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ABSTRACT

In this study, we investigate approximation properties of a Schurer type generalization of g —Szasz-beta type
operators. We estimate the rate of weighted approximation of these operators for functions of polynomial growth on

the interval [0, o).
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1. INTRODUCTION

In [1], based on g —integer and g —binomial
coefficients, firstly, Lupas introduced a ¢ —analogue of
the Bernstein operators. After then several interesting
generalization about g —calculus were given in
[2] —[13]. Recently, in [14], Dinlemez studied
convergence of the g —Stancu-Szasz-beta type
operators. Our aim is to study on Schurer type
generalization of q —Szasz-beta type operators. We use
without further explanation the basic notations and
formulas, from the theory of g —calculus as set out in
[15] = [19]. Let A>0 and f be a real valued
continuous function defined on the interval [0, o). For
0 < q <1,q —Szasz-Schurer-beta type operators are
defined as
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Supa(F0) = 28050, [ b (OF (©)dy (©),

@
where
q _ k e—[n+p]qx
Sppi () = ([n + plyx) T
and
K2,k
bz‘p‘k(x) = 1= nFp+k+1t

Bq(k+1,n+p)(1+x)q
If we write p =0 in (1), then the operators S,,,, ; are
reduced to q —Szasz-beta type operators studied in
[10,11] and [14]. If we write p =0 and g = 1 in (1),
then the operators Sy, ,, ; are reduced to Szasz-beta type
operators given in [20] — [23].
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2. MOMENT ESTIMATION

For the sake of shortness, the notation F;~(m) = [i_o[m — i], will be used throughout the article. In the following
lemma, lemma is similarly to the proof given in [10,11]. So proof of the following lemma is omitted.

Lemmal. e, (t) = t™, m = 0,1,2,3 and 4. Then, we get

() Sn,p,q(e():x) =1,

.. _ [n+plq 1
(i1) Snp.q (er,x) = q2F; (n+p-1) qFy (n+p-1)’
_ [n+P]¢21 2 [2]5[n+p]q [2]q
(iii) Sn'p'q(ez'x) T qSF[ (n+p-1) q5F; (n+p-1) q3F (n+p-1)’
. _ [n+pl} 3, ([8lg+q[213)In+pl3 ,
(iv) Snp.q(es, %) = q'2F; (n+p-1) x q**F; (n+p-1) x

([213[414+a%[2] ) [n+Dlq [214[3]q

q°F; (n+p-1) q°F; (n+p-1)’
_ [n+pl} 4, ([7lg+alslg+a®[213)n+p] 3

(V) Sn,p,q (64' X) - q?°F; (n+p-1) q°F; (n+p-1)

+ ([514l614+al213[614+a%[215[4]g+q*[2]4) [n+p]G X2
q'7F5 (n+p=1)
+ ([2]5[4‘]q[5]q+q2[Z]q[s]q+q3[Z]q[3]q)[n+p]q X+ [2]q[3]q[4‘]q
q'*F; (n+p-1) q'°F5 (n+p-1)’

To obtain our main results we need to compute second and fourth moments.

Lemma 2. Let g € (0,1) and n > 4. Then, we have the following inequalities

. N2 2(1-q*) 28 z___
() Sn,p,q((t x)%,x) < ( 2 + q‘SFg_(nﬂJ—l)) x(x+ 1)+ q3F; (n+p-1)
and

.. 8(q'%-q'®) 12596
() S (& = )%, 0) < (ML 4 e

)(x4+x3+x2+x+1).

Proof of (i). From linearity of S,, ,, ; operators and Lemma 1, we have the second moment as

Snpq((t =x)%,%) = Spp (%, %) = 2xSp o (t, %) + x2S 5 4 (1, %)
_ [n+pl-2q*[n+plgln+p—2]4+q°F (n+p-1) 2
q°F (n+p-1)
q[2]3[n+plq—2q°[n+p-2], [2]q @)
q°F; (n+p-1) q3F; (n+p-1)

In (2), using the inequality [n + p — s]q < [n + p]q for s > 0 and ignoring some negative terms, we obtain

(1+q®)[n+plf-2q*[n+p-215 , | al25[n+pl, [2]q @A)
q°Ff (n+p-1) q°Ff (n+p-1) q@3F (n+p-1)

Snpa((t—2)%x) <
In (3), using the inequality

[n+plg < [slg +q°[n+p—s], fors >0, @
we get

Snpq((t = %)%, %)

< (1+q°)([212+2q°[2]3[n+p—2] g +q* [n+p—2]3)—2q*[n+p—-2]2 X2 4 q[213([2]g+q%[n+p-2],)
- q°F (n+p-1) q°Ff (n+p-1)

[2]q
@3F (n+p-1)

lq*(1+q®)-2q*|[n+p-2]3+(2[2]4 (1+q°)+[2]5q%) [n+p—2]4) +(1+q®)[2]5+q[2]}
< T tnpD) x(1+x)+

)x(1+x)+

[2]4
q3F; (n+p-1)

< (2(1—q4) 28
- q° q°Fy (n+p-1)

2
q3F; (n+p-1)’

And the proof of (i) of the Lemma 2 is now finished.

