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Abstract

Equivalence of Codes are constructed classification on finite rings according to odd codes, even
codes and recurrent codes. It is determined that the codes are odd codes or even codes and the
relationship with the Hadamard codes was studied. In this study, some matrices is written with
the elements on the finite rings. Codes are generated with these matrices. The relationship
between the generated codes and the perfect codes is revealed.
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Sonlu Zincir Halkasi iizerinde Kodlarin Denkligi
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Ozet

Tek kodlar, ¢ift kodlar ve tekrarli olusum kodlarina gore sonlu halkalarda kodlarin denkliginin
smiflandirilmast kurulmustur. Kodlarin tek kod ya da ¢ift kod oldugu ve ¢alisilan Hadamard kodlari
ile iliskisi tespit edilmistir. Bu ¢aligmada, bilesenleri sonlu halkalarda matrisler yazilmistir. Kodlar
bu matrisler ile iiretilmistir. Uretilen kodlar ve miikkemmel kodlar arasinda iliski ortaya konulmustur.

Anahtar Kelimeler : Tek kodlar, Cift kodlar, Gray doniisiimii, Hadamard kodlar, Ozel matrisler.
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1. Introduction

Binary operations (+ and . ) on the ring
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R, = IF, +UlF, +U’IF, = {O,l,u,u2,1+u,1+u2,u+u2,1+u+u2 }

(|IF, +ulF, +u?IF,|=8)  are
defined as below:
v 0 1 u 1+u 1+u? u+u®  [1+u+u?
0 0 1 u 1+u 1+u? u+u?  |1+u+u?
1 1 0 1+u 1+u? u u? 1+u+u? |u+u?
u u 1+u 0 u+u® |1 1+u+u? |u? 1+u?
u’ u? 1+u? u+u? 1+u+u® |1 u 1+u
1+u 1+u u 1 1+u+u? |0 u+u®  |1+u? u’
1+u’ 1+u? u’ 1+u+u? u+u> |0 1+u u
u+u’ u+u’ 1+u+u?® |u? 1+u? 1+u 0 1
1+u+u® [1+u+u® [u+u® |1+u? 1+u u? u 1 0
0 11 u 1+u 1+u? u+u?  |1+u+u?
0 0 |0 0 0 0 0 0
1 0 |1 u 1+u 1+u? u+u®  |1+u+u?
u 0 Ju u+u’ u u’ u+u’
u? 0 |u? 0 u? u? 0 u’
1+u 0 [1+u u-+u? 1+u? 1+u+u? |u 1
1+u? 0 |1+u? u 1+u+u® |1 u+u® |1+u
u+u’ 0 Ju+u® u’ u u+u’ u’ u
1+u+u® |0 |[1+u+u® |u+u? 1 1+u u 1+u?
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The Lee weight w,_(r) of r e R, is given by

0 :r=0
w (=44 ;r=u’ (1)
2 . otherwise

This extends to Lee weight function in R; such that wL(r):"iWL(ri) for r=(r,,r,..r,)eR,.

=
The Lee distance d, (x,y) between any distinct vectors X,y € R; is defined to be w,_ (x—y). The
d, minimum Lee distance of C is defined as d, (C) =min{d, (x,y)} for any The Hamming
weight of C is defined as wy (c) = T wy (c;)

where wy (c;) = 0 if ¢; = 0 and wy (¢;) = 1 if ¢; = 1. The minimum Hamming distance of C is
called asd,, (C) = min{d,, (c,c’)} foranyc,c'€ C,c # c.

Generally the Gray map is defined as :
®: Rl —> IF"

(r,r,...,r)a o(,r,..r)=(,c,,...,C,a +C,
a,+C,,..,a,+C,,b +c,b,+cC,,....b, +C,, )
a +b+c,a,+b,+c,,...,a, +b, +c,)

where r, =a, +bu+cu® eR, for 1<i<n.

2. Materials and Methods

Certain examples for the matrix M “**z constructed above are given below :

o1 1 1 1 1 1 1
MO =[1]y M™ =0 2] M=o 0w owr|
2X2 0 uZ 0 u2

3x4

Ml’O_{lll 1 1 1 1 1

5 ) ) , . This matrix constructed is a
0 1 u u® 1+u 1+u” u+u® I4+u+u”| .

special matrix which has «; +«, +1 rows.
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Define the code C** ={ (c,,c,).M““ | ¢, eR&“™ ¢, eIF,2 }which has a generator matrix M “

where «,,«, are inregers such that o, «, > 0.

