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Abstract

In this paper, we first determine all the super-skewsymmetric super-biderivations of the
N=2 superconformal algebra g. As an application of super-biderivations, we give the
explicit form of each linear super-commuting map on the N=2 superconformal algebra g.
We prove that every super-biderivation of the N=2 superconformal algebra g is inner, but
the corresponding super-commuting maps are non-standard.
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1. Introduction

Lie superalgebras as a generalization of Lie algebras came from supersymmetry in math-
ematical physics. The theory of Lie superalgebras plays prominent roles in modern math-
ematics and physics. For basic concepts and usual notations on Lie superalgebras, we
refer to [7] for details. Now, we first give the concept of super-commuting map on a Lie
superalgebra, which has been given in [9] and [4], independently.

Let £ be a Lie superalgebra with Zs-grading £ = L5 ® £7, where £5 and £y are even
and odd parts of £, respectively. We call a map v : L — £ super-commuting if it preserves
the Zs-grading of £ and

[Y(z),z] = 0 forall z € L. (1.1)

This concept can be also viewed as a parallel concept in the associative superalgebra
setting, which seems to have first appeared in [5].

For a fixed linear super-commuting map 1 on a Lie superalgebra £, we called v standard
if it maps the even part £ of £ to the center of £, and maps the odd part £7 of £ to zero.
All super-commuting maps of other forms are said to be non-standard. It was shown in
[9] that all linear super-commuting maps on the super-Virasoro algebras are standard.
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In this paper, we focus on another Lie superalgebra, i.e, the N=2 superconformal al-
gebra, which is denoted by g. The N=2 superconformal algebra were discovered indepen-
dently by Ademollo et al. [1] and by Kac [7], and it is the Lie superalgebra with the
following (anti)commutation relations:

Lo L] = (= 1) L+ 2 (m® = )60, (1.2)
(L G = (G =) (1.3)
[Lins G ) = (5 = )G (1.4)
(L, Hy) = —nHp g, (1.5)
(G G = 2Lss — (1 — 8)Hyos + %(ﬁ - i)&HS,OC, (1.6)
(H,, H] = %5m+n,oc, (1.7)
[Hm, Gqﬂ = G;rwm

[Hp, G, ] = —Gryr

for m,n € Z,r,s € %Z. Moreover, g is Zs-graded and g = g5 + g7, where g5 =
span{Lp,, Hy,c | m,n € Z} and g; = span{G,",Gy | r,s € 37Z}. We denoted the Neveu-
Schwarz N=2 algebra and the Ramond N=2 algebra by NS and R, respectively, where
NS = span{Ly,, H,, G}, Gy ,c| m,n € Z,r,s € 5 + Z} and R = span{L,,, H,, G}, Gy , ¢ |
m,n,r,s € L}.

In this paper, we mainly study the super-biderivations and the linear super-commuting
maps on the N=2 superconformal algebra g. As Bresar [3] concluded, the concept of
biderivation is an effective tool for studying commuting maps on associative algebras [2]
and Lie algebras [6,8,9]. Similarly, the concept of super-biderivation plays the same roles in
associative superalgebras and Lie superalgebras when studying the linear super-commuting
maps. As a generalization of biderivations of Lie algebras and a parallel concept of super-
biderivation of an associative superalgebra, the concept of super-biderivation of a Lie
superalgebra was introduced in [9] and [4] indepently as follows.

We call a bilinear map ¢ : £ x L — £ a super-biderivation of £ if for every x5 € Lj
the maps = — ¢(xj, z) and x — @(x, z5) are even superderivations, and for every x; € L3
the maps = — ¢(z1,x) and x — @(x,27)? are odd superderivations, where o is defined by
(x5+x7)? = x5 — o1 for x5 € L and 7 € L1. One can easily check that this is equivalent
to

o(lz,9),2) = [2,0(y,2)] + (1) (2, 2), 9, (1.10)
ol [y.2) = lp,y), 2]+ (~)FPy, o(z, 2)] (1.11)

for all z,y, z € £. Here, and in what follows, we use the nonation |z| (0 or 1) to denote the
Zo-degree of a homogeneous element € £, and we always assume that x is homogeneous
if |x| appears in an expression. Clearly, the map ¢, with A € C sending (z,y) € £ x £ to
Mz, y] € £ is a super-biderivation of £. We call ¢, an inner super-biderivation of L.

