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Abstract

Given a semisimple (preferably simple) complex Lie algebra L, we consider the monoid
I' = I'(L) of equivalence classes of the finite dimensional reducible complex representations
of L. Here I is identified with the lattice of the corresponding highest weights. (This equips
I' with the monoid structure.) For m € I' one considers the symmetric algebra S(m) =

o
@ S™(7) (here regarded as a representation). The elements of I' “occurring” in S(7) —
n=0

i.e., which are the highest weights of some irreducible component of the representation
S(m) — form a subsemigroup M (7) of T'. Such a M (m) has a naturally defined rank r(7)
with 1 < r(r) < r = rank of L. In this paper we give a classification, for all the simple
L = A, and L = B, of all the m with r(7) < r.
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1. Introduction

This work deals with the classification of certain finite dimensional representations of
simple finite dimensional complex Lie algebras, which we will call good representations in
the paper.

Let L be such a Lie algebra and let r be its rank. Let {II;,IIy,...,II.} be the set of
fundamental weights, A = ZII; + ZIIy + --- + ZII,. be the lattice of weights and AT =
NolIl; + NoIIy + - - - 4+ NpII, be the monoid of dominant weights. (The notation is with
respect to a fixed Cartan subalgebra in L and a fixed basis of the root system, [4,8].) We
consider the r-dimensional Q-vector space Ag = QII; + QIIy + - - + QII, (Q = the field
of rational numbers).

We say, that A\ € AT occurs in a (finite dimensional) representation of L, if the repre-
sentation has an irreducible component with highest weight .

Now let p be a finite dimensional representation of L with the representation space
V. It induces a representation S™(p) of L in the symmetric power S™(V) of V for all
n=0,1,2,... Formr=mn+4+mn+ --+7m2<t<r, S(n)is

S™(m) = S"(11)@S%(ro++ - +7)+S" )RS (ot - A7)+ +S(1) @S (1o - 4T).
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We define
M(p) := {\ € AT | there is n € Ny, such that A occurs in S"(V)}.

Then M (p) is a submonoid of AT (see [2, page 8]). Let then Mg(p) be the Q-vector
subspace of Ag generated by M (p). We call the representation p good, if dimg Mg(p) < r,
otherwise we call it bad. The dimension dimg Mg(p) is called rankM (p) or rankp.

The most reducible representations of the simple Lie algebras L = A, and L = B, are
shown to be bad. In this section of the work the symmetric powers of representations are
used, which we have compiled in the R-list 3 at the end of the work. (The calculations
were made with the aid of the Lie calculation package from [9]). In Theorem 3.9 the good
reducible representations are listed and they are classified according to the size of their
rank. In Corollaries 3.10 and 3.11 the results from Theorems 3.1 and 3.9 are summarized
once again.

The numbering of the simple roots in the basis B = {a1,as,...,a,} is chosen like
in Tits (see [4,8]). A representation p : L — gl(V') induces in the dual space V* of V a
representation p* : L — gl(V*), which is called the contragradient of p. The contragradient
of a fundamental representation II; is a fundamental representation II} Since (p*)* = p,
this applies

(T T = ()™ - ()™

Let as before p be a reducible representation of L. Let V be the representation space of
p. Let G be a simple connected linear algebraic group with a Lie algebra L. A linear
algebraic action of G is then induced on V. We identify S(p) with S(V) = C[V] = O(V™),
i.e., with the complex algebra of regular functions on the dual space V* of V' (V* is the
representation space of the dual representation p* of L, respectively of G). Note thereby

p is good < p* is good.

Let p be a representation of L on the representation space V. Then L acts also on S/’},
i.e., on the symmetric powers S™(V) and finally on the (infinite dimensional) symmetric
algebra

S(V) = HOS"(V) (s°(v) =C).
Let M(p) be the following defined subset of AT: A A € AT is in M(p), if there is a k > 0,
such that A occurs in S¥(p):
M(p) = {\ € A" | there is a k > 0 such that X occurs in S¥(p)}.
Remark 1.1. M(p) is a submonoid of A™.
Proof. If X occurs in S™(p) and p occurs in S™(p), then A+ p occurs in in S"t™(p). O

We have Ag := QII; + QI + - -- 4+ QIL. C C*, where C* is the dual space (over the
complex numbers) of the Cartan subalgebra C' of L and Q the field of rational numbers.
Finally, let Mg(p) := the Q-subspace of Ag generated by M (p).