Proof of (ii). From linearity of S, ,, , operators and Lemma 1, we write the fourth moment as

Sn,p,q((t - X)4, x)
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= Sppqthx) = 4xS, 0 (83, %) + 6x28S,, o (£, %) — 4x35, 5, 4 (6, %) + x*S;, o (1, %)

__Gmpg 4 C,(np.q) C3(np.q) 2 Cs(np.q) Cs(n,p.q) ©)
q?°F; (n+p-1) q'°F; (n+p-1)  q'7F; (n+p-1) q*F; (n+p-1) qOF; (n+p-1)’

Where

Ci(np, @)

= [n+plg —4¢°n+pliln+p —4]g + 64" [n +pli[n +p —3]gn +p — 4],
—4q"8[n+plgln+p —2]gIn+p —3lyIn+p -4l + ¢*°F5(n+p - 1),

C,(n,p,q) = ([7]q + q[5]q + ¢2[2]2) [n + p13 — 4¢°([5]q + q[2]2)[n + p)2[n + p — 4],
+6q"*[2]2[n+plgln +p—3lgln +p— 4]y — 49" [n+p = 2]g[n + p — 3]4[n + p — 4],
C3(n,p,q) = ([51416]4 + ql2]2[6], + q*[212[4], + q*[2]4)[n + p]3

—4q®([212[4]q + ¢*[2]¢)[n + plg[n + p — 414 + 6q**[2]g[n + p — 3]g[n +p — 4],
Ci(n,p, @)

= ([2]5[4’]11[5](1 + qz[z]q[s]q + q3 [Z]q[3]q)[n + P]é - 4q8 [Z]q[3]q[n +p— 4]q

and
CS(n'p' CI) = [z]q[g]q[4]q

Now, we find upper boundaries for the coefficients C;(n,p, q), i = 1,2,3 and 4. Again using the inequalities [n + p +
slq < [n + plq, (4) and ignoring some negative terms, we write

Ci(n,p,q) = [n+ple(1+ 6™ +q*°) — [n+p — 415 (4¢® + 4q"®)

<8(q*® — q*®)[n+p— 4]t +4992[n+p —4]3, (6)
C,(n,p,q) < 40[n +pl}

<40([n+p -4 +12[n+p—4]3+48[n+p— 4], +64), @
C3(n,p,q) <84[n+pl2 <84([n+p—4]2+8[n+p—4], +16), (8)
Cs(n,p,q) <96[n+pl, <96([n+p—4],+4) 9)
and
Cs(n,p,q) = 24. (10)

Combining among (5) and (10), we get

s ((t— 0% %) < 8(q15—q13)[n+p—4—]3+4—992[n+p—4];7‘1x4
neq T q?°[n+p-4lg

40[n+p—4]3+12[n+p—413+48[n+p—4],+64 3
X

q*°[n+p-4lg

84(12[n+p-412+8[n+p-4lq+16) ,  96([n+p—4lg+4) 24
x
q7[n+p-4l5 q'*n+p-4l; q°[n+p—-4]5
8(q'°—q'® 12596
< (8 x*+x3+x2+x+ 1)
q*° q*°[n+p—4lq

And the proof of (ii) of Lemma 2 is now finished.
3. LOCAL APPROXIMATION

Now, Cg[0,0) denotes the space of bounded continuous functions with the norm ||f|lz = sup{|f (x)|: x € [0,)}. We
denote the first modulus of continuity on the finite interval [0, b],b > 0,

wo,p](f, 8) = supg<nssxeopylf (x + ) — f(2).
(11)

The Peetre’s K —functional is defined by

Ky (f,8) = inf{llf — glls + 6llg"lls: g € W2}, 5 > 0),

where W2 = {g € C[0,%):g',g" € C5[0,)}.

By [18, p. 177, Theorem 2.4], there exists a positive constant C such that

Ky (f,8) < Cwp(f,V6), 12)
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where w,(f,V8) = sup_ sup If(x+2h) = 2f (x + h) + f ().
0<hs<Vé X€[0

Thus we are ready to give direct results. The following lemma is routine and its proof is omitted.
Lemma 3. Let

[n+ply 1
2Fy (n+p-1) qF; (n+p—-1)

Snpa(F,%) = Supa(F,20 = f (5 )+ £ 0. (13)

Then, the operators S_n,p,q satisfy the following assertions;

(l) fll,p,q(lnx) =1,
(”) Sn,p,q(t: X') =X
(i) Sppq(t—x,x) =0.