From the definition of super-biderivetions above, we note that |o(x,y)| = |z| + |y| for
any homogeneous elements z,y € £. This is very important in the proof of Theorem 3.1
in Section 3.

This paper is organized as follows. In Section 2, we review some general results on
super-biderivations of Lie superalgebras. Then, in Section 3, we determine the super-
skewsymmetric super-biderivations of the N=2 superconformal algebra g and we prove
that every super-skewsymmetric super-biderivation of the N=2 superconformal algebra g
is inner. Based on the results of super-biderivations, finally, in Section 4, we give the
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explicit form of each linear super-commuting map on the N=2 superconformal algebra g
and find that each linear super-commuting on it is non-standard. Besides, comparing the
main results with those for the Virasoro algebra in [8] and the super-Virasoro algebra in
[9], we can get the following conclusion (see Table 1 and Table 2).

Y Answer for question Q1 Reference
Virasoro algebra Yes [8, Theorem 2.3|
super-Virasoro algebra Yes [9, Theorem 3.1]
N=2 superconformal algebra Yes 3.1 Theorem

Table 1: (Q1) Whether all the (super-)skewsymmetric (super-)biderivations of £ are inner?

vy Answer for question Q2 Reference
Virasoro algebra Yes [8, Theorem 3.1]
super-Virasoro algebra Yes [9, Theorem 4.1]
N=2 superconformal algebra No Theorem 4.1

Table 2: (Q2) Whether all the linear (super-)commuting maps on £ are standard?

Throughout this paper, we denoted by C,Z the sets of complex numbers, integers,
respectively. We assume that all vector spaces are based on C, unless otherwise stated.

2. General results on the N=2 superconformal algebra g

The definition of super-skewsymmetric bilinear maps on Lie superalgebras was intro-
duced in [9] and [4], independently. Explicitly, let 8 be a Lie superalgebra with the center
Z(8). A bilinear map ¢ : 8x8 — 8 is called super-skewsymmetric (or super-antisymmetric)
if

p(r,y) = (=) Wp(y,x)  forallz,yes.
Similarly, to avoid lengthy notations, we set
F(z,y,u,0) = (=1)"W([p(2, ), [u, o)) = [[2,9), p(u,0)])  for z,y,u,v €.
The following two results are lifted from [9].

Lemma 2.1. Let ¢ be a super-biderivation on 8. Then

F(z,y,u,v) = (=)W P2, 0,0, y) for x,y,u,v € 8.
In particular, if ¢ is super-skewsymmetric, then F(x,y,u,v) = 0.
Corollary 2.2. Let ¢ be a super-skewsymmetric super-biderivation on 8.

(1) Forz,y €S, if |z|+ |y| =0, then [p(z,y), [z,y]] = 0.
(2) Suppose 8 is perfect. For x,y € 8, if [x,y] =0, then ¢(x,y) € Z(8).

3. Super-biderivations of the N=2 superconformal algebra g

In this section, we give a description of the super-biderivations of the N=2 supercon-
formal algebra g. First, let us list some useful facts on the N=2 superconformal algebra
g, which can be easily checked by Eqgs.(1.2)-(1.9).

e g is perfect, namely, [g,g] = g.
e If g is the Lie superalgebra of the Neveu-Schwarz N=2 type (denoted by NS), then
g can be generated by

Ans :={L1,L+2,GT,G7}.
2 2
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e If g is the Lie superalgebra of the Ramond N=2 type (denoted by R), then g can
be generated by
AR = {Ll, Lig, G1+, GI}

The map (z,y) — [z,y] is an inner super-biderivation as we mentioned in the intro-
duction. Obviously, it is super-skewsymmetric. In [9], it was proved that the super-
skewsymmetric super-biderivations of the super-Virasoro algebra SVir are inner. In this
section, we will prove that every super-skewsymmetric super-biderivation of the N=2 su-
perconformal algebra g is inner. Next, we give the main result in this section as follows.