Definition 1.2. We call the dimension of Mg(p) over Q the rank of the representation p:
rankM (p) := rankp := dimension of Mg(p) over Q.

Definition 1.3. A representation p of L is good, if rankM (p) < r. Otherwise, i.e., if
rankM (p) = r, p is bad. (Note that dimg Ag = 7, because the II;,...,II, are linearly
independent.)

Remark 1.4. A reducible representation p = 7+ +- - -+7 with, 7, 7, ..., 7y irreducible
representations is good, if the sum 7 + 75 4+ --- 4+ 73, t < r, is good.
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2. Reducible bad representations

We considered the irreducible good representations of simple Lie algebras in our doctoral
thesis [2]. Here we consider the reducible good representations of simple Lie algebras
L = A, and L = B,. The irreducible good representations of simple Lie algebras are given
in the following lists (see [2, page 44, Theorem 2.1]).

(7) List(A): II;, I0,., o, 11,1 of A, 7 > 2 and II3 of As;
(ii) List(B): II; of By, r > 2 and II, for r = 2,3, 4.

Theorem 2.1. (R-bad) Let L be a (semi-)simple Lie algebra and p = 71+72 be a reducible
representation of L with 11 and 75 good. Then p is bad, if p is in the following list:

(i) Ay:

Iy + IIp, Iy + I3 of As;

Iy + Mg, Iy + IL,—q, IIp + 1o, Iy + 1T, _y, o + IL, 1L,y 4 11,1, 11,1 + 1L, of Ay, 7 > 4;
Iy + T3, 1Ty + I3, I3 + I3, I3 + Ty, IT3 + 15 of As;

(i) By:

I1y + I3, 115 + I3 of Bs;

II; + 10y, 114 + 11y 0fB4, r> 3.

Proof. According to Lemmas 2.2 and 2.3. g

Lemma 2.2. (Case A,) Let p = 11 + 72 be a reducible representation of A,, r > 3, where
T1, T2 are from the List(A). Then p is bad if it is not in the list below:

R-list (A-2):

Iy + 11y, 11y + 1L, I, + 11, of A, r > 3; IIy + 11y of As.

In other words,the following representations are bad:

Iy + Mg, [z + 113 of As;

IT; + H2a IT; + Hrfla Iy + H27 Iy + Hrflv Iy + 1L, 1L, 4 + HT,1, IL, 4 + 11, Of AT; >4
Iy + 3, e + 113, I3 + II3, I3 + Iy, II3 + TI5 of As.

Proof. Let n = 3. The reducible representations 111 +1ls, IIs +1I3 of A3 are bad according
to R-list 3.1.1.

Let n = 4.

The reducible representations 11y +11o, I 4+113, 15 + 1o, ITo + 113, T1o + 114, I15 4113, II3 4114
are bad according to R-list 3.1.2.

Let n =5.

The reducible representations I1; + Iy, ITy + I3, I1y + Iy, 11 4 T1o, IIs + I3, I1o + T4, 1o +
5, I3 + I3, 113 + [y, I13 + II5, 114 + T4, 114 + 115 of A5 are bad according to R-list 3.1.3.
Let n > 6. Proof by induction.

O O OO O O

1 2 3 r—2 r—1 r

Ar—l —

There are regular subalgebras A,_; and A!_; in A, as in the picture. The representations
Iy +11o, Ty +11,_q, lIg 4+ 11g, o +11,._q, IT,,_1 + 11— are bad in A,_; and o +11,, IT, 411, _¢
are bad in A]_;.

p=1I; + 1,

a) L=A,_1 = Ayy_1.

The trivial component Iy occurs with multiplicity 1 in S™(Il3) of Ag,,—1 (see [2, page 71,
Behauptung 1)).
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p =1II; + I of A,_; is also bad in A, according to “Kriterium 1” (see [2, page 13]).
b) L =A,—1= Aon.

