¢ : (X,Q1,Q7) — (Y,Q, Q%) is said to be quasi proximity continuous if

(A4, B) = (07 (4), 67 (B)) and Q5(A, B) < 9i(65 (A),65 (B), for each
A, Be?2Y.

Theorem 3.11. Let (X, 2y, Q) and (Y, s, %) be a double quasi proximity spaces,
A map ¢p : (X,Q,Q7) — (Y,Q,Q5) is quasi proximity continuous iff ¢ :
(X, Ty, Tg:) — (Y, Tay, Tg;) is topogenous continuous.
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Proof For each A, B € 2Y.

D(A,B) = U(of (A), ¢E(B)))

(A, B) < Qi(¢5 (A), ¢ <B>>)

Definition 3.9. Let X be a nonempty set and let , U, U* € LPE>*X) Assume that
the following statments are satisfied:

(LU1) U(A) < (U*(A)) — L forall A€ P(X x X),

(LU2) UANB) > U(A) NU(A) and U*(AN B) <U*(A) VU*(B),

(LU3) There exists A € P(X x X) s.t. U(A)=T,and U (A) =1,

(LU4) For any A € P(X x X), 3 B € PX xX)st. BoB C A and
U(B)>U(A) and U*(B) <U*(A). where BoA is defined by BoA = {(z,y)| 3z € X
such that (z,2) € A and (z,y) € A}, Va,y € X. Then (X, U,U*) is called an double
fuzzifying quasi uniform space.

An double fuzzifying quasi uniform space (X, U,U*) is said to be a double fuzzifying
uniform space if it satisfies.

(LU) Forany A,B € P(XxX), U(A) <U(B* ),and U*(A) > U*(B* ), where
BT ={(z,y)|(y,x) € P(X x X)}

Definition 3.10. Let X be a nonempty set and let ,=, =* € LPX*X) Agsume that
the following statments are satisfied:
(LUB1) Z(A) < (2(A)) —» L forall Ae P(X x X),

(LUB2) V  Z(B)<ZE(A)AZ(A) and N Z(B) >EZ*(A) Vv ZE4(B),
BeP(XxX) BeP(XxX)

(LUB3) There exists A € P(X x X)s.t. Z2(A) =T, and =Z*(4 ) = L,

(LUB4) For any A € P(X xX), 3 B€ P(XxX)st. BoBC A and
=(B) > Z(A) and =Z%(B) < =*(A).
Then (X,=, =) is called an double fuzzifying quasi uniform base.A double fuzzifying
quasi uniform base (X,=,=*) is said to be a double fuzzifying uniform base if it
satisfies.

(LUB) For any A,B € P(X x X), 2(A) <Z(B* ),and =*(A4) > Z*(B%).

Theorem 3.12. Let (2,=*) € LYY Define (Us,Uz.) € LPCXX) as U=(A) =
V {EB):BC A} and Us.(A)= A {E*(B): B C A}. Then (U=, UE.)

BeP(XxX) BeP(XxX)

is a double fuzzifying uniformity on X.
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Proof Because prove the cases are easily so only prove (LU). For any A, B €
P(XxX).Since A= (A7), we have Uz (AT) <U=z(A) and UZ. (A7) > UL (A). and

U=(A) = V. {E(B): BC A}

BeP(XxX)

v {ve@:ec s} wavn
Y U5
po Y, UEB)

<U=(A%)

IN A

5. (A) {E'(B): BC A}

BeP(XxX)
A ANZ(Q:QC BT} by (LUB)
> N\ Uz (B)
BCA
= A Un(BY),
B+ CA+

> UL (A7),

v

4 Fuzzifying Topology and Dynamics of Breast Cancer

In this section we will show how the dynamical topologies [CsaszarA.(1978)]. can develop
the diagnostic mechanism and time analysis of the situation and determine the appropriate
time to avoid distortions in the stages of the case. The present article demonstrates an
application of L-fuzzifying dynamice topology clarify a model describing biological phe-
nomena, This model allow to know all levels of development of an breast cancer. from
0-level (infection outside cells) until 5-level (infection liver).