Theorem 3.1. Let ¢ be a super-skewsymmetric super-biderivation of the N=2 supercon-
formal algebra g. We have

o(z,y) = Alz,y]
for x,y € g, where X € C.

Proof. The proof of the theorem will be carried out in several steps.
Claim 1. There exists A € C such that
@(Lm, Ly) = AL, Ly] (mod Cec) for all m,n € Z.
Because |@(L, Ly)| = |Lm| + | Ln| = 0 for m,n € Z, we suppose that
oL, Ln) = kic+ > alV Lo + S 0 Hy,
a€Z BEL

where kq, a((ll), bg) e C.

If m = n, then [L,,, L,] = 0. By Corollary 2.2 (2), ¢(Lm, L,) € Z(g) = Cc, where Z(g)
is the center of the N=2 superconformal algebra g. Then this claim holds.

Next, we assume that m # n, by Corollary 2.2 (1), we have

1
m—n [@(Lmv Ln)7 [Lm> Ln]] = 07
we get that
Z ag})(a —m —n)Lpyinta + Z Bb%l)Hm+n+5 =0,
a€Z BEL
from which it follows that
aY(a—m +n) = 0; 5(;(61) = 0.

So we have a&l) =0if o # m + n; b(ﬁl) = 0 if 8 # 0. We conclude that
(L, Ly) = o Lypyn + bél)Ho (mod Cc).

m+n
By
[@(Lm’ Ln)v [L1) LO]] = [[Lma Ln]> QO(Ll, Lo)],
we have that
(m+n = 1)al kLo = (m = n)(m +n = 1)af L.
Thus, aﬁ})ﬂb =(m— n)a(ll) if m+n#1. By
[SO(LTm Ln): [L27 LOH = [[Lm? LTL]? W(L27 LO)]:

we have
(m+n = 2)al s Lot = (m —n)(m +n — 2)ai Lin .

So, ol = (m — n)agl) if m +n # 2. Then o) = (m— n)agl) for all m,n € Z. Taking

m+n m+n
A= agl), we obtain that

@(Lm, L) = AL, L] + b Hy (mod Cc).
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In the Claim 2, we will prove that bél) =0, thus
©(Lm, L) = AL, Ly (mod Cc).
Claim 2. There exists A € C such that
©(Lim, G) = N[Ln, G] (mod Ce) for all m € Z,r € Z.
Because |¢(Ly,, Gi)| = |Lm| +|G;f| = 1, for any fixed m € Z,r € $Z, we suppose that
+) 2) -+ (2) ~—
@(LWM(;T)__ 2: ag)cﬂy%_ E: bﬁ G%u
aElZ Beiz
(2) 4

where ag 7, 5 € C.
When g = NS, we have

(L, G = Y dPai + Z Jers

aEF+Z BeEL+Z

From

[@(Lma Gi): [Lh LOH = [[Lm’ G;’—]a (:D(Lh LO)]v
we get that

1 _
> alla-)GE + Z bﬂ Gﬂ+1 (3.1)
aEF+Z BEL+Z
1),m 1 1
(G =) m = )G~ 8 (5 )G

2
Using (3.1), we have agslr_l(m—{—r—%) =—(7 —r)b[()l) if « = m+r—1. By the arbitrariness

of m and r, we obtain that b(()l) = 0. That is to say Claim 1 holds when g = NS. By
[‘P(LmyGJr) [L27L0H [[LW’GJr] (L27L0)]7

we get that
m
2 Z a?(a-1)G a2 Z b G5+2—2ag)(5—r)(n+r—1)Gz+r+2.
€I+ pei+z
Since a, 8 € 3 + Z, we conclude that b(z) =0; al =0if a #m+r; a,(n)ﬂ(m +r—1)=
agl)(% - )(m +r —1) if @ = m + r. By the arbitrariness of m and r, we obtain that

aﬁ,ﬁ, = agl)(% —r). Taking agl) = ), then
©(Lim, G) = N[Li, G| (mod Cec).
When g = R, we have

o(Lim, G = PG+ Y 6763

a€Z BEZ
By
[@(Lnu G:_)v [L27 LOH = [[Lm’ G;"]’ ‘p(L% LO)]?
we get that
_ m
23 a0~ DG, +2 X 078 = )Gy =20 (5 —r)(n+r = 1G5 (32)
a€Z BEZ

