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ON THE TANGENT BUNDLE WITH DEFORMED SASAKI
METRIC
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(Communicated by Levent KULA )

ABSTRACT. In the present paper, we consider a deformation (in the horizontal
bundle) of Sasaki metric on the tangent bundle TM over an n—dimensional
Riemannian manifold (M, g). We firstly study some properties of deformed
Sasaki metric which is pure with respect to some paracomplex structures on
TM. Finally conditions for deformed Sasaki metric to be recurrent or pseudo
symmetric are given.

1. INTRODUCTION

Let (M, g) be an n—dimensional Riemannian manifold and TM be its tangent
bundle. Some pseudo-Riemannian and Riemannian metrics on the tangent bundles
TM of a Riemannian manifold (M, g) were obtained by considering the natural lifts
of the metric from the base manifold to TM (see, [1, 2, 3, 12, 14, 16, 17, 18, 19, 20,
21, 24, 30]). Among them, we quote the metric of Sasaki and the complete lift of
the metric g. In [24], S. Sasaki constructed a Riemannian metric ©g on the tangent
bundle TM of a Riemannian manifold (M, g), which depends closely on the base
metric g. Today this metric is a standard notion in differential geometry called
the Sasaki metric. The Sasaki metric ©g has been extensively studied by several
authors and in many different contexts. In [31](see also [32, 33], B. V. Zayatuev
introduced a deformation (in the horizontal bundle) of Sasaki metric on the tangent
bundle TM given by

(1.1) Sor (XMY) = V(fg(X.)Y)),
Sgr (PX)VY) = Sgp(VXHY) =0,
ng (VX7V Y) = V(g (X7Y))v

where f >0, f € C°°(M). For f =1, it follows that g; = g, i.e. the metric g
is a generalization of the Sasaki metric g. In [27], J. Wang and Y. Wang called
this metric the rescaled Sasaki metric and studied geodesics and some curvature
properties for the rescaled Sasaki metric. For the rescaled Sasaki type metric on
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the cotangent bundle, see [13]. In the present paper, we call this metric deformed
Sasaki metric.

Our purpose is to give some results concerning the deformed Sasaki metric on
T M. The present paper is organized as follows: In section 2, we review some intro-
ductory materials concerning with the tangent bundle T'M over an n-dimensional
Riemannian manifold M. In section 3, we investigate the paraholomorphy property
of the deformed Sasaki metric by using some compatible paracomplex structures
on TM and give some remarks concerning the twin Norden metric of ©¢ ¢. Also we
construct an almost product connection and give conditions for the almost prod-
uct connection to be symmetric. Section 4 deals with curvature properties of the
deformed Sasaki metric.

Throughout this paper, all manifolds, tensor fields and connections are always
assumed to be differentiable of class C*°. Also, we denote by 3%(M) the set of
all tensor fields of type (p,q) on M, and by IL(T'M) the corresponding set on the
tangent bundle T'M. The Einstein summation convention is used, the range of the
indices 1, j, s being always {1,2,...,n}

2. PRELIMINARIES

The tangent bundle of a smooth n—dimensional Riemannian manifold may be
endowed with a structure of 2n—dimensional smooth manifold, induced by the
structure on the base manifold. If (M,g) is a smooth Riemannian manifold of
dimension n, we denote its tangent bundle by 7w : TM — M. A system of local
coordinates (U, xl) , ¢t =1,...,nin M induces on T'M a system of local coordinates
(71'_1 U), =, Tt = yz) ,i=n+i=n+1,..,2n, where ' =y is the components
of vectors u in each tangent space T, M, x € U with respect to the natural frame

d
{77} |

Let X = X7 021‘ be the local expressions in U of a vector field X on M. Then
the vertical lift ¥ X and the horizontal lift ¥ X of X are respectively given, with
respect to the induced coordinates, by

(2.1) VX = X0,

and

(2.2) HX = X'0; +y°T X 0,

where 0; = aiiv o= ai? and F?j are the coefficients of the Levi-Civita connection
V of g.