S™HUIL +TIp) = S™H(IT) + S™(IL) @ g + -+ - + I @ S™(Ilp) + S™H(I1y).

The component Iy, occurs in S™(Il3) of Agy, (see [2, page 79, Behauptung 2]).

IT; ® S™(Il3) contains the component IT; ® Iy, and IT; ® Iy, = I1;11a,, +IIp. The trivial
component Iy occurs in Sm+1(H1 + II2). According to Kriterium 1 p = II; + IIs of A,
is bad in A,.

p =1 +Ils.

a) L = A, = Agpy—1. The case is similar to p = II; + Iy of Ayy,.

b) L = A, = Aop.

The zero weight § occurs in Ag,,_1. Hence it has A as its support in the rest diagram
according to Facts 1.3 (see [2, page 11]). Therefore p = Ils + IIy of Asg,, is bad.

The proof of the cases p = IIy + I, 1, o + I, 1,11,y + 1L, IIo + IL., 1T, + IL,_q is
similar to the proof for p = II; + Il or p = Iy + Iy (II7 = I1,, 15 = II,_4). O

Lemma 2.3. (Case B,) Consider the following list of reducible representations of B.
R-list (B-2): II; + 11y of B,, r > 3.

All other reducible representations p = 11 + 1o are bad, where 11, T2 are from List(B) (i.e.,
Iy + 103,05 + 113 of Bs, 11y + Iy, 11y + Iy of By).

Proof. Let n = 3.

The reducible representations Iy + 113, I3+ 113 of Bs are bad according to the R-list 3.2.1.
Let n = 4.

The reducible representations II; + Iy, Iy + 11y of B4 are bad according to the R-list
3.2.2. O

3. Reducible good representations

Theorem 3.1. (R-good, 2-sum) Let L be a simple Lie algebra and let p = 11 + 12 be a
reducible representation with T, good. Then p is good, if p is in the following list:

(i) Ap: 11y + 1y, 1 + 1L, I + 10 of A, > 3 and 1l + 1y of As.

(ii) By: Iy + 11} of By, r > 3.

Proof. The statement of the theorem follows in the Lemmas 3.2 and 3.3. O

Lemma 3.2. (Case A,) Let L = A,, r > 3, and let p = 11+73 be a reducible representation
of L with T, good.

(1) The irreducible components A\ which occur in S™(II; + IIy) are exactly those from
the type \ = II7" 115", my, mg € Nyg. Hence rank(Il; + 11, A,;) = 2 and IT; + 1Ty
of A, is good.

(2) The irreducible components A which occur in S™(II; +1I,.) are exactly those from
the type X = II{" 112, my, mg € Ng. Hence rank(Il; 4 II,, A,;) = 2 and I1; + 11,
of A, is good.

(3) The irreducible components X\ which occur in S™(IL, + 1I,.) are exactly those from
the type A = I 1L my, mg € No. Hence rank(Il, + II,, A,) = 2 and II, + 11,
of A, is good.

Proof. The case (1): According to Panyushev (see [2, page 47], [7]) rank(II; 4+ II;, A,) =
rankA, —rankK, and K = A,_3 (see [5],[6]).

rank(Il; 4+ IT;, A,) = rankA, —rankA, o =r — (r —2) = 2, (3.1)

S2(y + 11 = S?(IIy) + SY(ITy) ® SY(ILy) + S?(I1y) = 282(I0y) + I @ Iy
I; ® Iy = 12 + I, withdegIly = 2,
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According to (1) and (2) the irreducible components A which occur in S™(II; + II;) are

from the type A = II7" 115",

The case (2): According to Panyushev rank(II; +1I,, A,) = rankA, —rankK and II} = II,.
rank(Il; +II,, A,) = rankA, —rankA, o =7 — (r —2) = 2. (3.3)

According to (3) the irreducible components A which occur in S™(II; + II,.) are from the

type A = I 1172,

The case (3): According to Panyushev rank (I, 4+1I,, A, ) = rankA, —rankK and IT} = II,..