Definition 2.1 : Let C** cR," be a code. even(C*“?) ={ (c,,C,,....C,,) € Rﬂ (c.c;...,C ) €C 2}
is called an even code over R,?. odd(C*“*)={ (c,,C,,...C,) € Rﬂ (C,,C,.nC,) €C* } is called an

odd code over R,2. Even codes and odd codes are defined over the field F, writing F, instead of

R,.

3. Results

Preposition 3.1 : Let C** be a code.
i) even(C*“)=odd(C**)=C*"* is satisfied if o, >1, a, =0.
i) even(C*")~odd(C**)=C%*" is satisfied if o, >0, a, >1.
Preposition 3.2 : even(d(C™*)) = d(even(C“*)) is satisfied.

Proof : Let r =(r,r,,..,r))eC** where 1, =a +b.u+c.u®eR, for1<i<n.
If ©(r)=d(r,1,,...,1,)= ®(a, +bu+cu’a,+bu+c,u?,..,a +b u+c u?)
=(c,C,,...,C,,& +C,,a, +C,,...,a,+C,,b +C,b, +C,

b, +C, 8 +b +c,a,+b,+C,,...,a,+b, +C ) e D(C**)

(Cl’CS""’Cn—l’ai +Cl’a3 +C3y---1an_1 +Cn_1,b1 +Cl’b3 +C3’_”’bn_1 +Cn_1’
fhen a +b +c,a,+b,+c,,...,a_, +b _ +c ) eeven(d(C™*))
On the other hand,
r’ = (r;]_; r3;-.., rn—l) = (a1 +bl.u +C1,u2,33 +b3.u +C3'u2""’an71 +bn,l.U +Cn71.u2) eeven(cal,az) _Then

(c.c,...,Cp 4,8 +C, 8, +Cy,.@, , +C, 0 +C 0G0 b +C

o(r) = a +b +c,a,+b,+c,,..,a_, +b, , +c ) e d(even(C*))

This Preposition can be written for the odd codes.
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Example 3.3 : Write the matrix M °®* to define the code C°*.

1 1
Mo’lz{o 2} . Then the elements of the code C° are of the
u 2x2

form c=(c,,c,).M %", wherec, eR, ,c, lF, .

C®={00,0u*,11,11+u®,uu,uu+u®,u’u?,
u?0,1+ul+u,l+ul+u+u’,1+u?l+u?
1+u’l,u+u’u+u®,u+uu,l+u+ul+u+u?,
1+u+u’l+u}cR]

It is seen that d (C*')=4 and ‘Co*l‘:16 and then this is a (216,4) code.Therefore

®(C°') ={00000000,01010101,00110011,
01100110,11111111, 10101010,
11001100,10011001, 00001111,
01011010,00111100,01101001,
11110000,10100101,11000011,
10010110} IF}

1 1 1 1
isa (816,4) Hadamard code. Let A -1 1 -1 1| beanormalized Hadamard matrix.
-1 -1 01 1

-1 -1 -1 1],,
Writing 0 instead of 1 and 1 instead of —1 , the vectors 0000,1010,1100 and 0110 are obtained.
Adding the complements of these vectors to these vectors the new vectors
0000,1010,1100,0110,1111,0101,0011 and 1001 are obtained. Then using the method given
above, the new codewords
00000000,01010101,00110011,01100110, 1112121121, 10101010,11001100,10011001,
00001111,01011010,00111100,01101001,11110000,10100101,11000011,10010110
are obtained. The code formed by these codewords is ®(C%?) which is a (816,4) Hadamard
code. Moreover (C*H* ={00,uu,u2u2,u+u2u+u2}g IF;/ and

®((C*")*) ={00000000 , 00001111,
11111111, 11110000}  IF} '
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C°! is a cyclic code such that the equation 7(C°*) =C°* is provided. Similarly ®(C°") is quasi-
cyclic code of index 4 such that the equation &®*(®(C°")) = ®(C°") is satisfied. For the code

C®; even(C®') ={0,L,u,u” 1+u,1+u’,u+u’,1+u+u’ } =C*° =R, is obtained.

0000,0011,1111,1100,

d(even(C)) =
( ) {0101,0110,1010,1001

} . Hence even(®(C"?)) = d(even(C"?)) is obtained.
4. Conclusions

In this paper the codes over the a finite chain IF, +ulF, +u?IF, where u® =0 defining by

matrices given in section 2 are Classified. The codes over the ring defining by matrices given
lexicographically feature are described. These codes over the ring are obtained images of codes in
the Galois field. Moreover even codes, odd codes and recurrent formsa are obtained.
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