The Lie bracket operation of vertical and horizontal vector fields on T'M is given
by the formulas [10]

HXvH Y|= H [Xa Y] -V (R(Xa Y)u)
(2.3) HYVy| =V (VyxY)
VXVY] =0

for any X, Y S (M), where R is the Riemannian curvature of g defined by R (X,Y) =
Vx,Vy] = Vixy
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3. SOME RESULTS CONCERNING THE DEFORMED SASAKI METRIC

An almost paracomplex manifold is an almost product manifold (Mo, ), ¢* =
id, ¢ # &id such that the two eigenbundles T Moy, and T~ My associated to the
two eigenvalues +1 and -1 of ¢, respectively, have the same rank. An almost
paracomplex Norden manifold (Mag,p,g) is a real 2k-dimensional differentiable
manifold My, with an almost paracomplex structure ¢ and a Riemannian metric g
such that:

9(pX,Y) = g(X,¢Y)

for all X, Y € $3(M). A para-Kihler-Norden (paraholomorphic Norden) manifold
can be defined as a triple (Mag, ¢, g) which consists of a smooth manifold Ma
endowed with an almost paracomplex structure ¢ and a Norden metric g such that
Vi = 0, where V is the Levi-Civita connection of g. It is well known that the
condition Vi = 0 is equivalent to paraholomorphy of the Norden metric g [22],
ie. ®,9 = 0, where ®, is the Tachibana operator [25, 29]: (®,9)(X,Y,Z) =
(X)(9(Y,Z)) — X(9(¢Y, Z)) + g((Lyp) X, Z) + g(Y,(Lz ¢)X). Also note that
G(Y,Z) = g(¢Y, Z) is the twin Norden metric.
Now, let us consider an almost paracomplex structure J on T'M defined by

= _HYx

—N
=
T
>
|

for all X,Y € (M) [8]. We put
A (RF) =gy (JE.F) — 5y (%,7)

for any X,Y € 33 (TM). For all vector fields X and Y which are of the form
VX, VY or X, HY from (1.1) and (3.1), we have A ()?,?) =0, i.e. 9g; is pure
with respect to J. Hence we have the following theorem:

Theorem 3.1. Let (M, g) be a Riemannian manifold and TM be its tangent bun-
dle equipped with the deformed Sasaki metric gy and the paracomplex structure J
defined by (3.1). The triple (T M, J, g¢) is an almost paracomplex Norden mani-
fold.

We now are interested in the paraholomorphy property of the deformed Sasaki
metric ¥g + with respect to the almost paracomplex structure J. Having determined
both the deformed Sasaki metric gy and the almost paracomplex structure J and
by using the fact that VXV (g(Y,Z)) = 0 and T XV (fg(Y,2)) = V(X (fg9(Y, 2)))
we calculate

(2,%9)(X,Y,2) = (JX)(Pg(Y,2)) = X(®g5(JY, Z)
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for all X,Y,Z € S§(T'M). Then we get

(@5%9)(V X, VY, 1 Z) ;
(@,%90)(V X, VY,V 2)
(@,%9)(V X, 1Y,V 2)
(I).]ng VX,HY,HZ) _
S
)
(®,° X )
)
)

)

)

0
0
0
0,
= —25g;("VV (R(X, Z)u))
0,

= 0,

= —2%g;(Y(R(X,Y)u)," Z).

)

( )

(@57 X, Y, Z
® %90 ("X, Y,V Z
(@ %)X,y Z
(CI)Jng)(HX7 Hy Vg
Therefore, we have the following result.

Theorem 3.2. Let (M, g) be a Riemannian manifold and let TM be its tangent
bundle equipped with the deformed Sasaki metric ng and the paracomplex structure
J defined by (3.1). The triple (TM, J, ng) is a para-Kdihler-Norden (or paraholo-
morphic Norden) manifold if and only if M s flat.