rank(Il, +II,, A,) = rankA, —rankA4, o =7 — (r —2) = 2, (3.4)

S2(IL, + I1,,) = S3(11,) + ST(IL,) ® S*(IL,) + S%(IL,) = 25%(11,) + I, @ 11,

I, @ 1T, = 02 +1I,_; withdegIl, ; = 2,
According to (4) and (5) the irreducible components A which occur in S™(II, + II,) are
from the type A = I 112, . O

(3.5)

Lemma 3.3. (Case B,) Let L = B, r > 3, and let p = T1+72 be a reducible representation
with 71, 72 good. Then the irreducible components X\ which occur in S™ (111 +11;) are exactly
those from the type A = IIT"I15*2, my, mg € Ny. Hence rank(Il; +11;, B,) = 2 and II; +1I;
of B, is good.

Proof. The statement follows similarly to the case (1) of Lemma 3.2 for A, with K =
By _s. O

Theorem 3.4. (R-good, 3-sum) Let L be a simple Lie algebra and let p = 11 + 7o + 73 be
a reducible representation with 71,72, T3 good. Then p is good, if it is in the following list:
(i) Ap: Iy + 10y + Iy, 10y + 10y + 10, 1T + 10, + IO, I0, + 10, 4+ 10, of Ay, r > 4.
(ii) By: Iy + 111 + 111 of By, r > 4.

Proof. The statement of the theorem follows from Lemmas 3.5 and 3.6. O

Lemma 3.5. (Case A,) Let L =2 A,, r > 4, and let p = 71 + 10 + 73 be a reducible
representation of L with 11,7, T3 good.

(1) The irreducible components X\ which occur in S™(I1y + 11y + I1y) are exactly those
from the type A = IIT 152 1I5"  my, ma, mg € Ny. Hence rank(I1; +11; +11;, A,) =
3 and Iy + 1Ty + 11y of A, is good.

(2) The irreducible components \ which occur in S™(I1, + I, + II,.) are exactly those
from the type X = IDMIL'4I0TS,, my,mo,mg € Ng. Hence rank(Il, + II, +
I, A;) = 3 and 11, + 11, + 11, of A, is good.

(3) The irreducible components \ which occur in S™(I1y + 11y + II,.) are exactly those
from the type A = IIT' TIS*2 1173 my, mg, mg € Ny. Hence rank(II; +11; +11,, A,) =
3 and II; + 111 + 11, of A, is good.

(4) The irreducible components \ which occur in S™(I1y 4+ I, + II,.) are exactly those
from the type A = II{"' I II™8  my, mg, mg € No. Hence rank(I1; +11,+11,, A,) =
3 and II; + 11, + 1L, of A, is good.

Proof. The case (1): According to Panyushev (see [2, page 47], [7]) rank(Il; + II; +
1y, A,) = rankA, — rankK, and K = A,_3 (see [3,0]).

rank(Ily + IT; 4+ II;, A, ) = rankA, — rankA, 3 =r — (r — 3) = 3. (3.6)
In SQ(Hl +1II; + H1> = 52(1_[1 + Hl) + Sl(Hl + Hl) &® Sl(Hl) + 52(1_[1)
SHIT; 4 11) ® SY(ITy) = 211 ® T = 2113 + 2T, with deg Ty = 2, (3.7)

S3(y + 11y + IIy) = S3(I0y + 1Y) + S?(I1y + IIy) ® Sy + SY(IL + 1) ® S + S31;,
S2(IL 4 1) @ S' = (3113 4+ 11p) @ Iy = 315 @ Iy + 11, ® I
I, ® ITy = I11 10, + 113 with deglls = 3.
(3.8)
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According to (6), (7), and (8) the irreducible components A which occur in S™(IT; +1I; +11; )
are from the type A = II7" 15" 115",

The proof for (II, +1II, +1I,, A;) is similar to (IT; +II; + 113, A,), since II} = II,. The irre-
ducible components A which occur in S™(II,.+I1,+1I1,.) are from the type A = I} II"2 173,
(HE =1L, H§ = Hr72)-

The proofs of the cases (3) and (4) are similar to the proofs of the cases (1) and (2). O
Lemma 3.6. (Case B;,) Let L = B,, r > 4, and let p = 71 + 72 + 73 be a reducible
representation with 1,72, T3 good. The irreducible components A which occur in S™(II; +
Iy + IIy) are exactly those from the type X = IIT"II5"2II5", my, me, m3 € No. Hence
rank(Ily + IT; 4+ 11y, B,) = 3 and II; + 111 + I1; of B, is good.