Definition 4.1. Let X be compact metric space, T is a time L is a chain, then
the function 7 : 2X x T — L is called an L-fuzzifying dynamice topology on
X (T-dynamic topologies) iff it satisfies the following axioms:
() T(X,8) =T, T(6,8) = L
() VA, B € 25, T((AN B),1) = T(A,1) AT(B,),
@) VA1 € 7} €25 T(U A1) = A T((A,).0).
j J

We also write T = T 4(T). such that and 74(7) can be viewed as parametric or
dynamic sets of X, say that (X, L, T4(T)) is an L-fuzzifying T-dynamice topological
space. The inductive dimension of a fuzzifying dynamice topology X is either of
two values, the small inductive dimension ind(X) or the large inductive dimension
Ind(X). We want the dimension of a point to be 1, and a point has empty boundary,
so we start with ind(¢) = Ind(¢) = L. If L =1 =10, 1] a fuzzifying dynamice topo-
logical space has dimension < n. n > 0 iff for any point p € X, each neighborhood
of p contains a neighborhood of p whose boundary has dimension < n — 1.

Definition 4.2. A riemannian manifold is a smooth manifold equipped with a
riemannian metric. A map f : (X,7) — (Y,7), where X and Y are riemannian
manifolds. is said to be a topological folding if and only if for any piecewise geodesic
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path, «, in X, the induced path, f o a is a piecewise geodesic in Y . It is possible
f(X) =Y or f(X) # Y, accordingly, a topological folding f of (X, 7) into itself
satisfies f(X) C X and for each 5 € 7, we have f(3) C /5. The contrary definition to
the folding of (X, 7) into itself is the unfolding: a map f: (X, T) — (Y,~) is called
unfolding iff f(5) 2 S for each § € 7 [4].

From these topological concepts we can form templates to form the biological struc-
tures of the course of breast cancer progression as follows:

Molding (I) : 0-level(infection outside cells normal cells) until 1 — level (very slow
growing cancer cells)

Molding (1) : 2-level (Slow grwoing cancer cells) , 3-level ( Moderately growing
cancer cells) , 4 — level the arrival of cancer of the liver (Fast growing cancer cells)

Molding (I11) : 5-level (Infection spreads to liver)
2 Main Results

when begins infection outside cells (0 — level), we suppose that an 0 — level at
time to = 0, after certain time and constant rate of differentiation of tumor is 2
cm in size and the lymph nodes under the armpit are intact from the cancer cells
(1 —level), then (1 —level) differentiate into The size of the tumor is 2 cm, and may
have moved under the control but not spread to the rest of the body (2 — level),
which differentiate into system, The tumor is adherent to the skin of the breast and
muscles and the size of the tumor is greater than 5 cm and has moved under the
armpit (3 — level), and (3 — level) differentiates to the arrival of cancer of the liver
(4 — level), and finally (4 — level) differentiates to infection liver and mastectomy
(5 — level) at time t = 1. Thus

(0 —level), ;= (1 —level) = (2 — level) = (3 — level)
= (4 — level) = (5 — level),_,

Now we can define a L-fuzzifying dynamice topology (7-dynamic topologies) as
follows:

(0 A= (0—level)y—o
a A=((1-level),(0<t<ty))
ag A= ((2-level),(t; <t < ty))
T(At) = as; A= ((3=level), (ty <t <t3))
ay A= ((4-level) ,(t3 <t <t4))

1 A= (5—level)i—y

\
such taht (tp=0) <t <ty <tz3 <ty <(ts=1),and oy < ay < a3 < ay in L.

where, (0 —level), _, at to = 0 and (5 — level) happens at ¢ = 1. It is obvious
that ((5 — level), T') forms a L-fuzzifying dynamice topology (T-dynamic topologies)
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as the growth’s rate of breast cancer. from (0 — level)tozo(infection outside cells) until
(5 — level) (infection liver) depends on time. Perhaps over time there is no differen-
tiation for example

(0 —level), _,= (0 —level), _,= (0—level), _,= (1— level)t11
= (1 —level), = (1 —level),_, = (2 — level),_,= (3 — level),_,
= (4 —level),_.= (5 — level)

t= maximum

Here, from t5; = 0 up to t;; only the infection outside cells without a real
development and from 17 up to t15. constant rate of differentiation of tumor is 2
cm in size and the lymph nodes under the armpit are intact from the cancer cells
is without real expansion this is a topological invariant. In these fixed stages with
the passage of time may take the development of the disease different aspects of
the injury and may lead to injury in other areas. Using precise time scales such
as femtoseconds, we can identify the inaccurate stages of the disease as natural
time evolves treatment is therefore necessary. In fact, cognitive method depend on
synchronization of abnormality step during cells development. We assume that A(t) is
the shape of cells as we reach a specific time, t. Then, a chain of T-dynamic topologies
can be given

((Mo(to), po(to))s ((Arlta), pa(ts)), ((Aalt2), pa(ta)), - (max(Ni(t:), max u;(t;))
With the attributes
Mo(to) € Ai(t) € ... Cmax(A(t;) and po(te) C pa(ty) C ... € max p;(t;)

and f,( A1) = A\, n=0,1,...;i — 1, where f, is a folding from \,;; into \,.
It is also satisfying i, 1(tn) = fu(pn),n=0,1,...,7i — 1.