Using (3.2), we have that 2a,(3rr_2(m +r—3)=—(% - r)bél) if @« =m+r — 2. By the
arbitrariness of m and r, we obtain that bél) = 0. That is to say the Claim 1 holds when
g= R. By

[@(Lmy G:r)a [LL LO]] = [[Lma G;r]a ‘p(Lh LO)]?
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we get that
2)
> al(a - 3G + 25
a€Z BEZ
1), Mm
a§ (&

2

Since «, 8 € Z, we conclude that b%) = 0; a&)

(1)

m

G6+1

(1), m

1
—r)(n+r— §)G7t+7"+1 —by (5 —7)Grhgr

2

2
=0ifaa £ m+r; ainlrr(m—i-r—%):

ay’ (% —r)(m+r—3) if @ = m + r. By the arbitrariness of m and r, we obtain that

agzﬁa = agl)(% —r). Taking agl) = A, then
o(Lm, GF) =

Claim 3. There exists A € C such that
‘P(Lma G;)

= ALm,G;] (mod Cc)

ALy, G| (mod Cc).

for all m € Z,r € 3Z.

The proof of this claim is similar to that of the Claim 2, we omit it.

Claim 4. There exists A € C such that
©(Lim, Hy) =

AL, Hy] (mod Cc)

for all m,n € Z.

Because |@(Ly, Hp)| = |Lm| + |Hn| = 0, for any fixed m,n € Z, we suppose that

o(Lm, Hy) = kqc + Z a®r

aE”Z

where ky, a((f), 6(54) e C.
When g = NS, we have that

O(Lpm, Hyp) = kgc + Z agl

o€l
By

4
BGZ

Lo+ 05 Hy.

BEZ

[ (L, Hn), [Lim, Hp)] = 0,

we have that

Z n(m~+n)al Hotmin = 0 (mod Cc).

a€EZ

By the arbitrariness of m and n, we get that al

= Zbﬁ Hg (mod Cc).

QO(LWM Hn
BEZ
From

[W(Iﬁn7]¥ﬁ)a{L07(;§H =
we get that

BGZ
Then ng) =0if B#m+n; bfnl_n

When g = R, we have that

O(L, Hyp) = kgc + Z agl

o€l
By

[[Lm, Hyl,

= 0, we obtain

W(L07(7§)L

f)\ G+t

7n+n+

= —nA if 5 =m + n. Thus
= AL, Hy] (mod Cc).

Lo+ > b Hp.

BEL

[@(l%n7]¥n%[l%n7]¥nn =0,
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we have that
Z n(m+n)aY Hotpmin =0 (mod Ce).
a€cZ

By the arbitrariness of m and n, we get that agl) = 0. Then

o(Lp, Hy) = Z b(;)HB (mod Cc).
BEL
From
[¢(Lm, Hy), [Lo, Gﬂ] = [[Lm, Hn], ¢(Lo, Gf)]
for m,n € Z, we get that

(4)
- Z bﬁ G?ﬁrﬂ = /\nGT—;+n+17
BEZ

991

we immediately have that bgl) =0if 8 # m + n; SO/ — T B8 = m +n. Thus we

m—+n
obtain

o(Lp, Hyp) = A[Lyn, Hy,] (mod Ce).
Claim 5. There exists A € C such that

o(Gy,GH) = \[G;,Gf]  (mod Cc) for all r, s € 17Z.

Because |p(G, ,GH)| = |G, | +|Gf| =0, for any fixed r, s, we suppose that

QO(G;, G;r) = ksc + Z QS’)LQ + Z b(;)H,B,
aEZ BEZ

where ks, a&S), bg’) e C.
When g = NS, by

[SD(GT_v G;r)a [L07 Hl]] = [[GT_’ G:]’ QO(L07 Hl)]7
we have that

— Z G&S)Ha+1 = *2)\H7«+5+1 (HlOd (CC)
Q€

(3.3)

