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Abstract

In this paper, we give trigonometric functions by using reference angle in the plane R%ﬁ associated with the induced metric d3 that is a
member of the family of dr,—distances. Also we investigate the change of the length a line segment under the rotations in the plane wa.
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1. Introduction

Trigonometric functions have an important place in mathematics, engineer, physics. Trigonometry is an area of mathematics that studies the
relationships of angles and sides of triangles. Trigonometry provides deeper insights into both the properties of circles and the properties of
triangles. Trigonometry was developed after geometry for the purposes of astronomy.

Professor Cayley afterwards gave an example of the non-Euclidean trigonometry in the plane, obtaining the formula for the special case in
which the fundamental conic or ” absolute ” is a circle, and the constants of measurement have particular values, [11].

Iso-taxicab geometry is a non-Euclidean geometry defined by K. O. Sowell.in 1989. In this geometry presented by Sowell three distance
functions arise depending upon the relative positions of the points A and B. There are three axes at the origin; the x-axis, the y-axis and the
y'-axis. The iso-taxicab trigonometric functions in iso-taxicab plane with three axes were given in [5,6,7].

A family of distances, dy;, that includes Taxicab, Chinese-Checker and Iso-taxi distances, [2,3,11,12], as special cases introduced and the
group of isometries of the plane with dr,—metric is the semi-direct product of Dy, and T(2) was shown in [1].

The definition of dy,—distances family is given as follows;

Definition 1.1. Let A = (x1,y;) and B = (x2,y>) be any two points in R?, a family of dg,—distances is defined by;

1 km k—1)rm k—1)rm km
dmn(A,B) = — ( sin — fsin! |x1 — x| + cos! fcos—‘ [y1 fy2|>
sin =~ n n n n
n
—1 k—1 _ k
1§k§[”—}7kez Cipan KT DE 2| KR
2 n Xo — X1 n
1 2 -
k= {i] , iftan < Y21 <o orxy =xp
2 n Xp —X|
The plane R? with the d, —distance is denoted by R,zm.
For n =3 and accordingly k =1, k =2, we obtain the formula of d;3—distance between the points A and B according to the inclination in
the plane R?ﬁ:
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In this paper, firstly we will explain the relationship between the coordinates of any point in the iso-taxicab plane and the coordinates in the
plane Rfﬂ. Then we will define unit circle in the plane ]R,ZB and obtain sing3 0, cos,3 0, tangz 6, coty3 O trigonometric functions in the same
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plane and present a trigonometric table for some 6 values of these trigonometric functions. We will compare these 6 values obtained with
the iso-taxicab trigonometric functions with some of the 6 values presented by 1. Kocayusufoglu and we will explain the reasons of the
differences between those values.

In the following parts, we will calculate the measure of an angle on the unit circle in terms of the length of arc that is the piece of the unit
circle and define the concept of the reference angle in the plane IR,%. Finally, we will find the change of the length of a line segment after
rotations in the plane R,Zﬂ.

2. The Relationship Between The Coordinates of a Point in the Planes R,zw and R?

Let’s show the coordinates of any point with A3 = (a,b) in the plane R2; and A = (x,y) in the plane R?. Also note that, the ordinate of this
T

point of Ria coordinate find by drawing line which have 3 radian between x—axis. We obtain these equations with the help of the following

figure.

T

Figure 2.1
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These equations give us the relationship between the coordinates of a point in the planes R?ﬁ and R2.
3. Trigonometric Functions in the plane Rfﬂ

Rfﬁ unit circle is defined as the set of points that are 1, d;3—distance away from the origin in the plane R,zﬂ. If we take A = (0,0) and
B = (x,y) in equation (1.1), we obtain the equation of R2 unit circle in the plane R2;.

1 y
+—=hl=1 , 0<|=[<V3
dr3((0,0),(x,y)) =9 » V3 f’x’y (3.1
%M:l ; 3S’;‘<°°

When the last equation is analyzed in terms of absolute values, the unit circle splits into branches according to regions. These branches are

Figure 3.1: Unit circle in the plane Rfﬂ
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Now, let’s define sine and cosine functions in the plane Rfﬂ depending on the point (x,y) on R,Zﬂ unit circle. We must first indicate the
point (x,y) on the R,zﬁ unit circle with the help of Euclidean trigonometric functions;

1 y
=1 <‘7‘<
\x2\+\/§|y| 0<|o <V3
y
— =1 N <‘7) o]
\/§|y| Vis X <
y = (tan0)x.

