Konuralp Journal of Mathematics, 7 (2) (2019) 405-409

[0 ©} .
Konuralp Journal of Mathematics :
Journal Homepage: www.dergipark.gov.tr/konuralpjournalmath Kot |x\1:|\( JURNAL OF
— e-ISSN: 2147-625X

On .#,-Convergence and .%;'-Convergence of Double Sequences
in Fuzzy Normed Spaces

Erding Diindar!” and Muhammed Recai Tiirkmen’

| Department of Mathematics, Faculty of Science and Literature, Afyon Kocatepe University, 03200, Afyonkarahisar, Turkey
2Department of Mathematics, Faculty of Education, Afyon Kocatepe University, 03200, Afyonkarahisar, Turkey
*Corresponding author E-mail: edundar@aku.edu.tr

Abstract

In this paper first, we investigate some properties of .#-convergence in fuzzy normed spaces. After, we study some relationships between
#-convergence and % -convergence of double sequences in fuzzy normed spaces.
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1. Introduction and Background

Throughout the paper N and R denote the set of all positive integers and the set of all real numbers, respectively. The concept of convergence
of a sequence of real numbers has been extended to statistical convergence independently by Fast [11] and Schoenberg [30]. A lot of
developments have been made in this area after the various studies of researchers [21, 25]. The idea of .#-convergence was introduced by
Kostyrko et al. [15] as a generalization of statistical convergence which is based on the structure of the ideal .# of subset of the set of natural
numbers N. Das et al. [3] introduced the concept of .#-convergence of double sequences in a metric space and studied some properties of
this convergence. A lot of developments have been made in this area after the works of [4, 16, 27, 31].

The concept of ordinary convergence of a sequence of fuzzy numbers was firstly introduced by Matloka [18] and proved some basic theorems
for sequences of fuzzy numbers. Nanda [23] studied the sequences of fuzzy numbers and showed that the set of all convergent sequences of
fuzzy numbers are a complete metric space. Sencimen and Pehlivan [29] introduced the notions of statistically convergent sequence and
statistically Cauchy sequence in a fuzzy normed linear space. Hazarika [13] studied the concepts of .#-convergence, .# *-convergence and
#-Cauchy sequence in a fuzzy normed linear space. Diindar and Talo [8, 9] introduced the concepts of .#,-convergence and .#,-Cauchy
sequence for double sequences of fuzzy numbers and studied some properties and relations of them. Hazarika and Kumar [14] introduced
the notion of .#,-convergence and .%,-Cauchy double sequences in a fuzzy normed linear space. A lot of developments have been made in
this area after the various studies of researchers [17, 20, 32, 26].

Now, we recall the concept of ideal, convergence, statistical convergence, ideal convergence of sequence, double sequence and fuzzy normed
and some basic definitions (see [1, 2, 5, 6,7, 8, 10, 11, 12, 19, 20, 21, 22, 24, 25, 28, 29]).

Fuzzy sets are considered with respect to a nonempty base set X of elements of interest. The essential idea is that each element x € X
is assigned a membership grade u(x) taking values in [0, 1], with u#(x) = 0 corresponding to nonmembership, 0 < u(x) < 1 to partial
membership, and u(x) = 1 to full membership. According to Zadeh [33], a fuzzy subset of X is a nonempty subset {(x,u(x)) : x € X} of
X x [0, 1] for some function u : X — [0, 1]. The function u itself is often used for the fuzzy set.

A fuzzy set u on R is called a fuzzy number if it has the following properties:

1. u is normal, that is, there exists an xy € R such that u(xg) = 1;

2. uis fuzzy convex, that is, forx,y e Rand 0 <A < 1, u(Ax+ (1 —A4)y) > min[u(x),u(y)];

3. u is upper semicontinuous;

4. suppu = cl{x € R : u(x) > 0}, or denoted by [u], is compact.

