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Abstract

For a commutative ring R with unity, the R-algebra of strictly upper triangular n x n
matrices over R is denoted by N,, (R), where n is a positive integer greater than 1. For the
identity matrix I, o« € R, A € N, (R), the set of all elements af + A is defined as the scalar
upper triangular matrix algebra ST,,(R) which is a subalgebra of the upper triangular
matrices T,,(R). In this paper, we investigate the R-algebra automorphisms of ST, (R).
We extend the automorphisms of N,, (R) to ST,, (R) and classify all the automorphisms of
ST, (R). We generalize the results of Cao and Wang and prove that not all automorphisms
of ST,, (R) can be extended to the automorphisms of T,,(R).
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1. Introduction

Kezlan [3] proved that: “If R is a commutative ring with unity, then every R-algebra
automorphism of the algebra of upper triangular nxn matrices over R is inner ”. Coelho [2]
extended Kezlan’s result for any ring R. Cao and Wang [1] classified all the automorphisms
of strictly upper triangular matrix algebras over a commutative ring R. In this work, we
would like to generalize these results and determine how such central automorphisms exist
on ST, (R) but not on T,,(R).

Let R be a commutative ring with unity and N, (R) be the algebra of all n x n strictly
upper triangular matrices over R, where n is a positive integer greater than 1.

Define ST,, (R) with unity matrix I,

ST, (R)={al+A:ac€ R, Ac N,(R)}.
If X € ST, (R), we may write X = ol + A = al + Y a;;E;; where o € R and
i<j

J
A € N, (R). ST, (R) is a subalgebra of T), (R) and let us call the scalar upper triangular
matriz algebra. The standard matrix units are the matrices E;; with a 1 at (4, j) position
and zero elsewhere. Clearly, the set of matrices {E;; : 1 <i < j <n} form a basis of
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N, (R). For n > 4, consider ¢ = (c,...,ch_2) € R"3. Y.Cao and J. Wang [1] defined
the central automorphisms of Ny (R), pic : Np(R) — Ny (R) such that for any A € N,(R)

n—2
e (A) = A+ (Z ak,k+1ck> E1p.

k=2
With respect to the basis of N, (R), automorphisms can be written as:
pe(Eiiv1) = Eiit1 + i B
for2<i<n-—2and
pe(Eij) = Eij

for j # i+ 1. For any matrix X € ST,(R), let Si,S59,...,S,—1 define the diagonals of
X = al + } a;;E;; as follows:

1<j
Sl = {alg,agg,...,an_l’n},
So = {a3,a24,...,an-24},
Sp—1 = {aln} .

2. Automorphisms of ST,,(R)

There are no invertible elements in N, (R), hence one cannot define an inner auto-
morphism by the usual terminology. For a fixed matrix X € T}, (R) with 1 on the main
diagonal, the map ©(Y) = XY X! is an inner automorphism [1]. The restriction of © on
N,, (R) is also an automorphism of N, (R).

Moreover, we define the inner automorphism 6 on ST, (R), with a given invertible
matrix B € T,, (R) and for any A € ST,, (R) as

0(A) = BAB~!.

In this section, we are going to classify the automorphisms of ST,, (R). We first inves-
tigate the central automorphisms of ST),(R) in the classification. It is not difficult to see
that, for n > 4,

fte : STo(R) — STu(R)

is an automorphism of ST, (R). To avoid the details of a tedious proof, we use Kezlan’s
[3] notation. Let

0 To(R) — To(R)
be an R-algebra automorphism of 7}, (R). Define
0 (Ex) = {egﬂ for k=1,2,...,n
0(Epps1) = [af.f)] for k=1,2,....n—1.

(k) (k) (¢

The results in [3] show that aé j+1 is a unit with aj 3 =0, €} =1 and ek’/,)C =0 for ¢ # k.

k)
Remark 2.1. In terms of the image of matrix units under 6, it is shown that, &** diagonal
entry of §(Ejy) is 1, while the other diagonal entries are 0. That is §(Eky) is in the form
0(Eyr) = Exk + Ji, where Jy, is strictly upper triangular. For k = 1,--- ,n we use the fact
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that 0(Eyy) is the idempotent, that is 0(Exr) = 0(Exk)0(Ekx). Thus as a consequence of
[3], O( Exx) has the following form:

_0 oo 0 eg’flz * . * |
0 e,gk_)ljk * *
0(Err) = 10 0o 1 N ed (2.1)
0 0 0 0 0
o . 0 0 0 . 0]

The following proposition gives us the property of 6(Ex) = [egf)]
Proposition 2.2. Assume that 0(Ey;) = [egﬂ fork=1,...,n. Ifi < j then for i =
1,....,n—1

J
Zegf) = 0.

