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ABSTRACT. In this note we establish a quantitative Voronovskaja theorem for modified Bernstein polynomials us-
ing the first order Ditzian-Totik modulus of smoothness.
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1. INTRODUCTION

The Bernstein polynomials are defined by

n

. k
(11 (Buf)@) = Bulfix) = 3 pus(@)f ( ) ,
k=0
where p, i (z) = (7)z"(1 —2)" %, 2 € [0,1], f € C[0,1] and n > 1. Among the properties of
Bernstein polynomials we mention the following asymptotic formula, called Voronovskaja’s
theorem: if f is bounded on [0, 1], differentiable in some neighborhood of x € [0, 1], and has second
derivative ' (x), then
. 1
12) im0 ((Bof)(@) — f(2)) = a1~ )" (@)

Further properties:
(Bpeo)(z) =1, (Bpei)(z) =z and (Bjed)(z) =2+ %x(l —x),

where ¢;(z) = 2%, z € [0,1] and i € {0,1,2,...}. In [8] King constructed a Bernstein-type
operator, which preserves the functions eg and e;. By modification of f (%) in (1.1), Aldaz
et al. [1] defined Bernstein-King-type operators possessing ey and e; as fixed points, where
Jj €1{2,3,...}is arbitrary. These operators are given by

(1.3) (UngH)(@) = Uny(f52) = Y pui() fans)
k=0
(see [1, Proposition 11]), where x € [0, 1], f € C[0, 1] and

_ g kk=1). (k=g + ) ,
(1.4) an,k—\/n(nl)”.(nijl), n>j>2

The operators U, ; are linear and positive, U,, jeo = eg and U, je; = e;, respectively.
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The goal of the paper is to obtain a quantitative Voronovskaja-type theorem for U, ; with the
aid of the first order Ditzian-Totik modulus of smoothness defined by

i (x ¥ ;W(@) .y (x - §h¢<x>) ‘

where ¢(z) = \/z(1 — z), xz € [0, 1]. It is known [2, Theorem 2.1.1] that (1.5) is equivalent with
the K —functional

(1.5) wi,(f; d)= sup  sup
0<h<d z:l:%htp(w)

Kig(fi)= it {If =gl +0legl}. 5>0,

where W(p) = {g]g € ACis[0,1], ||¢g'|| < oo} and g € ACjc[0, 1] means that g is absolutely
continuous in every closed interval [a, b] C [0, 1], i.e. there exists C; > 0 such that

(1.6) Crlwl(f:6) < Ky ,(f;0) < Crwl(f;6).

It is worth mentioning that Floater obtained a generalization of (1.2) in [4], dealing with the
asymptotic behavior of differentiated Bernstein polynomials. Different quantitative versions
of Floater’s theorem were established in [5], [6], [7] and [3].

2. MAIN RESULT

In the sequel we need some lemmas.

Lemma 2.1. The inequalities 0 < 1 — 2™ — (1 — )" < nz(1 — z) hold true for all x € [0, 1] and
n=12...

Proof. For z € [0,1], we have
2.1) 2"+ (1l—-2)"<z+(1l-—z)=1
For the second inequality, we have

l—a"—(1—2)"=1-2)l+z+... +2"H) -1 -z)"
= (l-2)l4z+...+2" =1 —-2)" <nz(l—2)

iff 1+2+...4+2" ! <nz+ (1 —2)""'. We prove the former inequality by induction on n. If
n=1,thenl <z +1;wesuppose that 1 +z + ...+ 2" ! <nz+ (1 —z)""'. Then, by (2.1),

I+z+.. . 4zt 42
< nr+(Q-—2)" T ra"=m+Dz+1-—z)" -z +a"

= n+z+1-—2)"+(1—-2)" ' —(1—2)" —x+a"
= n+r+1—2)"+z(1l—2)" -2 4+2"
= n+r+(Q-2)"—z(l—2" -1 -2)"H<(n+Daz+(1—2),

which was to be proved. O

Lemma 2.2. For the operator U, ; defined by (1.3)-(1.4) and x € [0, 1], we have
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Proof. Because U, _; is linear and preserves the functions e, and e;, we obtain

I
8

n] 61, ank E Z pnk an,k
22) - ank (—ank)

U, j(zeg —e1; )

3

k—j+1 k-1 k
Forke{j,j—i—l,...,n},wehave#:lg...gnilSE.Hence
kK k—j+1 —k
0< ——apip < f—izg—l)ni,
’ n n—j+1 nin—j+1)
_ i1
(2.3) < (G-l

nn—j+1) = n
Therefore, in view of (2.2) and (2.3), we get

j—1
0< Un,j(xeo — €15 {,C) = pn,k: + Z Pn, k ( — ap k:)
k=1

e

j—1
< Z pn,k(

k=1
b) Taking into account the inequality (a + b)? < 2(a” + b%), (2.3) and Lemma 2.1, we find that

Un ;((e1 — xeo) ;x Z DPnke(2) (Cni — x)2

< 2§pn,k(x)(ankn) +22pnk <x>2
_ 23_:1 Po() (fj +9 Z i) <an,k _ DQ + %x(l — )
- (J—l)Qank ( >2§pnk +%m(1—x)

I
b

(T)Q(l—(l—x)”—x")—i—zx(l—x)§2<j_

- 1) nx(l—x)+ %x(l — )

(7 = 1) + 1)*(2).