Here value of x and y are found as follow;

] V3 |cos 6|
Xl=—
v/3|cos @]+ |sin 6|
b=
Now if we analyzed in terms of absolute values and according to exist situations of Euclidean angle 6;
T
RegionI: If 0 < 0 < 3

y=—V3x++3
y = (tan0)x
and
e V/3cos 6
_sin9+\/§cose (32)
V/3sin0 .

r= sin@ ++/3cos 0

This is also the equation in the kind of Euclidean trigonometric value of a point on Rfﬁ unit circle. Similar equations can be calculated for
other regions.

Let’s denote ]R,zr3 sine function as sings, Rizw cosine function as cosz3 and Rfm tangent function as tang3. The (cosz3 0,sings 0) point on
R%ﬂ unit circle shows the Rfﬂ coordinates of the intersection point of Ris unit circle and the line that passes through the origin and has
positive.0 with the x-axis.

Using equation (2.1) we get;

2
b
tang3 6 = P \By 3.3)
X— 2
V3
and
. 2
Sing3 0 = —y
V3 y (3.4)
cosg3 0 =x— —=.
73 \/§
When the values of x and y that are obtained in equation (3.2) are used in (3.3) and (3.4) equations, we get;
Ginaf — 2sin 6 oS O — V/3cos0 —sin@
n3 sin@ 4+ 1/3cos® 3 sin@ ++/3cos O
2sin0
tang3 0 =

V3cos6 —sinf’

These values of sing3 6, cosz3 0, tanz3 6 can be calculated in similar ways for other regions. The calculated sing3 0, cosz3 0 values for all
regions are shown as;

2sin 6

7 —HI—IV-VI
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Hence, we obtain trigonometric functions in the plane R,zﬁ with the help of Euclidean trigonometric functions. We can draw a table for some
0 values;

i2[ 6 | 4 3 2 3 3 2 3
3—-1 1 2
sin;30 | 0 - | — |1 1 1 0 -1 |-1|-110
V3+1 | 2 ﬁ—kl
2 1 3—1 1 1
cosp30 | 1| —— | = | —— | O —— | =1 ] -11/0 = 1 1
= il 12 | V31 2 2
Similarly, some tanz3 6 and cot3 6 values are found as follows;
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Corollary 3.1. We know that a family of dzn—distances in R? analytical plane where n =3 gives the iso-taxicab.distance. The trigonometric
values we obtained are not completely the same compared to the siny 0, cosy 0, tan; 0, cot; 0 values obtained by 1. Kocayusufoglu [5]. This
is because 0 he has in iso-taxicab trigonometric equals the value of lenght of the arc. However the values we obtained in this paper are the
trigonometric values of 0 in the R? analytic plane.

4. The Angle Measurement in the plane R,zﬁ and The Reference Angle

4.1. The Angle Measurement in the plane Rfﬁ

There are at least two common ways of defining angle measurement: in terms of an inner product and in terms of unit circle. For Euclidean
space, these definitions agree. However, d;3 metric is not an inner product since the natural norm derived form the metric does not satisfy
the parallelogram law. Thus, we will define angle measurement on the R,zﬁ unit circle.

Definition 4.1. A R?wfradian is an angle whose vertex is the center of R%S unit circle and intercepts an arc of length 1. The 0z3—angle
measure of an angle 0 is the number of ]R,zr3 —radians subtended by the angle on the Rgﬂ unit circle about vertex.

It follows immediately that a R,ZB unit circle has 6 R,ZB —radians since the Rfﬂ unit circle has a circumference of 6. For reference purposes

. T T . . .
the Euclidean angles —, — and 7 in standart position now have measure 1, — and 3, respectively.

The following theorem gives the formula for determining the 0,3 —angle measures of some other Euclidean angles.

Theorem 4.2. An acute Euclidean angle 0 in standart position has a 0;3—angle measure;

For0§9§§

2v3 2sin 0 @1
V3+tan6 B sin® 4 v/3cos O ’

97:3:2_

F0r§§9<g

-2
3 V3 3sin6 — v/3cos 6
Op3=2— " cotf = VN7 42
BTy 2sin6 4.2)

Proof. The 6;3—angle measure of Euclidean angle 6 between the angles of 0 < 6 < g (1. region) equals to the d3—distance from (1,0) to

the intersection of the lines y = —v/3x++/3 and y = x.tan 6. Let’s take this intersection point as P = (x,yo). The x—coordinate of this
intersection is:

R
0 V3 +tan @

and thus y—coordinate of P is;
Yo = —V3x0+/3.