Thanks to (3.3), we have that a? =0if o #r+s; %(325 =2\ if @ =7+ s. Thus we get

P(Gy,GE) = 2AL s + > b Hs (mod Ce).
BEL

From
[p(G,,GY), [L1, Loll = (|G, G, (L, Lo)l,
we obtain that

) ﬁb(ﬁ5)Hﬁ+1 = —A(r+s)(r — s)Hryst1.
BEZ

Using (3.4), we get bg’) =0iff#r+sand B #0; (r+ s)bgzS =

(5)

= r + s. By the arbitrariness of r and s, we have that b}/, = —A(r

0(Gy,GH) = \G;, G + b Hy (mod Co).
By
(6(Gr G L0, G = (167, G, (Lo, G,

(3.4)

—Ar+s)(r—-s) if

—5). Thus
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for r,s € % + Z, we have that
1 1
)‘[LH-& G—ﬂ — SA(r— 5)[H7’+Sa Gi_] + 7{)85) [H07 Gi_] =
2 2 2 2 2
1
MEr sG] = A = ) Hrts, G
2 2

By the above equation, we have that 665) =0, then
o(G,GH) = \[G,,G]  (mod Cc).
When g = R, by
[o(Gy, GY), [Lo, Hi]) = (G, GIT, (Lo, Hi),
we have that

~ 3 aP Hop1 = —2AH, 4411 (mod Co). (3.5)
a€EZ

Thanks to (3.5), we have that a? = 0if a #r+s; a@s =2\ if @ =r+s. Thus
P(Gy ,GE) = 2ALyss + > b Hy (mod Ce).
BEZ
By
[p(Gr . GY), (L1, Lol) = (G, G (L, L)),
we obtain that

> 86 Hagr = —A(r+ 5)(r — 5)Hyysi. (3.6)
pez

Using (3.6), we get that bg)) =0if f#r+sand B#0; (r+ s)bffrjzs =-ANr+s)(r—s)if
B =r+s. By the arbitrariness of r and s, we have that b,@s = —\(r —s). Thus
o(Gr,GT) = NGy, G + b Hy (mod Co).
From
[o(Gr GE), (Lo, GY] =[Gy, G (Lo, G,
for r, s € Z, we have that
2\ Lyt GT] = A(r = )[Hys, GY] + 05 [Ho, G ] = (3.7)
2N [Lrts, GT] = N = 8)[Hyys, G-
By (3.7), we obtain b(()5) =0, then
0(G,GT) = \[G,,GF]  (mod Cc).
Claim 6. There exists A € C such that
©(Hp,, Hy) = A[Hp,, Hy]  (mod Ce) for all m,n € Z.
By
c

Hm;Hn :*dm n,0y
[ ] = 30mtn0

we have that
[Hpn, Hy) =0 (mod Cc).
Then we obtain
o(Hpm, Hy) = AMHpm, H,] (mod Cc).
This claim holds.
Claim 7. There exists A € C such that

O(Hpm, G) = AHp, G ](mod Cc) for all m € Z,r € 1Z.
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Because [p(Hp, G))| = |Hp| + |G| = 1, for any fixed m € Z,r € 1Z, we suppose that
o(Hm,GH) = Y aDGh+ Y ba3,
LY/ BELL
where ag), bg) e C.

When g = NS, we have
7) e
e(Hn G = 3 DG+ 3 0G5,
QELHZ pei+z

By
[o(Hm, GY), [Lo, Hi]] = [[Hm, G ], (Lo, Hy)J,

we have that
7 _
- Z ag)GIH + Z b(ﬁ )GBH S (AT (3.8)
a€L+Z BESHZ

: M _ 0 D _q; oDy e

Using (3.8), we get by” =0; aa =0ifa#m+r;as’ =Xif a=m+r. Then
©(Hp, G) = A Hpm, GF](mod Cc).
When g = R, we have
o(Hm, G =Y allat + Y 0065
a€Z BEZL