Let L(R) be set of all fuzzy numbers. If u € L(R) and u(¢) = 0 for t < 0, then u is called a non-negative fuzzy number. We write L*(R)
by the set of all non-negative fuzzy numbers. We can say that u € L*(R) iff ug > 0 for each a € [0,1]. Clearly we have 0 € L(R). For
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u € L(R), the o level set of u is defined by

], — {xeR:ux)>a}, if ae(0,1]
o = suppu, if a=0.

A partial order < on L(R) is defined by u < v if u; < v, and ug <vg forall @ € [0,1]. Arithmetic operation for t € R, ®,0,® and @ on
L(R) x L(R) are defined by

(u®v) (1) = supyer {u(s) Av(t —s)}, (u©v) (1) = supser {u(s) Av(s —1)},

(V) (1) = supser sz0 {u(s) Av(t/s)} and (u@v) (1) = supseg {u(st) Av(s)}.

For k € R, ku is defined as ku (t) = u(t/k) and Ou (1) = 0, t € R.

Some arithmetic operations for ot—level sets are defined as follows:

u,v € L(R) and [u], = [ua,ua] and [v], = [vg,vg], @ € (0,1]. Then,

@)y = [ty +vg,ug +vd]. [u@v] = [ug —v§,ug —va],

OV = [ug.vg,uy.vg] and [ &] ug > 0.

For u,v € L(R), the supremum metric on L(]R) defined as

D(u,v):oiiglmax{‘ua v | |ug —ve|}-

It is known that D is a metric on L(R) and (L(R), D) is a complete metric space.

A sequence x = (x) of fuzzy numbers is said to be convergent to the fuzzy number xy, if for every € > 0 there exists a positive integer kg

such that D (xz,x9) < € for k > ko and a sequence x = (x;) of fuzzy numbers convergent to levelwise to xq if and only if klim k] o = %04
—yo0

and lim [x;], = [xo] g where [x¢]y = [(¥) g » (%) ] and [x0]g = [(x0) ¢ + (%0) ] for every o € (0,1).

Let X be a vector space over R, ||.|| : X — L* (R) and the mappings L; R (respectively, left norm and right norm) : [0, 1] x [0,1] — [0, 1] be
symetric, nondecreasing in both arguments and satisfy L (0,0) = 0 and R(1,1) = 1.
The quadruple (X, ||.||,L,R) is called fuzzy normed linear space (briefly FNS) and ||.|| a fuzzy norm if the following axioms are satisfied

1. |lx|| = 0iff x=0,

2. x| = |r| @ ||x]| forx € X, r € R,

3. Forallx,ye X
@) [|x+y[l (s +7)
®) [|x+y[ (s+1)

L(|[*][ () Iy[l (#)) ; whenever s < [|x{|y ,z < |[y[[ and s+ <[lx+y],

>
< R(|[x[l (), lI¥ll (), whenever s > lx[|; ,z > [ly[l; and s+ > [lx+yll; -

Let (X,]|.]|c) be an ordinary normed linear space. Then, a fuzzy norm ||.|| on X can be obtained by

0, if0<r<alx||c ort>blx|c
15l () =4  T=ame — Toa ifallxlle <t <lixlc

o e if e < < bl
where ||x|| - is the ordinary norm of x (% 0),0 <a < 1 and 1 < b < eo. For x =0, define ||x|| = 0. Hence, (X, ||.||) is a fuzzy normed linear
space.
Let us consider the topological structure of an FNS (X, ||.||). For any € > 0, € [0,1] and x € X, the (&, &)— neighborhood of x is the set
Mg, o) ={yeX:|x—ylg <&}
Let (X, ||.||) be an FNS. A sequence (x,);._; in X is convergent to x € X with respect to the fuzzy norm on X and we denote by x, i X,
provided that (D) — lim,, < ||x, —x|| = 0; i.e., for every & > 0 there is an N (¢) € N such that D (||x,Z —x|| ,6) < gforalln > N (g). This
means that for every € > 0 there is an N (¢) € N such that foralln > N (g), sup |[|x, —x| 5 = [lxa —x[|§ <e&.

ael0,1

Let (X, ||.]|) be an FNS. Then a double sequence (x ;) is said to be convergen[t t<]) x € X with respect to the fuzzy norm on X if for every

€ > 0 there exist a number N = N (€) such that D <||xjk —x|| ,6) < g, forall j,k>N.

