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ABSTRACT

This study is inspired by the work of Neumann in 2011. In the study, we establish some double inequalities involving the

ratio % , Where I}, is the k-analogue of Euler’s gamma function. Some monotonicity results involving k-gamma
k

k k
function are found. By the aid of these results, some inequalities such as [[}, (k + 0)]o < Y14 [T (k + x;)]% forx; > 0,1 <
i <n,where g =x; +x, + -+ + x,, are valid.
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1. INTRODUCTION

Euler’s gamma function I'(x) is defined for x > 0 by
I'(x) = f t*"le~tdt.
0

Gautschi in [1] obtains bounds for the ratio of two classical gamma functions as follows:

s—1)y(n+1) < F(ﬂ + S) < ns—l

(
° “T(n+1)

1)

for0O< s <landn € Z*, where i denotes digamma function that is defined by the logarithmic
derivative of classical gamma function, i.e. Y(x) = :_xln F'(x) = % In [2], Neumann uses the
properties of logarithmically convex functions in order to establish some inequalities for this function.

Firstly, he gives the following definition.
Definition 1. The function ¢ is defined by

1
f(a+x) [o®

#=¢(a.b,x)= f(b+x)

where f: D —» R*, D is subinterval of R and f is log-convex.
Then author obtains the following results.

, a+X, b+xeD, a#b (2)

Proposition 2. The function ¢ increases with an increase in either a or b.

Proposition 3. If the function f is continuously differentiable on D, the following double sided
inequalities
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- f'(b+x) f(a+x) ~ f'(a+x)
(a-b) f (b+x) <In f(ber)S(a ) f(a+x) )
holds true fora + x,b + x € D,a # b and using f(x) = I'(x) in (3) yields
(a—b)l//(b+x)sInr(a+x)s(a—b)yx(a+ X). (4)

I'(b+x)
fora+x,b+x € R, a # b.

The inequalities (4) are generalizations of the inequalities (1). Author in [2] also shows the following
lemma.

9(x)

Lemma4. Let g:R* - R,and letx; > 0,1 < i < n. If the function ——= is increasing on R*,
X

then

2.9(x)<9(o) (5)
where o =x; + x5 + -+ xp.

g(x)

Inequality (5) is reversed if ——= is decreasing on R*.
X

Diaz and Pariguan define Pochhammer k-symbol and k-gamma function in [3]:
Definition 5. Let x € C, k € R and n € Z*. The Pochhammer k-symbol is given by
Ok = x(x + k) (x + 2k) ... (x + (n — 1)k).

k-Analogue of gamma function is defined by

1" o
r, (x)= gimw
n,k

for x € C\kZ™ and k >0. Its integral representation is given by
o) tk
T, (X) =th‘1e <dt
0

forx € C, Re(x) > 0.

They obtain several results that are generalizations of the classical gamma function. The next
proposition is some of their results that will be used later in this paper.

Proposition 6. The k-gamma function I}, (x) satisfies the following properties:

i. I (x+k)=xT,(x), (6)
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i. I (k)=1

iii. I, (x) is logarithmically convex for x € R,

1 X X, o X _Xx
iv. = xk kek I I 1 nk
v Fk(X) X e 11 (( +nkje j

where y denotes the Eular’s constant defined as y = lim (1 + -+ % +1In n) ,
n—-oo

v. T.(X) :(E] r, (%)

(7)
(8)

9)

(10)

By using the equation (9), Krasnigi in [4] obtains the following series representations of k-digamma

function and k-polygamma function as

Ink 1 &
vic(X)= _; Zl‘ x+nk)
and
(n) x) = _1 n+1 | 1
)=

respectively for n = 1,2, .... The author also proves the following lemma and theorem in [4].

Lemma 7. The function ¥y, (x) is strictly monotonic on (0, o).

Theorem 8. Letx > 0,y > 0 be real numbers and k = 1. Then the function

[li(x+y +1)/T(y + D
x+y+1

f&) =

is strictly decreasing on (0, ).

(11)

(12)

Our motivation for this study is to give k-generalizations of the results obtained by Gautschi [1] and

Neumann [2]. Then we give some monotonicity properties and obtain some inequalities for
summations and multiplications of k-gamma function.

2. MAIN RESULTS

Firstly, we will prove k-generalization of Gautschi inequalities (1).

Theorem 9. Let n be a positive integer, k be a positive real number and 0 < s < k. Then we have

e(s—k)v/k(n+k) < w s—k

Proof. Let us define the function f by
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1. I (n+s)
-s I (n+k)

f(s)=k

for 0<s <k . By using the equation (6), we have f (0)= i In Tr(kn(n)k) __ "l‘(n
+

and using
L'Hopital’s rule leads us to
lim (s):—lsimwk (n+s)=-y, (n+k).

It is sufficient to show that the function f is monotonically decreasing. By differentiation of f with
respect to s, we get

(k=s)f'(s)=f(s)+w,(n+s).

Let us consider

#(s)=(k=s)[ f(s)+w, (n+s)].

Then, ¢(k) = 0 and ¢(0) = (y/k (n )_InTnj Using logarithmic derivative of the equation (10)

leads us to

Aw—4%5+iw(§]

Then we obtain ¢(0) = y/[Ej In(k] Since w(x)—In x is negative on (0,), we get ¢(0) < 0

and since ¢'(s) = (k — s)y(n + s), we have Y, (n + s) > 0, from equation (12) and Lemma 7. It
F(5) +y, (n+53)

follows that ¢(s) < 0. Hence for 0 < s < k, we obtain f’ ( )
-5

<0 . Thus we get

Inn

—y, (n+k)<f(s )<—T

This completes the proof of the theorem.
Before we obtain the monotonicity result on k-gamma function, we need the following lemma.

