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Abstract: In this study, we construct a new subclass of m-fold symmetric bi-univalent functions using by Hadamard product and
generalized Salagean differential operator in the open unit disk U = {z € C : |z| < 1}. We establish upper bounds for the coeffi-
cients |am+1| and |az2m,+1| belonging to this new class. The results presented here generalize some of the earlier studies.
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1 Introduction
Let A be the family of analytic functions, normalized by the conditions f(0) = f/(0) — 1 = 0 and having the following form

f(2) =z + a2z + asz® + - (L
in the open unit disk D. We also denote by .S the subclass of functions in A which are univalent in U (see for details [4]).

According to the Koebe-One Quarter Theorem [4], it provides that the image of U under every univalent function f € A contains
a disk of radius 1/4. Thus every univalent function f € A has an inverse f~ ' satisfying f~!(f(z)) =z and f (f_l (w)) =w

(|w| <ro(f), ro(f) > 411) where
F(w) = f_l (w) =w —a2w2 + (2@% _a3) ’LU3 _ (5@% _5a2a3+a4) w4 4 (2)

A function f € A is said to be bi-univalent in U if both f and f ~* are univalent in U. Let X denote the class of bi-univalent functions in U
given by (1). The detailed information about the class of ¥ was glven in the references [2], [6], [7] and [10].

The Hadamard product or convolution of two functions f(z) = z + Z apz" € Aand g(z) = z + Z byz* € A, denoted by f * g, is defined
k= =2
by

(f*xg)(z) =2+ Zakbkzk (z€U).
For§ > 1and f € A, Al-Obodi [1] introduced the following differential operator:
DYf(2) = f(2),
D5 f(2) = (1= 0)f(2) +62f'(2) = Dsf(2), o)
’ !/
DYf(z) = (1 - DR f(z) + 0= (DR f()) = D(DRf(2) (€U, meNo=NU{0}).
If f is given by (1), we see that
D3 f(2) —z+Z 1+ (k 7a;€zk

with D £(0) = 0. It is worthy mentioning that when 6 = 1 in (3), we have the differential operator of Salagean [9].
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Let m be a positive integer. A domain FE is said to be m-fold symmetric if a rotation of £ about the origin through an angle 27 /m carries
E onitself. It follows that, a function f analytic in U is said to be m-fold symmetric if

f(ezﬂ'i/mz) — 6271'2/777,}(-(2)

A function is said to be m-fold symmetric if it has the following normalized form:

o0
f(z) =2+ Zamk+1zmk+l (z €U, meN). )
k=1

Let Sy, the class of m-fold symmetric univalent functions in U, which are normalized by the series expansion (4). In fact, the functions
in the class S are one-fold symmetric. Analogous to the concept of m-fold symmetric univalent functions, we here introduced the concept of
m-fold symmetric bi-univalent functions. Each function f € ¥ generates an m-fold symmetric bi-univalent function for each integer m € N.
The normalized form of f is given as in (4) and the series expansion for f ~1 which has been recently proven by Srivastava et al. [9], is given
as follows:

F(w) = fil (w) = w - a”m-i-lmerl + [(m + 1)“72n+1 - a2’rn+1)] w2m+1
1 3 3m—+1
- [Q(m +1)(3m +2)ay, 1 — (3m + 2)amy1a2my1 + a3m+1] w +--

We denote by X, the class of m-fold symmetric bi-univalent functions in U. For m = 1, the formula (4) coincides with the formula (2) of the
class 3. Some examples of m-fold symmetric bi-univalent functions are given as follows:

1 1
(1—zm> , [flog(lfz )] , {QIOg(l—zm> ]

The coefficient problem for m-fold symmetric analytic bi-univalent functions is one of the favourite subjects of Geometric Function Theory in
these days, (see, e.g., [3], [5], [11], [12]).

Here, the aim of this study is to determine upper coefficients bounds |a,,+1| and |a2m+1| belonging to the newly defined subclass.

Firstly, in order to derive our main results, we require the following lemma.

Lemma 1. (See [8]) If a function p € P is given by
p()=14+ciz4+ e+ (2€U),

then |c;| for each i € N, where the Caratheodory class P is the family of all functions p analytic in U for which ®(p(z)) > 0 and p(0) = 1.

2  Coefficient bounds for the functions class X:"°(7, a, \)

Definition 1. A function f given by (4) is said to be in the class
Ef{@"’g(r,a)\) (reC\{0},0<a<1,A>0,t,n € Ng,t >n,0 >1,z,weU)

if the following conditions are satisfied:

N L P DY (f * g)(2) a(D:sl(f*g)(Z))/ _ om
f € Xm, g<”T =) Dz (DE(f +h)(2)) ! ) <72 ©
and

w14t DA E9w) | (DFF*g)(w) ar

ag<1+r (1 )DE(F*h)(w) " (DL(F % h)(w))’ 1])’ e “

mk+1

o0 o0
where g(z) =z + Y. g,,Lk+1z7rlk+1, h(z) =24+ > hpmit12 and the function F is extension of f~* to U.
k=1 k=1

We start by finding the estimates on the coefficients |am,+1| and |a2m 41| for the functions in the Efﬁ"’(s(r, a, N).
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Theorem 1. Let the function f given by (4) be in the class E%ln’é(ﬂ a, A). Then