. . FN . .
In this case, we write x j — x. This means that, for every € > 0 there exist a number N = N (&) such that sup ||xjk fx||; = ijk — ng <
1

g, for all j,k > N. In terms of neighnorhoods, we have x LIS provided that for any € > 0, there exists a number N = N (€) such that
xji € A3 (€,0), whenever j, k> N.

Let X # 0. A class .# of subsets of X is said to be an ideal in X provided:

H0es, (i)A,Be /impliessAUBe .7, (iii)A€ ./, BCAimpliesBe 7.

4 is called a nontrivial ideal if X ¢ .#. A nontrivial ideal .# in X is called admissible if {x} € .# for each x € X.

A nontrivial ideal .%, of N x N is called strongly admissible if {i} x N and N x {i} belong to .#, for each i € N. It is evident that a strongly
admissible ideal is also admissible. Throughout the paper we take .%, as a strongly admissible ideal in N x N.

Let JO {ACNxN: (3m(A),(, j) m(A) = (i,j) ¢ A)}. Then Jzo is a nontrivial strongly admissible ideal and clearly an ideal .%; is
strongly admissible if and only if J C S.

Let X # 0. A non empty class .% of subsets of X is said to be a filter in X provided:

H)0g.#, (i)A,Be .Z impliesANBe.#, (ili)A € .%,ACBimpliesB € .%.

Let .# is a nontrivial ideal in X, X # 0, then the class % (%) = {M C X : (3A € .&)(M = X\A)} is a filter on X, called the filter associated
with ..
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Let (X,p) be a linear metric space and .% C 2NXN be a strongly admissible ideal. A double sequence x = (%mn) in X is said to be
Sh-convergent to L € X, if for any € > 0 we have A(g) = {(m,n) € NXN: p(xpy,L) > €} € & and we write S5 — lim  xp, = L.

m,n—yoo
If % ¢ 2NN js a strongly admissible ideal, then usual convergence implies .%-convergence.
Let (X, |.||) be a fuzzy normed space. A double sequence X = (X ) (n,n)enxnN in X is said to be % — convergent to L; € X with respect

to fuzzy norm on X if for each & > 0, the set A (&) = {(m,n) € NxN: |xu, — L1 ||§ > €} € . In this case, we write Xy, P2 or
Xmn — Ly (F %) or F %) — lig Xmn = L1. The element L is called the F.#;—limit of (x;;,) in X. In terms of neighborhoods, we have
m,n—eo

Ximn et L; provided that for each € > 0, {(m,n) € NxN:x,,, ¢ A7, (€,0)} € #. A useful interpretation of the above definition is the
following;

F.7, .
Xom ——3 Ly < F% — lim_|Jxp —Li|l§ =0.
m,n—oo
Note that FﬂZ — lim ”xmn —L Ha— =0 implies that
m,n—oo

F% —lim|xpn—Lillg = F% —lim|xm —Li[l§ =0,

for each & € [0,1], since 0 < ||y — L1 ||y, < [[%mn — L1l < [|Xmn — L1]|§ holds for every m,n € N and for each & € [0, 1].

Let (X, ||.||) be a fuzzy normed space. A double sequence x = (x,,,) in X is said to be .7, -convergent to L in X with respect to the fuzzy
norm on X if there exists aset M € F (), M ={m; <--- <my <---;n] <---<ny <---} C NxN such that kllim |%men; — L]| - In this

Ao
FIy .
case, we write Xy, —3 Ly OF Xy — Ly (F.95°) or F.75 — llrg Xmn =1Ly .
m,n—soo

We say that an admissible ideal .#, C 28*N satisfies the property (AP2), if for every countable family of mutually disjoint sets {A1,As,...}
belonging to .%,, there exists a countable family of sets {By,B,...} such that A;NB; € I e, A;NB; is included in the finite union of
rows and columns in N x N for each j € Nand B = U;?:l Bj € % (hence Bj € %, for each j € N).