Hence, 673 —angle measure from (1,0) to P is;
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Similarly, the 6,3 —angle measure of Euclidean angle 6 between the angles of 3 <6< ) (1. region) equals to the dr3—distance from

1 V3 3
(i, %) to the intersection of the y = g and y = x.tan 0 lines and the sum of 1 unit distance. The coordinates of P(xo,yo) obtain as
3 3
Yo = % and y = xp.tan 6 — % = xp.tan 6
V/3cos @ V3
Xp=————andyy =

2sin 6 0=

Thus, 6,3—angle measure from (1,0) to P is;

0 g (l _ V3cos 0 )
™o 3[, 2sin 6
3 3
= E — 7 coth.
These formulas can be calculated similarly for obtuse angles. O

Definition 4.3. The reference angle of an angle 0 is the smallest angle between 6 and x—axis.
Now, let’s find the 0;3 —angle measure of an acute angle 0 according to the existing positions.

Corollary 4.4. Case 1 — If an acute Euclidean angle 0 with Euclidean reference angle Y is contained entirely in I. region, then the angle
has a 0;3—angle measure of
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Figure 4.1
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Case 2 — If an acute Euclidean angle 0 with Euclidean reference angle  is contained entirely in I1. region, then the angle has a Oz3—angle
measure of

3 3 3
\gcot(ﬂ—ky/)—i—o—%cotly

V/3sin @
2siny.sin(0 + y)

3
O3 = 2

Case 3 — If an acute Euclidean angle 6 with Euclidean reference angle  is contained in I. region and  in 1. region, then the angle has a
0,3 —angle measure of

3 V3 2V3
0 = ———cot(O0+y)—24 ———
73 2 2 ( W) \/§+tanl//

1 n 2v/3cos Y V3cos(6+y)

2 \@COSI]IqLSinl[/i 2sin(0 +y)

This corrolary implies the 6,3 —angle measure of an Euclidean angle in non-standart position is not necessarily equal to the 6,3 —angle
measure of the same Euclidean angle in standart position. Thus we can easily say the rotations of angles are not invariant.
Now we determine the 0,3 —angle measure of angle 6 that is in standard position for each hextant containing 6.

2V3

T
2——- 0<6< —
V3 +tan@ -3
2
3 V3o . Tcac< i
2tan 6 %n
Yame 3 0 3 05T
- an 6 —
On3 = 2tan 6 iz 3)
—  , WSO
tan 0 + /3 3
9 2tan 4r <9< S5t
2 tan6+v3 = 3 -~ 3
tan 6 5w
-7 Z<e<2n
tan@ — /3 3
Considering the known definitions of the trigonometric functions sing3 6, cosz3 6 and using the equations of (3.5) and (3.6) we get;
O3 , 0<6,3<1
1 ) 1 S 971'3 S 2
sing3 073 = 3—03 , 2<0,3<4 4.4)
1, 4<0u<s
Or3—6 , 5<6,3<6
1—6z3 , 0<0,3<2
_ ) -1 ; 2<63<3
cosz3 03 = Ops—4 . 3<0,<5 4.5)
1 ) 5 S 977,'3 S 6
Using the equation (4.1) for the /. hextant we get that;
. 24/3sin 0
sing3 Og3 = - -
[V3cos(0+ y) +sin(6 + )| [V3cosy +siny] 4.6)
B 24/3sin6 ’
[cos @ + /3sin(6 +2y) + 2cos(6 + y) cos ]
cosn e — 1 2/3sin 6
73 03 [cos 8 +v/3sin(6 +2y) +2cos(6 + y) cos y] @7
o860 +/3sin(6 4 2y) +2cos(6 + y) cos Y — 2v/3sin O '
B c0s 0 ++/35in(0 + 2y) +2cos(6 + W) cos y .
It can be computed with equations (4.6) and (4.7)
2¢/3siny
sin = 4.8
w3 Va3 3cos ¥ ++/3siny (4.8)
3cos ¥ —+/3sin
cosgs Yy = 2otV 20 (49

3cosy++/3siny

setting Y to zero and 6 to y.
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Conversely, using equations (4.8) and (4.9), we get the sin y and cos y Euclidean trigonometric functions in terms of sing3 and cosz3 for
the angle y that is in standart position ;

3si
siny — V3sings Yy (4.10)
2\/ 1 — sing3 Y3 + sinZs Y
and
A )
cosy = 4 4s'1nn3 Vs & s.1ng3 Va5 4.11)
4(1 — sing3 Wy3 + sing; Yz3)

Now, let’s find the sine and cosine Euclidean trigonometric functions of the angle 0 in terms of sinz3 ve cosz3 with the angle y being the
reference.
Using equations (4.6) and (4.7) we get the Euclidean trigonometric functions sin 6 and cos 6 in terms of sing3 and cosz3 as follows;