Remark 3.1. Let (M,g) be a Riemannian manifold and let TM be its tangent
bundle equipped with the deformed Sasaki metric ®g 7. The diagonal lift P of the
identity tensor field I € 31 (M) defined by the following properties

(3.2) Priix = Hy
Privx = VX

is an almost paracomplex structure on TM. In fact PT satisfies (PI)? = Iry.
Also, the deformed Sasaki metric ng is pure with respect to PI, e.i. the triple
(TM P, ng) is an almost paracomplex Norden manifold. Finally, by using ®—operator,
we can say that the deformed Sasaki metric © gy is paraholomorphic if and only if

M is flat.

Remark 3.2. Another almost paracomplex structure on T'M is defined by

(33) JS(VX) — HX

{ Js(BEX)="X

for all X,Y € 33(M). The deformed Sasaki metric “g; is pure with respect to Jg
if and only if f = 1. Conversely, in the case of f # 1, the deformed Sasaki metric
9g; is never pure with respect to Js. If f = 1, 9g; is the Sasaki metric. In [23], the
author and collaborator investigate the paraholomorphy of the Sasaki metric with
respect to Jg. Also, for the paraholomorphy properties of the Cheeger-Gromoll
type metrics on T M, see [12].

Consider the almost paracomplex Norden manifold (TM br.s gf). The twin
metric tensor of %¢ ¢ is the metric defined by

G =% g;(PIX,Y)
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for all X,Y € S(TM). In view of (1.1) and (3.1), we see that
(3.4) GHXMY) = Sgp(PITXMY) =Y (fe(X,Y)),
GHX,VY) = Sg;(PIx,Vy) =0,
GVx, Yy = Sg;PIVX,"y) =0,
GVx,VY) = ng(DIVX YY) = =Y(g(X,Y).

Remark 3.3. Let (M,g) be a Riemannian manlfold and let TM be its tangent
bundle equlpped with the deformed Sasaki metric * gy - If f =1, then the triple

(TM, Jg,G) is an almost para-Hermitian manifold, where G is a twin metric defined
by (3.4) and Jg an almost paracomplex structure defined by (3.3).

Another almost paracomplex Norden manifold (T M, Jg, " g) (f = 1), the twin
metric tensor of 9¢ is defined by

(3.5) KPx"y) = Sgsx,7y) =o,
K xy) = S9(Js"X.Vy) =" (9(X,Y)),
EVX"Y) = Sg(Js" X, 1Y) =" (9(X,Y)),
KVX,VY) = %gJs"X,VY)=0.

Remark 3.4. Let (M,g) be a Riemannian manifold and let TM be its tangent
bundle equipped with the Sasaki metric g. The triple (7'M, J, K ) is an almost
para-Hermitian manifold, where K is a twin metric defined by (3.5) and J is an
almost paracomplex structure defined by (3.1).

For the Levi-Civita connection of the deformed Sasaki metric we give the next
proposition.

Proposition 3.1. [27] Let (M, g) be a Riemannian manifold and equip its tangent
bundle TM with the deformed Sasaki metric ®g;. Then the corresponding Levi-
Civita connection V7 satisfies the following:

i) Vi 1Y = H(VY) +H (AL(X 1) — 5 VR, Y ))
= 1
1) V{,X Vy = Y)+ 2f

H(R(u, X)Y),

V(Vx T (R(u,Y)X),
=~ 1
iti) Vi Y = oF
w) Vi, VY =0
for any X,Y € S{(M), where A¢(X,Y) = % (X(H)Y +Y ()X —g(X,Y) o (df)*)
is a tensor field of type (1,2) and A;(X,Y) = A;(Y, X).

Let now consider the almost product structure J defined by (3.1) and the Levi-

Civita connection V/ given by Proposition 3.1. We define a tensor field of type
(1,2) on TM by

Sw o loyesr nw Si Ny SI T
SX,Y) = AV NX +J(VE D) X) = J(VE)Y)}
for all X,Y € S4(T'M). Then the linear connection
(3.7) VgY =VLY - §(X,Y)
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is an almost product connection on TM (for almost product connection, see [15]).