Lemma 10. Forx > 0,k > 0andr = 1,2, ... we have

v (x+K) = 'Ogt A Z{ nlk} (14)

X+ nk

and

) (x+k) = (-1) 1y

_ 15
= (x+nk)™ 19)
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Proof. From (9), we have

X X - X X
InT, (X)+Inx==Ink—=y-%"|In| 1+— |- = |.
() Inx=g ik =y Z(H(HJ nkj

n=1

Then by using the recurrence formula (6), we have

X X = X X
Inrk(X+k):Ehlk_Ey_Zl(ln(l—i_mj_Wj. (16)

By differentiating the equation (16), we get the equation (14) as desired. The equation (15) can be
obtained from mathematical induction.

Now we can give the following theorem.

1
Theorem 11. The function [ T, (x+k)]* is logarithmically concave and increasing for x > —k.

. It is sufficient to show that the first derivative of f is positive and

Proof. Let f(x)= w

the second derivative of f is negative. So from the first derivative of f and the equations (14) and (16)
we have

, 1 1
f (x):;yxk(x+k)—?lnrk(x+k)

e et

X
) e ol (O]
x>~ x+nk nk nk nk )|

By using the logarithmic expansion (see for example [5])

In[“%j - iZ:‘i}(xjnkji ’

we obtain

1231 x Y
FOE W (el B

Hence f is an increasing function.

We want to note that since T}, is log-convex function, this result can be proved by using Definition 1,
letting f (x)=T,(x), a=x, b=0, x=Kk,

¢(x,k,0){M} |

T (k)
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Then the proof completes by using Proposition 2.

Now if we take second derivative of f, we get

n l ! 2 2
f (x)zgz//k(x+k)—?wk(x+k)+FIan(x+k)
i1 2k y op 1 1
_xnz_l“(x+nk)2 Xz[k k nz_l“{xjtnk nkﬂ+
+£i( X T+ X —In(1+ij
X<\ x+nk) x+nk nk
2 &1, x )

Hence by using the equations (14), (15) and (16), we obtain the result, as desired.

In the following theorem, we will give another monotonicity result on k-gamma function.

k

. Te(x+k)x _
Theorem 12. The function ———= s decreasing on (0, o).
X
k
_ _ I (x+k)x
Proof. Let us define the function f (x)=————="".Then,
X

In f (x):glnrk(x+k)—lnx.

By differentiating both sides and then multiplying by x2, we get

X2 f (X):—klnl“k(x+k)+xkz//k(x+k)—x.

. z 1 1
=h'(x)=ky, (x+k)—==k -=
( ) WK( ) X % (X+ik)2 X
Y PR S N
o(x+tk)” x kx X

Since k is positive number, the function h is decreasing. Then for x > 0, we have h(x) < h(0) = 0.
So we obtain f'(x) < 0 as desired.

Theorem 13. The following inequalities
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{rk(m%ﬂns]ill[rk(k+xi)srk(k+a) (17)

and

[T, (k+c7)]g szn:[l"k (k+x, )}Xﬁ (18)

i=1

arevalidforx; > 0,1 <i <n,where c=X+X,+...X, .

Proof. Since T, (X) is a logarithmically convex function, we have

Fk(k+£J:Fk (E+ﬁ+5+§+...5+ﬁj
n n n n n n

<T (k+x)" .. T (k+x,)"
:11[1“k (k+x)".
i=1

Hence we obtain the left side of the inequality (17). For the right side of the first inequality, we
consider the fact that for x > —F, the function I, (X+ k)llX is increasing by Theorem 11. So for x >

—k, the function
InT, (x+k)"" :w

is also an increasing function. Let us take InI", (X + k) instead of g(x) in lemma 4. We get
D logl, (x +k)<logT, (o),
i=1

. X) . . . .
since & is increasing for x > —k . Then we can write

X

ljl"k(xiJrk)srk (o +K).

I (x+k)x
X

In Theorem 12, we see that the function f (x) = is decreasing for x > 0. By Lemma 4,
we obtain the inequality (18).

Corollary 14. For non-negative real numbers x, k and positive integer n, the inequalities

n™< <1 (19)
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and
1
Lk (k+kj<k” (20)

hold true.

Proof. From the inequalities (17) and (18), we have

n
[T (k+x%)<T, (k+0) {Z[F K+%) s }
i=1
forx; > 0and 1 <i < n.If wetake x; = x, = ---x,, = x > 0, the last double-sided inequalities

become

[T, (x+K)I" <T, (k+nx) <n™[T, (x+k)]".

Hence we obtain the inequality (19). Letting x = % in the inequality (19), we get the equation (20).

At last, we want to note that all the results in this work tend to the ones in [2] as k — 1.

3. CONCLUSIONS

In this study we give some inequalities for the ratios of k-analogue of gamma function, which
generalize the result obtained by Gautschi. Then we find some monotonicity results for k-gamma
function. By the aid of these results, we also get some inequalities involving the k-gamma function.
The researchers interested in this field can generalize and find different results by using these
monotonicity properties and inequalities.
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