Proof. 1t was shown in [3] that

NON lifp=k
kk 0if p# k.
Consider (el(-]l-), egjz-), ce el(-;)) as an r-tuple and define r-tuple sum as el(-]l-) + 61(72') +...+ el(-;).
To use induction on r, we start with the case r = 2. Using the multiplication of matrix
units Ep, and Ej,11 p41 we get

EppEpt1,pt1 = 0.
Since #(0) = 0, in our notation this result can be viewed as:

@1 [ e+D] _

) e =0

Forp=1,...n—1,
+1
(ez(vzjzzﬂ + ez(,{)er%) Eppt1=0.

(p+1)

(») 1+ eppr1 = 0 for all 2-tuples. Assume our claim is true for the sum

Then we obtain e

P,p+
of (r — 1)-tuples. That is
pt+r—2 ]
ST
i=p

Use induction on p. For p =1,
e%) + egi) +...+ eﬁ_l) + egz) =0.

Now consider each case for t = 1,...,(r — 1). We know that EyFE,, = 0. Apply the
automorphism 6 to EyFE,.., we get

0(ExE,.) = 0.
Fort=1,...,(r — 1) the following terms can be obtained. If ¢t =1,

r—1
(4o 0] 210
=2
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Forl<t<r—1,

<elr + Zelz €ir > ElT =0.

By using the sum
Q(EIIET’I‘ + E22Err + ...+ E(r—l),(r—l)Err) = O,
we get

r—1 /r—1
e el 4 el 1) 4 S (Ze%?eﬁ?) —0
j=2 \i=1

By the assumption we have, for j = 2,. — 1, that

rl ( )
( efe W):o.
Jj=

Also the calculations on 0(Ej;), in (2.1), can be used to deduce the result,

egr) + eg : -+ e(r Yy eﬁ) =0.
Assume that our assumption is true for p = ¢, that is
+1 qtr—2 g+r—1
et(zq;—i-r 1 + et(zqq—&-g 1 +... e((] fI—:r % + t(1q—':r—£ =0.

Now consider the case p = ¢+ 1. We want to prove that

(g+1) (g+2) (g+r—1) (gtr)
gtLatr T gt grr Tt egiigir T egi1grr =0

Apply the automorphism 6 to EyFg 1441 fort =1,...,q we get

0(EtiEgi1411) = 0.
Fort=q+1,

(g+1) (g+r) (g+1) q+r _

eq+1,q+r €q+1,q+r + Z €q+1,i Ci,g+r Eq+1,q+r =0.
1=q+2

Forg+1<t<gq+r,

+
( t(H)-Lq—i-r + Z eq+1 i qu+T7~)) Eq+1,q+r = 0.

1=t

Consider the following sum:

0(Eq+1,4+1Eqirgir + Egr2gt2Bqrgir + - + Bqrr—1,04r-1Eq1rg4r) = 0,

then we have

@), (a+2) (@1 R
q+1 q+2 q+r—1 q+r) (¢+r) | _
€q+1,q+r + Cq+1,q+r .t eq+1,q+r €q+1, q+r Z Z el]-HJ Jat+r | T 0.

=q+2 \i=q+1

By the assumption we have
q+r—1 [q+r—1
(g+r) | _
Z Zeq-i-lj Cjg+r =0
J=q+2 \i=q+1

and this implies

((Jq;—I—r 1 +e

Thus the proof is completed.

(g+1)
q,q+r—1

(g+r—2)

gqtr—1 1€ (q+T i 0.

+...te q,q+r—1 —

1153



1154 0. Ozkan, M. Akkurt

Lemma 2.3. Let R be a commutative ring with identity and 6 be an R-algebra automor-
phism of ST, (R). If n = 2,3 then 6 is an inner automorphism np for some D € T, (R).

Proof. For the automorphism 6 : ST, (R) — ST, (R) as given in Remark 2.1, let
0(Ew) = [ }f k=1,2,.
0(Bpsn) = o] fork=1,2... .n—1.
Recall that all the diagonal entries a( ) of 6 (Ek k1) are zero and

o) 1 ifp=gq
€4q 0 otherwise.

Also ag;, aég), ey aff__llr)b are all units.