Proof. The arguments for the proof are similar to those for the proof for (ITy +11; +11;, A,.)

with K = B,_3. O
Theorem 3.7. (R-good, t-sum) Let L be a simple Lie algebra and let p =11 +10+-- -+ 74
be a reducible representation with 11,7, ..., T good. Then p is good, if it is in the following
list:
(i) Ap: Iy + 10y + -+« + Iy, 1L, + 10, + - - - + 10, (t-sum), t <7 >3, and
t times t times
M + 10 + -+ 1y + 00, + I, + - -+ 10, (k+8)-sum, k+s=t<r>3.
k times s times
(ii) By: Iy + 10y + -+« + 1y (t-sum), t <r > 3.
t times
Proof. The statement follows from Lemma 3.8. U

Lemma 3.8. (Case A,) Let L be a simple Lie algebra, let v > 5 and let p = 11 +712++--+T7¢
be a reducible representation of L with T1,72,...,T: good, t < r.
(1) L= A, (or L= B,)
The irreducible components X which occur in S™(IIy +1II; 4+ --- +1I1) (t-sum) are

t times
exactly those from the type X\ = I 115" - - - II]** with my, ma, ..., my € No. Hence

rank[H1 +1II; +--- +H1),AT(BT)] =t<r
t times
and 11y + II; + - - - + IIy) of A, (or of B,) is good.

t times
(2) (a) L= A,
The irreducible components X\ which occur in S™(Il, + II, + - - - +II,) (t-sum,)

t times
are exactly those from the type X = T[T ILT2, - - - TI,  with my,ma, ... ,my €
No. Hence rank[Il, + II, +--- +II,.), A, =t <7 and I, + I, + - - - + II,.) of
t times t times

A, is good.
(b) The irreducible components X\ which occur in
Sty + 1y + -+ +1y) + 1L, + 1L + - - +I1;)) (k + s)-sum are exactly those

k times s times
m m m T n .
from the type A = TIVILS™ - - TLPFIEATL2 - - - TL0S o with ma,ma, ... my,
and
ny,na,...,ns € Ng. Hence

rank[ITy +I1; + -+« +1I) + 1L, + I, + - - - + I1), A, =k + s =t <,

k times s times
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and 11y + 11 + -+« + 1Iy) + I, + 11, + - - - + II,.) of A, is good.

k times s times

Proof. The case (1): According to Panyushev (see [2, page 47], [7]) rank(I; +IIa 4 -- - +
IT;, A;) = rankA, — rankK, and K = A, (see [1,0]).

rank(Il; + IIp + - - - + II;, A, ) = rankA, —rankA,_, =r — (r — t) = t, (3.9)

Tjtis r+1—45—1>0,

7TZ‘®7T]'_7ri7rj+7Ti_17Tj+1+-~-+{ (3.10)

Tjti—r—1, r+1—7—1<0,

r > 2,1 < j. According to (9) and (10) the irreducible components which occur in
S™(II; 4+ II; + - - - + II) are from the type A = ITI7" I15*2 - - - TI}™**.

t times
The proof of the case (2a) is similar to (1) (since II} =1I,41_, i =1,2,...,r) .
The case (2b):

rank(ITy + Iy + -+ + Iy + 11, + 11 + - - + 11, A;) = rank A, —rankA, o =k+s =1 <.

k times s times

(3.11)
According to (10) and (11) the irreducible components which occur in
STy + My + - + T + 1 + I, + - + 11,
k times s times
are from the type A = II{" 15" - - - IL"FIIAIL2 - - - D0 O

Theorem 3.9. (Classification) The following lists of p and for L = A,, L = B, contain
all reducible good representations and their ranks.