Theorem 3.3. Let (M, g) be a Riemannian manifold and let TM be its tangent
bundle equipped with the deformed Sasaki metric ng and the almost product struc-
ture J defined by (3.1). Then the almost product connection V constructed by the
Levi-Civita connection V' of the deformed Sasaki metric ng and the almost prod-
uct structure J is as follows:

D) Vi Y = H(VxY) +H (A4(X,Y))

i) Viy Y = V(VxY),
3.8 _
(38) iti) Vo Y = % H(R(u, X)Y),
i) Vx| Y =0.

Denoting by T, the torsion tensor of V, we have from (3.1), (3.7) and (3.8)

TVXxYY) = o
TEXY) = g (R X)),
THEXH"Y) = Y(R(X,Y)u).

Hence we have the theorem below

Theorem 3.4. Let (M, g) be a Riemannian manifold and let TM be its tangent
bundle. The almost product connection NV constructed by the Levi-Civita connection
v of the deformed Sasaki metric ng and and the almost product structure J is
symmetric if and only if M is flat.

As is well-known, If there ezists a symmetric almost product connection on M
then the almost product structure .J is integrable [15]. The converse is also true
[11]. Thus we get the following conclusions.

Corollary 3.1. Let (M, g) be a Riemannian manifold and T M be its tangent bundle
equipped with the deformed Sasaki metric ng and the paracomplex structure J
defined by (3.1). The triple (T M, J,% g¢) is a paracomplex Norden manifold if and
only if M is flat.

Corollary 3.2. Let (M,g) be a Riemannian manifold and let TM be its tan-
gent bundle equipped with the Sasaki metric °g. The triple (T M, J, IN() 18 a para-
Hermitian manifold if and only if M is flat, where K is a twin metric defined by
(3.5) and J is an almost paracomplex structure defined by (3.1).

Similarly, we consider the almost product structure I or .Jg and the Levi-Civita
connection V/ of the deformed Sasaki metric © gy, other almost product connections
can be constructed.

4. CURVATURE PROPERTIES OF THE DEFORMED SASAKI METRIC

The local symmetry is one of the fundamental notions in Riemannian geometry.
The study of Riemannian symmetric manifolds began with the work of E. Cartan
[5]. A Riemannian manifold (M, g) is said to be locally symmetric due to E. Car-
tan if its curvature tensor R satisfies the relation VR = 0, where V denotes the
operator of covariant differentiation with respect to the metric tensor g. The class
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of Riemannian symmetric manifolds is a very natural generalization of the class of
manifolds of constant curvature. During the last five decades the notion of locally
symmetric manifolds has been weakened by many authors in several ways to a dif-
ferent extent such as recurrent manifold by A. G. Walker [28], pseudo symmetric
manifold in the sense of R. Deszcz [9], pseudosymmetric manifold in the sense of
M. C. Chaki [6], generalized pseudo symmetric manifold by M. C. Chaki [7], and
weakly symmetric manifolds by L. Tamassy and T. Q. Binh [26]. Note that the
notion of pseudo symmetric manifold studied in particular by R. Deszcz is differ-
ent from that of M. C. Chaki. The aim of the section is to study conditions for
the curvature R/ of S gr to be recurrent or pseudo symmetric. In this section, we
employ the method proposed by T. Q. Binh and L. Tamassy [4].

First we shall give the following proposition related to the curvature Rf of Sg;
for later use.

Proposition 4.1. [27] Let (M,g) be a Riemannian manifold and R/ be the Rie-
mann curvature tensor of the tangent bundle (T M, gr) equipped with the deformed
Sasaki metric. Then the following formulae hold

(4.1) RI(VXYY)VWZ=0,

(4.2) RIIXVY)Z= H[—%R(Y, Z2)X — ﬁR(u, Y)(R(u, Z2)X)],

~ 1 1
(4.3) RI(VXVYViHz = H[?R(X,Y)Z—TFR(U,Y)(R(u,X)Z)
1
+@R(u,X)(R(u,Y)Z)],

(44) RTHIXYYzZ = H[(VX%)R(U,Y)ZJr %(VXR)(U,Y)Z

+A(X, %R(u, Y)Z) — %R(u, Y)(As(X, Z))]
+V[%R(X, Z)Y + %R(R(u, Y)Z, X)),

~ 1 1

(45) RIFXHYYZ = H[(Vxﬁ)R(u, Z)Y + E(VXR)(U, Z)Y
~(Vy 57 R, )X = 5(Vy B) (. 2)X)