For n = 2, consider A € ST,, (R) where
a b
=5

for a,b € R. Every matrix A € ST, (R) can be written as linear combination of matrix
units. That is,

A=aFE +bE12 + aFy.
Applying 6 to A, we get
9 (A) = a9 (Ell) + b9 (Elg) + a9 (EQQ).

By using the notation of Remark 2.1,

As a result,

2
6(A) = [a ae§2) + ba§2) + aegg)]

0 Qo

for some invertible element aﬁ} € R. By Proposition 2.2, we have that egg) + eﬁ} =0 and

1
0 (A) = [04 bagl
0

(%

1 0
for some invertible element a%) € R. Choosing D = lo ( (1))1] € T5(R), we can
ay2

obtain that

6(A) = DAD™!

which means that all the automorphisms of ST (R) are inner.
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For the case n = 3, we proceed with the steps similar to the case n = 2 in order to
determine the invertible matrix B.

a b c
Let A= |0 a d| € ST, (R). By using matrix units, we get
0 0 «

1 1
Ly

O(Eu)=10 0 0

0 0 0

2) (2
o o
0(E2)=|0 1 e

0 0 0

3

00 ¥

0(Ess)=1 0 0 e%)

0 0 1
1 1
0 ajy ajy

O(Ei)=10 0 0

0 0 0

00 a?

_ 2

0(Es)=|0 0 o

0 0 O

and we obtain
« ba%) caglg)a%) + ba%) + da%) + « (e%) + e%) + e@)
0(A) =10 « da%)
0 0 «

Similarly, it can be deduced from Proposition 2.2,

eg? + e%) + e%) =0=« (e%) + e%) + e§3)) =0.

Hence,
o bag) ca%) a%) + ba%) + da%)
0(A) =10 «a da%)
0 0 o
It is now easy to define the invertible matrix B € T3 (R) as,
1 1 2\t
1 a§3) (agz)a(%))
1\ ~! 1 2/ @2\ !
B=o (W) e () ()
N\t @\t
0 0 (ais)  (a53)

so that
6 (A) =np =BAB™L.

Now, we can state the main theorem of this paper.
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Theorem 2.4. Let 0 be an R-algebra automorphism of ST, (R) and R be a commutative
ring with identity. For n > 4,

0 = nppcAp
where np, Ap are inner automorphisms and p. is a central automorphism of ST, (R).

Proof. First, apply 6 to each E;; for i = 1,...,(n — 1). The Sy diagonal only contains

(p)

ii+1- Thus we obtain

the elements e;

i+1 )
Zez’,[;-s-lEi,i—l-l forp=1,...,n—1.
p=i

By Proposition 2.2, we can get

i+1

E 61 z+1

A consequence of above sum allows us just to see the image of Fj; ;1 under 8. We examine

O(Eiit1) = agfl-)+1Ei7i+1 fori=1,...,n—1,

We want to show that al(J ; 11 = 0if £ # p. On the contrary, assume that al(,]f; 11 7 0and

take k =1 to get a contradiction. Apply € to the equality E), ,11FE23 = 0, we obtain
0(Eppr1E23) = 0(Epp1)0(E2s)
W] 2] = o

ij ij
Consider the term agz)agg)Elg on the left side of the above equality. Since agz)agg) =0 and

ag? is a unit by [3], then agg) =0.If k > 1, apply 0 to the equality Ej j11Ep+1,p+2 to get

o] [aY] = .

(k) (p+1)

Consider the term a1, 51 9Fpp+2 = 0 on the left side of the above equality. Since
(k) (p+1) (p+1)

Appr1Qpi1 pro = 0 and a1y 510 is a unit then a(k)H = 0 but, this is a contradiction. Now
defining the diagonal matrix D € T, (R) with diagonal entries from the set
{1, (a%))_l, (a%).a%))_l, (aglz) aé;. Sp—1n)” 1} we have the following result on the
diagonal So,
17519(Em-+1) = Ei7i+1 for ¢ = 1, e, — 1.
We are going to use induction on ¢ to prove that there exist inner automorphisms np, with
P, € T,(R) and
n;tlngle(EMH) =FEjjfori=1,...,n—landt=2,...,n—1.
Assume that we have
7713,51771519(Ei,i+1) = Eiit1

fori=1,...,n—1, on the diagonals Sy, ..., 5;. What about on the diagonal S;;17 Apply
0 to E;;, we can obtain the sum

t
Zegi)ﬁ—tEivi-H fori=1,...,n—t+ 1.
p=i
By Proposition 2.2, we have

S0 p
Z'eiﬂq_t iitt = 0.
p=1
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Then we just consider the rest, that is:
n—t 0)
-1, —1 i
N5, np 0(Eiiv1) = Eiip1+ ) b1 Ejjti-
j=1