SER
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¢) In view of (a+b)* < 8(a*+b%), (2.3) and Z (k—nz)*p, x(z) = 3n2p* (2) +n(p?(2) — 69" (2)),
k=0
we obtain

U,.i((e1 — weg)*; z) ank ) an i —x)*

sépn,k(x)@nk n) +82pnk (k—x>4

8§pn,k(x) (i)4+8;pn,k(w) (ank n) +ﬁzpnk (k = na)*

) E s (55)
+§«m%ﬂm+nw%m—6¢u»>

< 8<jnl>4+7i4n2<p2(x)§8<j1>4+8§8((j1)4+1)-

This completes the proof of the lemma. O

IN

IN
/‘\
Q
|
—

The main result is the following theorem.

Theorem 2.1. Let U, ; be given by (1.3)-(1.4). Then there exists Co > 0 depending only on j such that

nUng ()~ F@) + F @l g(reo — e12) — o f (@)l (e — we0)?s2)

24) < ot ( 2 ;ﬁ)

forall z € [0,1], f € C?[0,1] and n > j > 2. Furthermore

(2.5) 0 < liminf nU,_ ;(zeg — e1;z) < limsup nU,_ ;j(zeg —er;x) <j—1

n—00 n—00

and

0 < liminf nU, ;((e1 — zep)?; )

n—oo
1
(2.6) < limsup nU, ;((e; — weg)*;z) < 5(@ —1)2+1).
n—oo

Proof. Because U, ;(f;0) = f(0) and U, ;(f;1) = f(1), the estimate (2.4) is satisfied for z €
{0,1}. Now let z € (0,1) and ¢ € [0, 1]. By Taylor’s formula, we have

f@O) = fl@)+ fl@)t—=2)+ %f”(ﬂf)(t —2)* + / (f"(u) = f"(@))(t = u) du.
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Hence

Un,j(fi2) = f(2) + ['(2)Un j(veo — er; )—*f”( )Un,j((e1 — zeo)*; 7)

Un,j ( / ) — £ w) du;x> ’

2.7) (/ I (u )|t — ul du x)

On the other hand
Y dv .
lu—o[i2 <20 ' (@)|u— x|, x€(0,1),ucl0,1]

[

(cf. [2, Lemma 9.6.1]). Hence, for all g € W (), we have

< @) |u —af'/?

"( 2)||t — u| du

IN

"(u) — g(u)||t — u|du | + u) — g(2)||t — u| du

)|t — ul du

t u
/ / g (v) dv ‘ [t — u|du

t u d
< (=P~ gll + lled| / / ¢<Z>

t
(t =Pl = gl + 267 @)l | [ u=alit = uldu]

(2.8) < (t=2PIf" =gl + 207 @)t = 2P lleg |l

Combining (2.7), (2.8), Holder’s inequality and Lemma 2.2, we get

IN

1 1
St —2Pf" — gll+ +5E— 2 =gl

[t — u| du

IN

Upj(fi2) = f(@) + ' (2)Un,j(weq — er; >~f”<> sler = zeo)?) |
1" = gl|Unj((e1 — ze0)%:2) + 207 (@) |og |Unj(|er — weol’; )
1" = gllUn.j((e1 — weo)?; )

+207 (@) g | (Uns((er — weo)?s2)) " (Un s((ex — weg)*; )

2 (G- 17+ D@ gl
12 @)l Iy (G - 12 + Do) 22 G T

VTP IVG T (I gl + =l 1)

IA A

1/2

IN

IN
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Taking the infimum on the right hand side over all g € W (y), we find
1
| n(Un(f52) = (@) + £ @)U (we0 = exs) = 5 f" @)U ((e1 = ve0)% )

<8V - D2+ 1V - i+ 1k, (f;

Hence, by (1.6), we obtain the estimation (2.4).
Finally, the estimations (2.5) follow from Lemma 2.2, a). Again, due to Lemma 2.2, b), we obtain

5

1
nUn;j((e1 = weo)’s2) < 2((j = 1)* + Do (@) < 5(( = 1)* + 1),
Hence we find the estimations (2.6), which completes the proof of the theorem. O

Corollary 2.1. There exists C's > 0 such that

n(Una(f;x) — f(2) + (f'(2) — 2 f" (2))nUn 2(zeq — €15 ) ’g Caw} ( " \/15>
forall z € [0,1], f € C?[0,1] and n > 2. Furthermore

0 < liminf nU, 2(zeq — e1;2) < limsup nU, 2(xeg — e1;2) < 1.

n—oo n—00
Proof. Tt follows immediately from Theorem 2.1, taking into account that U, 2(ep;x) = 1,
Upo(ea;x) = 22 and
Un2((e1 — reg)dix) = Un2(ea; ) — 22Uy 2(e1; ) + $2Un72(€0;$)

= 2x(x — Upaz(er;x)) = 22U, 2(zeg — e1;2).
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