Lemma 1.1. ([14], Theorem 3.7) Let (X, ||.||) be fuzzy normed space, .95 be a admissible ideal and (x,,,) be a double sequence in X. Then,
Xmn {3 Ly implies xpyn ﬁ L.

Lemma 1.2. ([14], Theorem 3.8) Let (X,||.||) be fuzzy normed space, %, be a admissible ideal with property (AP2) and (xXmy) be a double
sequence in X. Then, X, Z% Ly if and only if X ﬁ* L.

2. Main Results

In this section first, we investigate some properties of .#-convergence in fuzzy normed spaces. After, we study some relationships between
#,-convergence and .%, -convergence of double sequences in fuzzy normed spaces.

Theorem 2.1. Let (X,||.||) be a fuzzy normed space. If a double sequence (xpmy) in X is S-convergent to Ly, then Ly determined uniquely.

Proof. Let (xn) be any double sequence and suppose that

F9y— lim x;,, =Ly and F% — lim x,, =L,
m,n—yoo m,n—soo

where Ly # L. Since Ly # L, we may suppose that L; > L. Select € = L ELZ, so that the neighborhoods (L; —€,L; +¢) and

(Ly —€,Lp+€) of Ly and L respectively are disjoints. Since L; and Ly both are .%—limit of the sequence (x,). Therefore, both
the sets

A(e):{(m,n)ENxN:||xm,,fL|Ha'28} and B(&‘):{(m,n)GNXN:menfLQHS'ZS}
belongs to .#,. This implies that the sets
A°(e) ={(m,n) ENxN:|lxm—Li||§ <€} and B(€)={(mn) e NxN:|xu—Ll§ <&}

belongs to . (.#,). Since .F (.#,) is a filter on N x N therefore A° (¢) N B¢ (¢€) is a non-empty set in . (.#;). In this way we obtain a

contradiction to the fact that the neighborhoods (L; — €,L; +¢€) and (L, — €,L; + €) of L and Ly, respectively, are disjoints. Hence, we

have L = L,. O

Theorem 2.2. Let (X,||.||) be a fuzzy normed space, (xmn) be a double sequence in X and Ly € X. Then, FP — 1ir£ Xmn = L1 =
m,n—soo

FJQ - mlriLIl}lmxmn = L1 .

Proof. Let FP—m}’ilrgmx,,,n =L;.For e >0 there exists a positive integer ko = k¢ (€) such that ||x,,,;, — L, ||g < €, whenever m,n > ky. This
implies that the set
A(e)={(mn) e NxN: |xpn—Li||§ > €} C (Nx{1,2,....k})U({1,2,....,k0} X N).
Since ., is a admissible ideal, then
(Nx{1,2,...ko})U({1,2,....,ko} xN) € %

and so A (g) € .#,. Hence, we have
szf lim xp,, =L;.
m,n—yoo
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Theorem 2.3. Let (X,||.||) be a fuzzy normed space.
(i) If X has no accumulation point, then F %,-convergence and F %5 -convergence coincide for each strongly admissible ideal ..
(ii) If X has an accumulation point L, then there exists a strongly admissible ideal %, and a double sequence (xpy,) for which F %,-

lim xpp, = L but F 5 - lim xpy, does not exist.
m,n—yoo m,n—oo

F.J75 7
Proof. (i) Let x = (x;,) be a double sequence in X and L € X. By Lemma 1.1, X, 5% Ly implies x,,,, ng L;. Assume that F.%,-

lim x,, = L. Since X has no accumulation point, so there exists € > 0 such that
m,n—oo

Br(e,0)={xeX: Hx—L||5r <e}={L}.