We want to show bgzl) =0if j #¢and j # ¢ —t 4+ 1. Assume that bz(g?c), # 0 with p # ¢

with p # ¢+ 1—t. If p < n —t then we apply n;jnl;le to Eqqr1Epttprer1, we get
n];tlnBlH(Eq,,q+1Ep+t7p+t+l) = 0. Thus, we obtain the following results:

n—t n—t
+i
Egqrr + Y 00 Esjue| | Eproprirr + D b0 B | =0

J=1 J=1
and )
ptt (9) —
by 1 prtEapttr1 + 0y Eppriv1 = 0.

Hence bé%) = 0, we get a contradiction. If p = n — t then apply 17;377519 to Ep_1pFqq+1

we get
n)}lnﬁle(Epfl,qu,qH) =0
and
bl()%)Epfl,ert + bgp__t}p)_lqut,q+1 = 0.

Since bz(g?]) =0, we get a contradiction again. Hence, on the S;;; diagonal we have

np 15 0(Eiiv1) = Eiiy1 + bg?m,iEHH,m + bf? Eiitt.

However, we want to get n;tlnf)l@(Ei7i+1) =FEjit1.
To prove this, we use induction again. Assume that there exists an inner automorphism
AG,_,such that on the Sy diagonal:

)‘E;,tflnj?’tlnl_)le(Ei,i—I—l) = Ei,i—f—l for i = 1, v ,k — 1,
and

)\éifln;,}m;le(Ei,i-i-l) =FEii1+ dEZ_)HLZEi—tH,iH + dz(‘?i)Ei,i-&-t fori=k,...,n—1.

Setting Z = I + dyy, 1 j Er—ti1 — dy ) Erpse and Gy, = Gp_1Z then for 1 < i < k we
have
A&im?tlUBl@(Ei,Hl) =FEiin+ 5i,k—td;(ﬁ1_t,kEi,k
on the S;y1 diagonal. For ¢ = k—t, applying /\5]17177}3:77510 to the equality Er_; p—¢+1 Bk k41 =
0, we obtain
dl(clilft,kEk—t,k'H =0
on the diagonal S;y1. Hence

(k) _
dk-l—l—t,k = 0.
We get
Ay np 0Bk k1) = Brpa
fori=1,--- k. For i > k, as stated on [1], we have

— — — y k .
Aainp np 0(Eiit1) = B + (dz(l—)t—&-l,i—i-l + Gt Eir1—in + d5 B,
Thus, there exists an inner automorphism Ap, , of ST,,(R) such that
Apr p'0(Eiis1) = Eii
on the S,_1 diagonal. We want to know what happens on the S,, diagonal. Assume that,

we have
A;’j,lnl;lH(Ei,i-H) = Ei,i+1 + CiEln for 1 = 1, ce,n = 1
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on the S, diagonal. If we apply A;i_lnglﬁ to Ej;, we get
(el + i + ...+ el V) By,

(nfl)) = 0 and if we take

1n

By Proposition 2.2, (egl) + e? +...+e

n in
Z=1+cyp 1E11—c1Eoy,

as in [1], we get
Agl)\gnlflngl‘g(Ei,H—l) = Ei,i-i-l for ¢ = 1,n -1

and
)\ElAI;i_lT]Ble(Ei7i+1) = Ei,iJrl +cE, fori=2,...,n—2.
Setting ¢ = (ca,...,ch—2), We get
e AN pt0(Eii1) = By fori=1,... n.
So we have
pe AT mpte =1
Thus
0 =npucAp,
for some P € T,,(R). O
Remark 2.5. Let N, (R) be the strictly upper triangular matrix algebra over R, then
Aut (N, (R)) ~ Aut (ST, (R)) .
a b c d
0 a e f
Example 2.6. Let A € STy(R) be defined as 00 a r
0 0 0 a
We can check that 6 : STy(R) — ST4(R) defines an automorphism via
a b c d a b c d—3e
0 0 ae fl] _|0 a e f
0 0 ar|] |00 a r
0 0 0 a 0 00 a

But 6 is not an inner automorphism. Notice that Aut (ST, (R)) € Aut (T,, (R)). Then all
the automorphisms of ST, (R) cannot be extended to the automorphisms of T,,(R).

—
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