Lemma 4. Let g € (0,1) and n > 1. Then for every x € [0, ) and "' € C5[0, ), we have the following inequality
|§n,p,q(f' X) - f(x)| < ||f””36n,p,q(x),

_ (2(-g% 28
where 5n,p,q(x) = ( q6 + q®Fy (n+p-1)

2
)x(l +x)+ ey

Proof. Using Taylor’s expansion
fO=fC)+E—-0f"()+ f,f(t —wf"(Wdu
and from Lemma 3, we obtain

Snpa(Fr0) = F) = S (J; (6 = wf ", x).
Then, using the Lemma 2 (i) and the inequality

|ie —wyf"aodu| < N771ls 2,

we get

|§n_p,q(f; .X) - f(x)|
2
W @+ ||B(< n +pl, _1>x+%>

q*F;(n+p—-1) qFg(n+p—-1)

Il lls ((2(1-a*) 28 2
s 2 {( q® + q(’Fo'(n+p 1)) x(x + 1) + q3F0'(n+p—1)}

" lle [n+plg [n+plg x 1
+ 2 {(qZFD'(nﬂ)—l) 1) x*+2 ( q%Fy (n+p-1) 1) qFy (n+p-1) + qZ(FO_(nH?—l))Z}

2(1-¢%) 28 7
s {( q® + quO‘(n+p—1)) x(x + 1) + q3Fy (n+p 1)} ”f ”B

and the proof of the Lemma 4 is now completed.

Theorem 1. Let (g,) < (0,1) be a sequence such that g, - 1 as n — co. Then for every n > 2 , x € [0,0) and f €
Cg [0, o), we have the inequality

|Sn.p.qn(fr x) — f(x)| < Cw, (f' 6n,p,qn(x)) + w(f' nn,p,qn(x))v

(vl .
WhEIE T, (*) = (q%[nw—uq,. e aalntp=1lg,

Proof. Using (13) for any g € W2, we obtain the inequality

|Sn,p,qn(frx) - f(x)| |§npqn(f - g'x) - (f - g)(x) + §n,p,qn(g'x) - g(x)l
+|f (Plant e L) — £ ().

QnFo (n+p-1) nFy (n+p-1)
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From Lemma 3 and Lemma 4, we get

[Snpgn (%) = £ < 20f = gllp + 8 pq, @l g" Il
|f( [n+plg, X+ _1 _ )—f(x)|

ano (n+p-1) qnFy (n+p-1)
By using (11), we have

|Snp.a, () = FQO| < 211f = gllp + 8 g, NG 5 + @(f T p.g, (X))- (14)

Taking infimum over g € W2 on the right hand side of the inequality (14) and using the inequality (12), we get the
desired result.

4. WEIGHTED APPROXIMATION

The weighted Korovkin—type theorems was proved by Gadzhiev [19]. We give the Gadzhiev’s results in weighted spaces.
Let p(x) = 1 4 x2. B, [0, ) denotes the set of all functions £, from [0, o) to R, satisfying the growth condition |f(x)| <

N¢p(x), where Nf is a constant depending only on f. B, [0, o) is a normed space with the norm ||f|l, = sup {'f(x)l X €
} C;[0, o) denotes the subspace of continuous functions in B, [0, ©) for which lim|_,c E ;' exists finitely.

Theorem 2 Let (g,) = (0,1) be a sequence such that g, — 1 as n — oo. Then for f € C;[0,00) and n > 1, we have
limn—»oollsn,p,qn(f) - f”p =0.

Proof. From Lemma 1, it is obvious that |S,,,4. (e0) — e0||p = 0. Letn > 2. Using Lemma we see that,

[n+p]qn 1 _ |
[Snp.an (e1,%) — e ()| = |q i Vo X

_ |[n+plg,—qaln+p-1lq, 1
- qiln+p-1lg, qnln+p—1lg,
_| 1+an-ap*? 1
"l n+p-1lg, qnln+p-1lg,

3 1 1
B T
Qn Adn [n+p 1]‘?71

<—(x+1)

[n+p— 1]
And we have
1+4+x 3

su
xe[o.pw) 1+x*qi[ln+p— 1],,

”Sn.p.qn(el) - elllp =

Therefore,

1im [Snp,q, (e1) = el||p =0

n—-oo

Similarly,
_ — [n+p]¢21n 2 [Z]én[n"'p]lm [2]’171 42
|S”""q" (62, %) ez(x)| T gSF (n+p-1) qnFT (n+p—1) gy FT (n+p-1)
_ [n+p)3, 2 [2]3[n+p]g, [2]g, |
- |(q;‘1Ff(n+p—1) 1) + qnF; (n+p-1) X+ a3F (p-DI°