In the same path, A = ¢ at ¢t = 0 and after a limit of time the maximum of
measurement formation of cancer cells.

This gives us the increasing chain to determine a cancer at a limit time.

Or otherwise we get another decreasing chain can not determine a cancer at a
limit time.

M2 X2 . DA with gy 21 Dp2 ... 2 — ¢
Some times in some steps fluctuation happens in the growth cancer , for example
Alg)\gz)\ggWIth uog,ulgug:,ugg

This causes a delay of the growth cancer at specific time. Giving the opportunity for
treatment at this time. Based on the properties of local topological subspaces for the
dynamical topology a demand for a medical treatment should be started to stop cognitive
anomalies at any step of growth, and a positive result may be achieved as we use a femto
second as a measurement unit.



Journal of New Theory 27 (2019) 74-89 88

References

1]

(6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]

Artico G., Moresco R., Fuzzy proximities and totally bounded fuzzy uniformities,
Journal of Mathematical Analysis and Applications. 99(2) (1984) 320-337.

Artico G., Moresco R., Fuzzy prozimities compatible with Lowen fuzzy unifor-
mities, Fuzzy Sets and Systems. 21(1) (1987) 85-98.

Csaszar, A., Foundations of general topology, Pergamon Press.
Csaszar A., General topology,A Kademiai Kiado, Budapest.

El-Ghoul M., Attiya H., The dynamical fuzzy topological space and its folding,Int
Fuzzy Math Institute, USA 12 (2004) 685-93.

Efremovic¢ V. A., The geometry of prozimity., I. Matematicheskii Sbornik. 31(73)
(1952) 189-200. (Rus).

Hohle U., Many valued Topology and Its Applications, Kluwer Academic Pub-
lishers, Boston, 2001, 22-72.

Hohle U., Upper semicontinuous fuzzy sets and applications, J. Math. Anal.
Appl. 78 (1980) 449-472.

Hohle U., Characterization of L-topologies by L-valued neighborhoods, in:
U. Héhle, S.E.Rodabaugh (Eds.), The Handbooks of Fuzzy Sets Series, Vol.2,
Kluwer ACademic Publishers, Dordrecht, 1999, pp. 289-222.

Katsaras A. K., Fuzzy prozimity spaces. Journal of Mathematical Analysis and
Applications, 68(1) (1979) 100-110.

Khedr F. H., Abd EL-Hakim K. M., Zeyada F. M. and Sayed O.R. , Fuzzifying
Prozimity and strong fuzzifying uniformity, Soochow Journal of Mathematics,
29 (2003) 82-92.

Markin S. A., Sostak A. P., Another approach to the concept of a fuzzy proxim-
ity, Rendiconti del Circolo Matematico di Palermo II. Supplemento. 29 (1992)
529-551.

Naimpally S. A., Warrack B. D., Prozimity Spaces., New York, NY, USA: Cam-
bridge University Press; 1970.

Pavelka J., On fuzzy logic II, Math. Logic Gvundlagen Math. 24 (1979) 119-122.

Ramadan A. A., El-Adawy T. M., Abd Alla M. A., On fuzzifying preprozimity
spaces, Arabian Journal for Science and Engineering. 30(1) (2005) 51-67

Ying M. S., A new approach for fuzzy topology (1), Fuzzy Sets and Systems 29
(1991) 202-221

Ying M. S., A new approach for fuzzy topology (II),Fuzzy Sets and Systems 27
(1992) 221-222



Journal of New Theory 27 (2019) 74-89 89
[18] Ying M. S., A new approach for fuzzy topology (I1I),Fuzzy Sets and Systems 44
(1992) 192-207

[19] Ying M. S., Fuzzifying uniform spaces,Fuzzy Sets and Systems, 42 (1992) 92-102.

[20] Ying M. S., Fuzzifying topology based on complete residuated Lattice-valued logic
(I), Fuzzy Sets and Systems 44 (1993) 227-272.

[21] Yue Y., Lattice-valued induced fuzzy topological spaces,Fuzzy Sets and Systems
158(13) (2007) 1461-1471.