(1) () L=A and p=1L1 +1I;, p=1I;, + 11, p =11, + 1L, r > 3,
(ii) L = A3 and p =y + 1y,
(iii) L = By and p=T1I; + Iy, r > 3.
Then rankM (p) = 2.

(2) () L=A,r>4andp=101 +1I) + Iy, p =11, + II1 + 11, p =1I; + 11, + 1I,.,
p =1L, + 11, + 1L,

(il) L= By, r >4 and p =11; + 11} + II;.
Then rankM (p) = 3.

3) () L=A,r>5andp =1L + 1) + 1) +1Iy, p = I} + I} + II; + 1L,
p =101 + Iy + 1L, + 1L, p = Iy + 1L, + 1L + 1L, p = 1L, + I, + I + 11,

(11) L=DB,,r>5and p=11; +1I; +1II; + II;.
Then rankM (p) = 4.

4) (i) L=A,orL=B,, p=1I; +1I; +--- +1I; (t-sum), t <r,
t times
(i) L=A,,r>6, p=1I, +II, +--- + II, (t-sum), t <r,

t times
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p=IL +1; +-- -+ I + 10, + I, +--- + I, ((k+s)-sum), k+s=t<r.

k times s times
Then rankM (p) =
Proof. Everything follows from Lemmas 2.2, 2.3, 3.2, 3.3, 3.5, 3.6, 3.8. O

Here we summarize our results again. We order the reducible good representations but
on a different principle, namely after rank.

Corollary 3.10. Let L = A, and p = 71 + 7 be a reducible representation of A, with
T1, T2 good.
(1) For A, r > 3:
(a) S"(II +1II) = Z (mq + DI with my + 2mg = n, my, ma € Ny,

mi,m2
(b) S™(Iy +10,) = > HII™2 with my +mg =n—2k, k=0,1,..., m
(c) S"(IL, +1I,) = miém(ml + DILMIT"? with my + 2mge = n, my, ma € Ny,
(2) For As: e
§7(My + 1) = G2 > (ma + DI (I TT5) "™

2

mi,ma2

with my +2mg =n — 2k, k=0,1,.. ., m
Corollary 3.11. Let L = B, and p = 71 + T2 be a reducible representation of B, r > 3,
with 11, good. Then

(k+1)(k+2)

S"(I +1Iy) = 2

> (ma + DI L™

miy,m2

withm1+2m2:n214:,]4::0,1,...,{;6}

4. R-List 3

R-List 3.1 A,:

R-List 3.1.1 As:

S%(my + mg) = w3 + 73 + w3 + W2 + 7o,
S?(my 4 m3) = w5 + 75 + ™1 + Tam3 + m;

R-List 3.1.2 A4:
52(7'(1 +7T2) = 7r1 +7T2 + 73 + My + W7o,
S?(my + 73) = 7r1 + 773 A T mm,
S3(m1 + m3) = 5 + 7 + mmE + wins + mws + mmy + T3my + 7T+ T,
( )= 3772 + 31y + mims,
( ) = 471'2 + 67r27r4 + 271'171’27‘('3 + 27r1,
54( ) = 5772 + 97r27r4 + 673 + 3mywins + 373 + 3mymamy + AT + TWITS,
S?(my 4 m3) = 7r2 + wg + 1 + 74 + Ty + T3 + TO,
S%( )—@+m+m+m+mm
S3(mg + m4) = 7r2 + 73 + Moy + WMy + WMo + WyTy + ToWy + T3 + o,
( ):7r3+37r1+7T27r4,
S3(m3 + 7m3) = 47T3 + 6wy + 2momymy + 27r4,
S4(m3 + m3) = 5773 + 97?1773 + 673 + 3maminy + 37 + 3mymomy + ANy + I,
S%(rg + m4) = 75 + 73 + Mo + W1 + TyTa;