By the equality

[n+pl3, —anFr (n+p—1)

1
— — (qn + q2(n+p) 2q7111+p+1 _ 2q;1+p+2 _ 2q;l+p+3 _ q;rll+p+4- + qrzl(n+p)+1
+a; P 4 2 + ¢} + gh+ a5 - 24,7 + 1)
o_ 9qn+p+4
1-qn

=9[n+p+4lg,
We get following inequality

9[n+p+4lg,
|Snpq, (€2, %) — e(x)| < (x? +x + 1)5F1T+pql)

Hence,
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1+x+x? 9n+p+4ly
_ < TP an
1.0, (e2) 62”9 - x:[l(l,lzo) 1+x2 qpF; (n+p-1)

Then we have 71i_r)1010||Sn,p,qn(e2) - ez||p =0.

Thus, from A. D. Gadzhiev’s Theorem in [25], we obtain desired result of Theorem 2.
5. RATE OF WEIGHTED APPROXIMATION

Now we want to estimate the rate of convergence for the sequence of the q —Szasz-Schurer-beta operators Sy, , ;. As it is
known if f is not uniformly continuous on the interval [0, ), then the usual first modulus of continuity w(f, §) does not
tend to zero, as § — 0. For every f € C;[0, ), we would like to take a weighted modulus of continuity Q(f, &) which
tends to zero as § — 0. We consider the weighted modulus of continuity Q(f, §) as

If e+h)=f ()]

(D) (LixD) for each every f € C;[0, o).

a(f,6) = SUPo<h<6,x=0
(15)

The definition and properties of the weighted modulus of Q(f, §) were given by Ispir in [26].
Now we will obtain the rate of convergence for the operators S, ;, 4. .

Theorem 3. Let f € C5[0, ) and (g,,) © (0,1) be a sequence such that g, — 1 asn — o, then, we have the inequality

14+4q,3

1Snp.q, ) — f||§ < M(n,p,q,)Q <f'é\/1 —qn + pe—

Cc+ D)

where p(x) = 1 + x> and M(n, p, q,,) is a positive real number dependent on n, p and g, for n > 4.

Proof. From the definition of Q(f, &) in (15), we get

IF(O - fOOl < L+ (£ =01 +27) (1+50) (. 8).

Then we yield the inequality

[Snpaa FO.2) = FG] < QF, YA+ xS, (1 + (=007 (14+157) %)
<a(f,6)a + xz)(Sn,p'qn(l + (t —x)%,x)

+Supa, (14 = 0D, x)) (16)

Applying the Cauchy—Schwarz inequality in the last term of inequality (16) we obtain

|t—x| i t—x)? z
Snpian ((1 +(t-x)?) T",x) < (Snpaga (L + (£ =022, 2)) (sn,,,,qn (e x)) .
From Lemma 1 and Lemma 2, we have the following estimates.

28
45F; (n+p-1)

2
4iFy (n+p-1)

v
Snpan(1+ (£ =220 < 1+ (F22 4 )x(x+ 1)+

2 (1 &6 _ 4 14 a3 2
s qs (2 nt1l-qnt Fy (n+p—1) Fo‘(n+p—1)) (x+1)
2 6 _ 4 14 s 2
s qs (1 Tn =Gt Fy (n+p-1) Fo‘(n+p—1)) (x+1)
< My(n,p, q) (x + 1), 17
using (17) and inequality (ii) of Lemma 2 we get
Sn,p,qn((l + (t - x)Z)Z’x)
=1+ 28,4, (t = x)%,X) + Spp g, ((t —0)%,x)
12596

8(an°~qx°)
< 2M1(n»p' qn)(x + 1)2 + ( E qzoq +

< My(n,p, qn) (x + D*,
and

4 3 2
qrleFo_(ner_l)) x*+x3+x2+x+1)
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N

(t-x)? 1 [2(1-q%) 28+2q3
(Sn.p.qn( 52 ,x)) SEJ q8 +ng0‘(n+p—1)(x+1)

IA

M;(n,p,qn) 4 14+q,3
23PN [ _ g4 4 ZTAn
8q3 E s —

Choosing M(n,p, q») = (M1(n,p, 43) + Mz (1,0, 42) )M3 (1, p, ) Ms, Where My = Sup,o3(1+ x2)(1 +x)?/(1 +
x%)and § = qi \/ 1— gt +—2*° (4 1) and using (17), (18), (19) in (16), we obtain

Fy (n+p-1)

|Snp.00(F 20 = f(O] < A+ x°)M(n, p, 4)2 (f'é\/l _

Therefore the proof of the Theorem 3 is comleted.
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