Since F.%- lim x,,, =L, so

m,n—ro0

{(m,n) e NXN: |[xm—L|j > €} € 5.

Hence, we have

{(m,n) e NXN:|lxpa —L||§ <€} ={(m,n) e NxN: |xpy —L||g =0} € F(5).
Therefore, F.#5- lim X, = L.
m,n—oo

(ii) Since L is an accumulation point of X, so there exists a sequence (¢;);cn of distinct points all different from L in X which is convergent to
L such that the sequence {||#; — L||J }icxy is decreasing to 0. Let {7;};cy be a decomposition of N onto infinite sets and put A; = {(m,n) :
min{m,n} € T;}. Then, {A; };cn is a decomposition of N x N and the ideal

# ={A: Aisincluded in a finite union of Als}

is a strongly admissible ideal. Put x,,, = #; if and only if (m,n) € A;. Put s, = {||t — L||¢ }, for n € N. Let § > 0 be given. Select y € N such
that sy < 8. Then,

A(8) ={(m,n) e NXN: |[xpy — L > 8} CAJUA U+ UA,.
Hence, A(6) € % and F %,- 1113 Xmn = L.
m,n—oo
Now suppose that F.7;- liILI Xmn = L. Then, there exists H € .#, such that for M = N x N\H we have FP — liIE Xmn = L, for (m,n) € M.
m,n—ro0 m,n—roo
By definition of the ideal .%,, there exists k € N such that

HCAUAU---UA;.
But then, Ay 1 C N x N\H = M. Then, from the construction of Ay it follows that for any ng € N,
Il *L”(-;— =Skr1 >0

hold for infinitely many (m,n)’s with (m,n) € M and m,n > ng. This contradicts that FP — lirg Xmn = L, for (m,n) € M. Also the
m,n—oo

assumption F ﬂz*—ml’ilrgwxmn = g, for g # L leads to the contradiction. O

Theorem 2.4. Let (X,||.||) be a fuzzy normed space. If X has at least one accumulation point and for any arbitrary double sequence (X,
of elements of X and for each L € X, F %5- lirB Xmn = L implies F .75 - lig Xmn = L, then % has the property (AP2).
nm,n—yoo m,n—yoo

Proof. Assume that L € X is an accumulation point of X. There exists a sequence (#; )xcy of distinct elements of X such that 7 # L for any
k, klim tr = L and the sequence {||#; — L||§ }xen is decreasing to 0. Put
—$o0

sk ={ll—Llg },

for k € N. Let {A; };en be a disjoint family of nonempty sets from .%;.
Define a sequence (x;,;,) as following:

N tj, if (m7n) €A;
=L, if (m,n) & A;,
for any i. Let § > 0. Select k € N such that s; < 8. Then,
A(8) = {(m,n) ENXN: |[xy —L||§ > 8} CAJUAU---UA;.

Hence, A(0) € % and so,
F.% — lim x,, =L.
m,n—oo
By virtue of our assumption, we have
F.Z5 — lim xpn =L.
m,n—soo
So, there exists a set H € .%, such that M = N x N\H € .% (%) and

lim x, =L. 2.1)

m,n—oo
(m,n)eM
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Now, put H; =A; NH, for i € N. Then, H; € .%,, for each i € N. Also,

UHi:HﬂUA,-CHandso UHinz.

i=1 i=1 i=1

Fix i € N. If A; M is not included in the finite union of rows and columns in N x N, then M must contain an infinite sequence of elements
{(mg,ny)}, where both my,ny — oo and xp,,, =ty # L, for all k € N which contradicts (2.1). Hence, A; N M must be contained in the finite
union of rows and columns in N x N. Therefore,

A;AH; =A,'\H,‘ =A5\H =A,NM

is also included in the finite union of rows and columns. Thus, .#; has the property (AP2). O
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