45745 (X RO Z)Y) = 52 A7 (Y, R(u, 2)X)

+V[R(X,Y)Z + %R(R(u, 2)Y, X)u
1
fﬁR(R(u, 2)X,Y)u]
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(4.6) R'MxHEvz = H[R(X,Y)Z—i—%R(u,R(X,Y)u)Z

1 1
4 RO RIZY )X + 12 Rl RO Z)u)Y
+HVxAp)(Y,Z) = (Vy Ap)(X, 2)
+Ap (X, Ap(Y, 2)) — Ap(Y, Ap (X, Z))]
1
2f
—%R(X, AS(Y, Z))l.

+V[=(VzR)(X,Y)u + %R(Y, Ap(X, Z))u

4.1. Firstly we shall study conditions for the curvature RS of g to be recurrent.
If RS is recurrent then there exists a 1-form o on TM such that

(4.7) (VLRI)(X,Y)Z = o(W)R/(X,Y)Z
for all )?,?,W,Z € SYTM). If we write FWH X V'YV Z insted of W,X,?,Z
respectively, we get

(W) R (XY Y)Y 2) |u= (Vi RN IXY Y)YV 2] o
Using i) and i) of (3.6) and (4.2), we get
1
2f
Rw,Y)(R(u, 2)X)) | «— R ("(VwX)," )" Z |,

o"WYRI XYV ) | = -V MR 2)X) |
- 1
_V{j’WHQTfQ
SRICHAG X))V Z |k g R ROV X)), V) 7

~ 1 ~
~RIEX)Y (VwY)WZ | u— ng(HX,H (R(u, VYWY Z |,
~ 1 ~
~RIEXY Y)Y (VwZ) | - ng(HX,V V) (R(u, ZYW) | .
As for the vertical part of the both sides of the equation above note that

1 1
0 = ER(W, RY,Z)X)u+ @R(W R(u,Y)(R(u, Z)X))u
1 1

1 1
+87”2R(R(u’ Z)X, R(u, Y)YW)u — ER(X7 R(u, Z)W)Y
- Y Z X)u.
e R(R(u,Y)(R(u, Z)W), X)u
Substituting respectively Y = w and Z = w in the last equation, we obtain the
following relations:

1

4fR(VV, R(u, Z)X)u — iR(X, R(u, Z)W)u =0

(4.8) 7

and

%R(W, R(Y,u)X)u — %R(X, R(u,Y)W)u = 0.
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Let us change Y with Z in the second equation above, then we have

(4.9) ER(W R(Z,u)X)u — ﬁR(X ,R(u, Z)W)u = 0.

The sum of the equations (4.8) and (4.9) is R(X, R(u, Z)W)u = 0. With W = X
and taking the g—product with Z allow g(R(u,Z)X, R(u,Z)X) = 0 which means
that R(u, Z)X =0, i.e. (M,g) is flat.

Let (M, g) be flat. In the case, the Riemann curvature tensor Rfof the tangent
bundle (TM,® g;) holds

RIXHIY)Z = H[(VxAp)(Y,2) - (VyAf)(X, Z)
+Ap (X, Ap(Y, 2)) = Ap (Y, Ap (X, Z))]

and all others zero. If
(VxAp(Y, 2) = (Vy Ap)(X, 2)) + Ap (X, Ap (Y, 2)) = Ap (Y, A5 (X, 2)) = 0,
then (TM,® g;) is flat. Hence we have the result below.

Theorem 4.1. Let (M, g) be a Riemannian mam'fold and T M be its tangent bundle
equipped with the deformed Sasaki metric °gp. The tangent bundle (TM,% g5) is
recurrent if (M, g) is flat and (VxAy)(Y, Z) (VYA (X, 2)+Ap(X,Ap(Y, 2)) —
Ap(Y, Ay (X, Z)) = 0, where Ap(X,Y) = 57 (X(f)Y +Y (f)X —g(X,Y) o (df)") is

a (1,2)—tensor field. Thus (TM,® g;) is ﬂat.
In view of Theorem 4.1, we have the following conculasion.