1
sinf@ = 5
21/3 +2sing3 O3 sin ycos W — v/3sing3 O3 cos 2y +1 4.12)
sing3 O3 + /3 sin 2y sing3 053 4 2cos2 ysings O3
- 2
1
cosf= |1-— . 4.13)
2
24/3 +25ing3 O3 sin ycos W — /3 sing3 O3 cos 2y +1
sing3 073 + v/3sin 2y sing3 O3 + 2cos? ysing3 O3

Note: It should be taken into consideration that we found the values of sin y and cos y that are in (4.12) and (4.13) equations in terms of
R%ﬁ trigonometric functions of the (4.10) and (4.11) equations. sin 6, cos 8, sing3 O3 and cosz3 073 can be calculated in a similar way for
the other hextants.

5. Change of The Lengths under Rotations in the plane ]R,zr3
The change of the lengths under some non-Euclidean planes are studied in [4,8,9,10]. Now let’s find the change of the dz3—length in the
R%ﬂ plane of a line segment after rotation.

Theorem 5.1. Let OA be a line segment, not on the x—axis with reference angle W and d3(0,A) = k. If OA’ is the image of OA under the
rotation with an angle O3 (or 0) then

2 -2 A
/ COS73 Wr3 +SINy3 Y3 +COSx3 YWra SiNg3 Yr3
d77.'3(07A ) 2
cosZ4(

0+ v)n3 —|—sin3[3(9 + ¥) 3 4 c0873(0 + W) 73 5ing3 (0 4 W) z3
k3 |cos(0 + y)| 4+ /3 [sin(0 + )|
|3cosl//|+|\/§sinu/’ .

Proof. Letdg3(0,A) = k be the d;3—length of the line segment OA. Rotating OA through an angle 6 we get the line segment OA’. If v is
the reference angle of 6 then

A = (kcosg3 W3, ksings Wr3).

Let’s calculate dr3(0,A’) = k', where A= (k’ cosy3 (0 + l//)ﬂ3,k’ sing3(6 + ) z3). Because of the equality of Euclidean lengths of the line
segments OA and OA we get;

dE(OvA) = dE(OvA/)

and as shown in the figure below;

k. V3 : Ko V3
(kcoszs Wn3 + 5 Sing3 'l/n:3)2 + (7]{51“713 V’nB)z = (kcosg3(0+y)z3+ 5 sing3(6 + 'l/)n'S)z + (Tk sing3 (6 + ll’)ﬂ:3)2
kz(cosfr3 Yn3 + sin,zt3 Y3 +COSp3 W3 Sing3 Yp3) = (k')z(cosfr3 (O+Y)m3+ sinfw(e + V)3 +c0873(0 + W) z3sing3 (0 + ¥)x3)

K —k COS2 4 Y3 -+ Sin%s Wr3 + COSz3 Wr3 Sings Yrs
COS%(@ + Y3+ sin,zr3(9 +W¥)z3 +c0s73(0 + W) g3 8ing3 (6 + ¥) 13
Similarly, using the equation below and as shown in the following figure we obtain;

dg(0,A) = dg(0,A")
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and

dﬂ3(07A) =

k

kecosy —

V3

Figure 5.1: Rotation of the line segment OA with angle 6
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Figure 5.2
2
—kesiny
V3

= ke (\cos 4 +‘%SinwD .

Here, k, referring the Euclidean length of k;

V3

V3
1

1 . 2.
kecos(0 + ) — —=k,sin(6 + l[/)’ + '—ke sin(0 + l[/)‘

V3

1
|kecos(0 + y)| 4+ —= |kesin(6 + )|

= ke (|cos(9 +y)|+—=|sin(6 + q/)|)

ke = k I .
|cos | + ‘ 7 sin lp‘
Also;
di3(0,A') = K =
and
ke = K

|cos(6 + y)|+ % |sin(6 + )|

V3

Because of the equality of Euclidean lengths of these two line segments we obtain;

!

k _ K
\cosll/\+%|sinll/| |COS(9+W)|+%‘SH}(9+V])‘
and
dﬂ3(0’A/) _ ¥ - 3|COS(6+W)|+\/§|SIH(6+W)|.

3|cos y| ++/3 |sin y|

(5.1)

The following corrolary shows how we can find the d;3—length, after rotation of a line segment with an angle 0 in standart form.
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Corollary 5.2. Let OA be a line segment on the x—axis. If OA' is the image of OA under the rotation with an angle 03 (or 0 in the standart
form) then

dr3(0,A)) =K

_k3|cose|+\/§\sin9\
B 3

Using the value y = 0 in equation (5.1), we get the equation in the corrolary.
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