2|7 A

|am+1‘ <
VIA|

and
2|7 A L 2Am+ 1)72X2
14 2ma) |(1 4 2md)"gam+1 — (1 + 2md)thomt1] |A] ’

a2m+1| < (

where

A=71A1+m)(1+2ma) [(1+2md)"gam+1 — (1 + 2md) hom1]
—27A(1 + 2ma + m?a) [(1 +m8) T hp1gma1 — (1 + m5)2th3n+1] — (A =1)(1 4+ ma)? [(14+md)"gms1 — (1 + m&)thm+1]2

Proof: Suppose that Efﬁn"s(n a, A\). From the conditions (5) and (6), we can write

oy aDEs9@ , DRG9E) (]

| B e 1} P, ™
1l g PsFxgw)  (DFFxg)w) | _

T D) (DL(F + h)(w))’ 1} la@)l” ®

where F' = f -1 p, g in P and have the following forms

p(2) = 14 pm2" + pam 2" + -+,

q(w) = 1+ gmuw™ + g2 + -
Clearly, we deduce that

AA—1
[p(z)]*:1+Apmzm+(Apznﬁu 2>z2m+-~,

2 Pm

A(A—1
[q(w)]* =1+ Agmuw™ + (/\qu + %q%) W™ 4.

Additionaly,

DY (fxg)(2) (D (Fx9)(2))"

1+ ma)
n « —
DE(f+h)(=) (Dg(f*h)(z))/

1+1|(1-a) 1] =1+ (A4 m8) " gms1 — (L + M) hmt1] Gmy12™+
{(@ + 2ma) [(1 + 2m8)"gam+1 — (1 + 2m8) hami1] azmy1 — (1 4 2ma + m2a) [(1 + m8) ™ " hunp1gmyr — (1 + m5)2th?n+1} a%n«l»l} L2m

T

and

1+ 11— (14 m8)"gmi1 — (1 + m8) hmi1] amp1w™+

DT (Fxg)(w) (DR (Fxg)(w)) 1l =1 (1 4+ ma) [
DE(Fxh)(w) (D};(F*h)(w))/

{(1 + 2ma) [(1 +2mé)"gom+1 — (1 + 2m§)th2m+1] [(1 + 171)(13"+1 — agm+1] — (14 2ma+ m2a) [(1 + mé)t+"hm+1gm+1 -1+ m5)2thfn+1] afn+l} 5
w

T

Now, equating the coefficients in (7) and (8), we have

(1 + ma) [(1 + m(;)ngm+1 - (1 + mé)thm-l-l} = TApm, )

(14 2ma) [(1+2md) " gam+1 — (1 + 2m8) ham1] azm+1

(10)
—(142ma+ mga) [(1 + m&)t+”hm+1gm+1 -1+ m5)2th?n+1} a%wrl =7 ()\pgm + Mpgn) ,
AN —1
m(l— ) [2a2m+1 - (Am + 1)agn+1] =T <>\p2m + %p%n)
and
—(1 4+ ma) [(1+m6)ngm+1 - (1+m6)thm+1] = TAgm, (11)
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(1 + 2ma) [(1 + Qm(s)nng_;,_l -1+ 2m5)th2m+1} [(1 + m)a,zn_,_l — a2m+1]

(12)
—(1 + 2ma + m2a) [(1 +mO) T h 1 gma1 — (1 + m5)2thgn+1] a?n_,_l =7 ()\QQm + wqgn) .
From (9) and (11), we obtain
Pm = —qm, (13)
2(1+ ma)2 [(1 +m8) gma1 — (1 + mé)thm+1] a?nJrl = 7'2)\2(;03” + q,Zn) (14)
Next, by adding Eqs. (10) and (12), we obtain
{1 +m)(1+ 2ma) [(1+2md)"gam+1 — (1 + 2m6) ham1]
—2(1 + 2ma + m?a) [(1 +m8) T Ay 1gmt1 — (1 + m5)2th3n+1} } a3n+1 =T (A (p2m + g2m) + w(p%n + q%ﬂ)) .
Therefore, from (14), we get
242
@y = T2 P2m ¥ o) (1)

where
A=71A1+m)(1+2ma) [(1+2md)"gam+1 — (1 + 2md) hom1]
—27M(1 4 2ma + m2a) [(1 +m&) T b1 gma1 — (1 + m5)2th3n+1] — (A =11 +ma)? [(14+md)" gm+1 — (1 + m&)thm+1]2

Now taking the absolute value of (15) and appying Lemma 1 for the coefficients pa,,, and g2,,, we have the following inequality

2|7 A

‘am+1| < .
VIA|

Next, so as to obtain solution of the coefficient bound on |a2,,+1] , we subtract (12) from (10). We thus have

AN —
(14 2ma) [(1 +2mé) " gam+1 — (1 + 2m6)”h2m+1] [2a2m+1 —(1+ m)aan] =7 (A (P2m — q2m) + %(pfn, — qfn)> . (16)
Also using (15) in (16) we obtain that
il = A (P2m — 42m) 4 (m+ D7\ (p2m + q2m) (17
LT 91+ 2ma) [(1 4 2mé) " gama1 — (1 + 2m8)thamii] 24 '

Taking the absolute value of (17) and applying Lemma 1.1 again for coefficients p2,,, pm and g2, gm we get the desired result. This completes
the proof of Theorem 1. O

3  Concluding remark

Various choices of the functions h, g as mentioned above and by specializing on the parameters m, 7, t, n, § we state some interesting results
analogous to Theorem 1. The details involved may be left as an exercise for the interested reader.
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