Corollary 4.1. Let (M, g) be a Riemannian manifold and T M be its tangent bundle
equipped with the deformed Sasaki metric ng. Suppose that f = C(constant).
Then the tangent bundle (TM,® g;) is recurrent if snd only if (M, g) is flat. Thus
(TM,® gy) is flat.

4.2. Another curvature property is pseudo symmetry. Now we investigate con-
ditions for the curvature Rf of © gf to be pseudo symmetric in the sense of M. C.
Chaki. The tangent bundle (T'M,* g;) is called pseudo symmetric, if there exists a
1-form o and a vector field A on T'M such that

(4.10) (%Léf)()? Y)Z

+a( )Rf(X,Y W +5 gf(R (X,Y)Z,W)Z,

where A is the ©gs-dual vector field of the 1—form a, e.i. ng()?,Z) = a(X). We
consider the condition (4.9) for “W,# X V'Y,V Z, we have
20(WRF X,V Y)W Z + (P X)RIPWY V)V Z + oV YV)RF (T X H W)V Z
+a(VZ)§f(HX VYWYHEW 45 g (RT (XY Y)Y 2,5 W)A

= Vi H( R(Y,2)X) | -V} H(fR(U Y)(R(u, 2)X)) |u

2f 4f?



28 AYDIN GEZER

BRI (VwX),Y V)V Z | W= RI(TA; W, X)), Y)Y Z
+%§f(V(R(W7 X)u),Y Y)Wz | W —RXY (VwY) 2.
—%Ef(HX,H RWY)WNWZ | we BEXY Y)Y (Y Z) |u

1 ~
—ﬁRf(HX,VY)H(R(u,Z)W) | w

For the vertical part of the both sides of the last equation, by the formulas of the
curvature tensor Rf and the connection VI we get

a(VY)R(X,W)Z + 7 R(R(u, Z)W, X )u — 73( (u, Z)X, W)

+a(VZ)[%R(X W)Y + ﬁ R(R(u, Y)W, X)u]

(Y, Z)X + ﬁR(u, Y)(R(u, Z)X,W)A

1 1
= ER(W, R(Y, 2)X)u+ FR(W’ R(u,Y)(R(u, Z)X))u

——fR(X JR(u,YYW)Z — S—fQR( (u, Z)(R(u, V)W), X)u

R(R(u, 2)X, R(u,Y)W)u —

—fg(Qf

L R(X, Ru, 2yW)Y

+872 17

1
_@R(R(w Y)(R(u, Z)W), X)u.

By putting Y = u, respectively Z = u, we get

@11)  aVw)[RX,W)Z + H R(R(u, Z)W, X u — %R(R(u,Z)X, W)l

a(VZ)}R(X Wu — %g(R(u Z)X,W)A

— HR(W R(u, Z)X)u — —fR(X , R(u, Z)W)u

and

a(VYYR(X,W)u + a(vu)[%R(X, W)Y + éR(R(u, Y)W, X)u]

—%g(R(Y W)X, W)A
1
_ ER(W R(Y,0)X)u = 2R, R(u Y)W,

In last equation we replace Y with Z :
1 1
(4.12) oV Z)R(X, W)u + a(vu)[ﬁR(X, W)Z + ER(R(U, Z)W, X )u]
1 _
fig(R(Z u) X, W)A

1
= ER(W L R(Z,u)X)u — ﬁR(X’ R(u, Z)W)u.
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and by adding (4.11) and (4.12) we have

(4.13) a(VZ)[%R(X, Wu + R(X, W)u] + a(Vu)[R(X,W)Z
1 1 1
-|-§R(X7 W)Z + ﬁR(R(u, )W, X)u — HR(R(U, Z) X, W)ul
3
= —ER(X, R(u, Z)W)u.

Putting Z = u, we obtain 3a(Yu)R(X,W)u = 0 and if o(Yu) # 0 we have
R(X,W)u = 0. Suppose now that a("u) = 0, then (4.13) transforms into the
following relation:

a(VZ)[%R(X, W)u + R(X, W)u]

_ —%R(X R(u, 2)W)u.