From
[@(Hmv Gj)v [L07 Hl“ = [[Hmv Gj], (P(L07 Hl)]7
we have that

7 _
> a6+ Y 6 Gh = AGh (3.9)
a€EZ BEZL

By (3.9), we obtain that bg) =0; ag) =0if a#m+r; ag) = Mif a =m +r. Then
©(Hp, G) = A Hpm, G ](mod Cc).
Claim 8. There exists A € C such that
©(Hp,, G;) = N[Hp, G, |(mod Cc) for all m € Z,r € 1Z.
Because |p(Hp, Gy )| = |Hp| 4+ |G| = 1, for any fixed m € Z,r € 3Z, we suppose that
P(Hm,Gr) = > aPGE+ > 0565,
Y/ BELL
®) 5(8)

where ag’, 5 € C.
When g = NS, we have

-\ _ 8 (8) ~—
o(Hn,Gr)= Y a¥Gh+ > b'Gy.
a€5+7 BEZ+L

By

[(p(Hmv Gr_>7 [L()? Hl“ - [[Hmv G;], (P(L07H1)]7
we have that

8) _
S a®ch, - Y 0G5, =G (3.10)
€547 BeZ+Z
Thanks to (3.10), we get a((IS) =0; b(ﬁs) =0if B#m+r; b(ﬁs) =-\if 8=m+r. Then
©(Hp, G,) = A\[Hp, G, |(mod Cc).
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When g = R, we have
P(Hn,Gy) =Y act + Y va;.
ac’Z BEZ
By
[p(Hm, G}, [Lo, H1]] = [[Hm, G ], (Lo, Hy)J,
we have that

S a6t - Y 0565, =G (3.11)
a€EZ BEZL

Using (3.11), we obtain that a&S) =0; 6(58) =0if 8 #m+r; b(;) =—\Xif S =m+r. Then
©(Hp,, G, ) = N Hp,, G, ](mod Cc).
Claim 9. There exists A € C such that
o(x,y) = Alz,y] (mod Cc) for all z,y € g.

By Claim1 to Claim 8, it is easy to obtain Claim 9.

Claim 10. There exists A € C such that
e(@,y) = Alz,y] for all z,y € g.

According Claim 9, we may assume that ¢(x,y) = A[z, y|+ f(x, y)c, where f is a bilinear
function from g x g to C. By

e([z,y],2) = [v,0(y, 2)] + (—1)¥F[p(z, 2), 9],

we have that f([z,y],z) = 0 for all z,y,z € g. Since the N=2 superconformal algebra
g coincides with its derived subalgebra, one sees that f is exactly the zero function.
Finally, we have that ¢(x,y) = Az,y] for all z,y € g. Thus, this claim holds and we
can find that every super-biderivation of the N=2 superconformal algebra g is an inner
super-biderivation. It concludes the proof. O

4. Linear super-commuting maps on the N=2 superconformal algebra g

In this section, we shall describe the linear super-commuting maps on the N=2 super-
conformal algebra g based on Theorem 3.1, we prove that linear super-commuting maps
on the N=2 superconformal algebra g are non-standard.

Theorem 4.1. Fach linear super-commuting map ¢ on the N=2 superconformal algebra
g has the form

Y(x) = Az + f(x)c forall x € g,
where A € C, f is a linear function from g to C.
Proof. Let ¢ be a linear super-commuting map on the N=2 superconformal algebra g.
Define

wigxg—g,

sending (x,y) to [¢(z),y] for all x,y € g. Note that ¢ preserves the Zs-grading of the
N=2 superconformal algebra g. By fixing =, we get a map y — ¢(z,y). It is easy to verify

that it is a super-derivation of the N=2 superconformal algebra g. So we get the following
conclusion

oz, [y, 2)) = [p(x,y), 2] + (=), o(x,2)]  fory,z€g.
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In other words, ¢ is a super-derivation with respect to the second component. Since
[(x),y] = (D)W, 1 (y)] (1 is a linear super-commuting map), one can easily see that
@ is also a super-derivation with respect to the first component. Thus, ¢ is a super-
biderivation on the N=2 superconformal algebra g. Furthermore, ¢ is automatically super-
skewsymmetric by the definition of ¢ above. Thus, ¢ is a super-skewsymmetric super-
biderivation. Applying Theorem 3.1, there exists A € C such that

o(z,y) = Nz, y] for z,y € g.
We have that

[Y(x) — Az, y] =0 for y € g.
Furthermore, we have
Y(x) — Az € Z(g) = Ce,
that is,
() = Ao + (@)
The proof is concluded. O
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