R-List 3.1.3 As:
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S%( ) =} + 75 + w3 + Ty + T,
S3(m1 + mo) = + TS + momy + Moz + WM + WS + WM + WT4 + T5 + T,
S( )ZTF%+7T§+7T17T5+7T17['3+7T4,
S2( ) = 7+ + wing + s + WM + WMy + ToWs + T3Wy + TITITS + T + 73,
SA(m1 + m3) = 7 + T3 + TMATs + TIWE + WMy + T3 + WATY + WITS + Tom3Ts + T M4TS +
2mms + 7r%7737r5 + 4+ WZ + Ty + 7['%71'32) + o 4+ T + 7['% + 7751”775 + W%m + 7T:1)’7r3 -+ 7o,
S2(my + ) = 73 + 73 + o + T + Ty,
S3(my 4 m4) = m} + T + WEM4 + TS + ToMa + T + TuTs + W + T3 + T,
S%(mg + m2) = 375 + 3wy + W73,
S3(mg + o) = 473 + 6momy + 2m mom3 + 2my s + 4,
S4(mg + ma) = 55 + Imdmy + 673 + Imo + 3mymITs + 3y My + AT MO + TWoTwE + 3M3 s,
S?(my 4 m3) = w3 + 73 + momws + MMy + W5 + T4 + T,
53(772 + 7r3) = ﬂg’ + 7r§’ + T 3T + T3 + 7727T§ + 2mg s + W w3y + T WS + T + 7['% + 7T§7T3 +
295 + WMoy + 374 + T2y + T1 + 7o,
S?(my 4 m4) = 73 + 75 + T2 + T4 + MMy + T + T,
S3(mg +m4) = Th + 2momy + 20 + M2 + 27y + T W4T + T3 + T3 + ToTY + 270 + T TTE +
734 + myms + 73,
S2(mg + 5) = 73 + W& 4 Toms 4 M + M4,

3(my + m5) = w3 + W2 + mams + MamE + WMo + W5 + Momy + T4ms + T3 + T,

)

. )
73 + m3) = 373 + 3myms + Ty + Mo,

)

)

S(
S°(
S3(
S(

T3 + m3) = 477;:;’ + 6m 3Ty 4 673 + 2momy My + 2y s 4 2717,

T3 + T4 =W§+7TZ+7T37T4+7T17T5+7T27T5+7T1-|-7T2,

S3(mg +ma) = 7T§+7Ti’+7T17T37T5+7T3+7T§7T4—|—27T17T3+7T27737T5+7T17T47T5+7T4+7T52,+7T37T2+
2Ty + MMy T5 + ToT3 + WoT4 + 75 + Mo,

52(773 +75) = W% + Wg + w175 + w3Ms + T2,

S3(m3 + m5) = 75 + T + TWE + WIMs + MIME + MaMs + MMy + ToM3 + MIMTE + T3 + T3,
54(7T3 +75) = 7T§ + 772,1 +7T17732,7T5 + W%W% + momy + 7732, +7T27T32,3 + 7r§’7r5 + T3y + T T +
QM35 + MIT3TE + Mo + T + MM M5 + TS + T4 + T TATs + T2 + 7178 + MamED + mams + o,
S?(my + m4) = 377 + 3wy + W3Ts,

S3(m4 + m4) = 47} + 6mamy + 2m3myTs + 2m1 s + 4,

S4(my + m4) = 57F + Imom? + 675 + 91y + 3m3mIWs + 3Mamy Ty + AT MY + TITE + 3My 7Y,
S%(my + m5) = 72 + 73 + W3 + T2 + W4T,

S3(my + m5) = 7 + T + MMy + W3y + T3Ws + ToWs + TaIM5 + TETY + 71+ To-

R-List 3.2 B,:

R-List 3.2.1 By:

S%(m1 + m3) = 72 + 72 + myms + 73 + 270,

S%(my + m3) = 7 + 73 + wiwy + e + 7F + mo + w3 + W3 + 2my + 273,

52(7'(3 +73) = 371'% + m + mo + 7o,

R-List 3.2.2 By:

S%(m1 + m4) = 73 + 73 + MMy + 71 + T4 + 270,

S3(my + ma) = 3 + 73+ mimy + mms + 7+ 75 + 2mimy + 73 + T2 + 21y + 27y + o,
S2%(my + m4) = 7§ + m + W + 73 + .
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