By setting W = X we get R(X, R(u, Z)X)u = 0. We take the g-product with Z,
it follows that g(R(u, Z)X, R(u, Z)X) = 0 which means that R(u,Z)X = 0. Again
the g-product with an arbitrary Y and using property of the curvature tensor gives
g(R(X,Y)u, Z) = 0 for any vector field Z. Thus R(X,Y)u = 0 for every X,Y and
u. Hence (M, g) is flat.

Let (M, g) be flat. Then, the Riemann curvature tensor Rfof the tangent bundle
(TM,® gy) transform into the following:

RIXHIYZ = H(VxA)(Y.Z) — (Vv Ap)(X. 2)
TA(X, Ap(Y, Z)) — Ap(Y, Ay (X, Z))]
and all others zero. If
(Vx A, Z2) = (Vy Ap)(X, Z)) + A (X, Ap (Y, Z)) = Ap (Y, Ay (X, Z)) = 0,
then (T'M,° gy) is flat. Consequently we have the following theorem.

Theorem 4.2. Let (M, g) be a Riemannian manifold and TM be its tangent bun-

dle equipped with the deformed Sasaki metric ng . The tangent bundle (T M, gg) is
pseudo symmetric if (M, g) is flat and (Vx Ap)(Y, Z)—(Vy Af)(X, Z))+As(X, A (Y, Z))—
Ar(Y,Ay(X,Z)) =0, where Ap(X,Y) = % (XY +Y ()X —g(X,Y)o(df)*) is

a (1,2)—tensor field. Thus (TM,® gy) is flat.

Theorem 4.2 immediately gives the following conculasion.

Corollary 4.2. Let (M, g) be a Riemannian manifold and TM be its tangent bundle
equipped with the deformed Sasaki metric ng . Suppose that f = C(constant).
Then the tangent bundle (T'M,® g;) is pseudo symmetric if and only if (M, g) is
flat. Thus (TM,® g;) is flat.

For f = 1, we get the T. Q. Binh and L. Tamassy result. Their result is as
follows:

Corollary 4.3. If (TM,® g) is a recurrent or pseudo symmetric Riemannian man-
ifold, then (M, g) must be flat and thus (T M, g) must be flat too. The converse is
trivially true.



30

(1]

2]

(3]

(4]

(5]
[6]
(7]
(8]

[9]
[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]

27)

AYDIN GEZER

REFERENCES

Abbassi, M. T. K., Note on the classification theorems of g-natural metrics on the tangent
bundle of a Riemannian manifold (M, g), Comment. Math. Univ. Carolin., 45 (2004), no. 4,
591-596.

Abbassi, M. T. K., Sarih, M., On some hereditary properties of Riemannian g-natural metrics
on tangent bundles of Riemannian manifolds, Differential Geom. Appl., 22 (2005), no. 1, 19-
47.

Abbassi, M. T. K., Sarih, M., On natural metrics on tangent bundles of Riemannian mani-
folds, Arch. Math., 41 (2005), 71-92.

Binh, T. Q., Tamassy, L., On recurrence or pseudo-symmetry of the Sasakian metric on the
tangent bundle of a Riemannian manifold, Indian J. Pure Appl. Math., 35 (2004), no. 4,
555-560.

Cartan, E., Sur une classe remarquable d’espaces de Riemannian, Bull. Soc. Math. France,
54 (1926), 214-264.

Chaki, M. C., On pseudo-symmetric manifolds, An. Sti. Ale Univ., “AL. I. CUZA” Din lasi
33 (1987), 53-58.

Chaki, M. C., On generalized pseudo-symmetric manifolds, Publ. Math. Debrecen, 45 (1994),
305-312.

Cruceanu, V., Fortuny, P., Gadea, P. M., A survey on paracomplex Geometry, Rocky Moun-
tain J. Math., 26 (1995), 83-115.

Deszcz, R., On pseudosymmetric spaces, Bull. Soc. Math. Belg. Ser. A, 44 (1992), no. 1, 1-34.
Dombrowski, P., On the geometry of the tangent bundles, J. Reine and Angew. Math., 210
(1962), 73-88.

Fujimoto, A., Theory of G-structures, Publ. Study Group of Geometry, 1, Tokyo Univ.,
Tokyo, 1972.

Gezer, A., Altunbas, M., Some notes concerning Riemannian metrics of Cheeger Gromoll
type, J. Math. Anal. Appl., 396 (2012), no. 1, 119-132.

Gezer, A., Altunbas, M., Notes on the rescaled Sasaki type metric on the cotangent bundle,
Acta Math. Sci. Ser. B Engl. Ed. to appear.

Gudmundsson, S., Kappos, E., On the Geometry of the Tangent Bundles, Expo. Math., 20
(2002), 1-41.

de Leon, M., Rodrigues, P. R., Methods of Differential Geometry in Analytical Mechanics,
North-Holland Mathematics Studies, 1989.

Munteanu, M. 1., Some aspects on the geometry of the tangent bundles and tangent sphere
bundles of a Riemannian manifold, Mediterr. J. Math., 5 (2008), no.1, 43-59.

Musso, E., Tricerri, F., Riemannian Metrics on Tangent Bundles, Ann. Mat. Pura. Appl.,
150 (1988), no. 4, 1-19.

Oproiu, V., Some new geometric structures on the tangent bundle, Publ. Math. Debrecen,
55 (1999), 261-281.

Oproiu, V., A locally symmetric Kaehler Einstein structure on the tangent bundle of a space
form, Beitrdge Algebra Geom., 40 (1999), no.2, 363-372.

Oproiu, V., A Kéahler Einstein structure on the tangent bundle of a space form, Int. J. Math.
Math. Sci., 25 (2001), no. 3, 183-195.

Oproiu, V., Papaghiuc, N., Some classes of almost anti-Hermitian structures on the tangent
bundle, Mediterr. J. Math., 1 (2004), no. 3, 269-282.

Salimov, A. A., Iscan, M., Etayo, F., Paraholomorphic B-manifold and its properties, Topol-
ogy Appl., 154 (2007), no. 4, 925-933.

Salimov, A., Gezer, A., Iscan, M., On para-Kéahler-Norden structures on the tangent bundles,
Ann. Polon. Math. 103 (2012), no. 3, 247-261.

S. Sasaki, On the differential geometry of tangent bundles of Riemannian manifolds, Tohoku
Math. J., 10 (1958) 338-358.

Tachibana, S., Analytic tensor and its generalization, Tohoku Math. J., 12 (1960), no.2,
208-221.

Tamassy, L., Binh, T. Q., On weakly symmetric and weakly projective symmetric Riemannian
manifolds. Coll. Math. Soc. J. Bolyai, 56 (1989), 663—670.

Wang, J., Wang, Y., On the geometry of tangent bundles with the rescaled metric,
arXiv:1104.5584v1



ON THE TANGENT BUNDLE WITH DEFORMED SASAKI METRIC 31

[28] Walker, A. G., On Ruses spaces of recurrent curvature, Proc. London Math. Soc., 52 (1950),
36-64.

[29] Yano, K., Ako, M., On certain operators associated with tensor field, Kodai Math. Sem. Rep.,
20 (1968), 414-436.

[30] Yano, K., Ishihara, S., Tangent and Cotangent Bundles, Marcel Dekker, Inc., New York 1973.

[31] Zayatuev, B. V., On geometry of tangent Hermtian surface, Webs and Quasigroups. T.S.U.
(1995), 139-143.

[32] Zayatuev, B. V., On some clases of AH-structures on tangent bundles, Proceedings of the
International Conference dedicated to A. Z. Petrov [in Russian], 2000, pp. 53-54.

[33] Zayatuev, B. V., On some classes of almost-Hermitian structures on the tangent bundle,
Webs and Quasigroups. T.S.U. (2002), 103-106.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ATATURK, ERZURUM-TURKEY
E-mail address: agezer@atauni.edu.tr



