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Abstract

In this work, the local and global existence of weak solutions by using the Faedo-Galerkin
method, the finite time blow up of the weak solution with positive initial energy and the
general decay of the solution are discussed. Finally, we consider the exponential growth
of the solution with sufficient conditions. This work generalizes and improves earlier
results in the literature, see [L.X. Truong and N. Van Y, On a class of nonlinear heat
equations with viscoelastic term, Comput. Math. Appl., 2016] and [L.X. Truong and N.
Van Y, Exponential growth with LP-norm of solutions for nonlinear heat equations with
viscoelastic term, Appl. Math. Comput., 2016].
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1. Introduction

In the present work, we investigate the following model of the Kirchhoff-type nonlinear
heat equation with viscoelastic term and nonlinear source term

(14 [u|" %) us — M(|Vul*)Au + /Otg(t —s)Au(s)ds = f(u), inQx][0,00), (1.1)

with boundary condition
u(z,t) =0, on I x [0,00), (1.2)
and initial condition
u(x,0) =wup(z), in g, (1.3)
where Q C R" (n > 1) is a bounded domain with smooth boundary 952, ¢ is a positive

constant, M (s) =1+, (y > 1and s > 0). Also g and f(u) will be specified later.
In the case M = 1, Truong and Van Y [11] considered the following problem

(1+alu|”)u, — Au+ /t g(t — s)Au(s)ds = f (u). (1.4)
0
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They showed the local and global existence of weak solutions by using the Faedo-Galerkin
method. In addition, they proved the finite time blow-up and the decay of the weak
solutions. Also, in [12], they investigated the result of exponentional growth of the weak
solutions under the sufficient conditions of (1.4) with f(u) = b|u[’ "% u

When M = 1 and in the absence of \u|q_2 u; term, Egs.(1.1) becomes the following
problem

— Au + /Otg(t —s)Au(s)ds = f (u). (1.5)

In [9], Messaoudi investigated the blow up of the weak solution for the problem (1.5)
with f(u) = blul/P"?u. Also, the equation (1.5) without memory term (g = 0) has been
discussed by some authors (see [1,2,5,7,10]).

In detail, the present work is organized as follows: In next section, we present some
notations, assumption and lemmas. In section 3, the existence are discussed by using
Faedo-Galerkin’s method that is similiar to used in [11]. In section 4, we prove blow-up
result for solutions with positive energy. In section 5, the exponential growth of solutions
with positive initial energy is given. In last section, the decay property is studied.

2. Preliminaries

To state and prove our result, we need the following assumptions.
(A1) We suppose that ¢ belongs to the interval (2, ¢*), where

« ) too ifn=1,2,
71 2 ifn>3.

(A2) The relaxation functions g € C* is such that
oo
g(0) >0, ¢'(s)<0and 1 —/ g(s)ds=1>0 for s> 0.
0

(A3) The nonlinear source f is a continuous function on R. Further, there is a constant
p such that

2<p<gq or q<p<2+%, (2.1)
and
|f(w)] < C1+Cy|ufP™, YueR. (2.2)
for some Cq, Cy > 0 holds.
(A4) There is p1 € (v/2p,p) such that for all m € (0,p;), there exists b = b(m) > %b
satisfying
fw)u— (p—m)F(u) >blul’, Yu € R.
(A5) F(u) < % |ul?, Yu € R, where b is a positive constant and

2
2<p<gq orq<p<2+zq.

= b

(A6) [;°g(s)ds < = Jjﬁl where p = %.

Next, we mtroduce the energy function as follows

(g0 Vu)(t) + —— (| Vul20 )| + = 1—/ g(s)ds) || Vu(t) /F ) da

Bl =5 7+1

2

where (g o w)(t) = [y g(t — s) w(s) — w(t)|3ds and F(u) = [ f(£)de
We shall give some notations and lemmas throughout this work.

[y =1lllgz and L[, =[]l -
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Lemma 2.1 ([6]). Suppose that 2 < q <p < ¢* and
1 1y/1 1 1\7!
~(-3) (4
g p/\n 2 q
hold. Then |jw|,, < C [|[Vwll§|[w]) ™" for all w € H}(Q).

Lemma 2.2. Let (A2) and (2.1) hold. Then, E (t) is a nonincreasing function for on
[0,00) and

E'(t) <.
Proof. Multiplying Eq.(1.1) by u;, and integrating them over 2, then summing, we have
1 1
() = — (29@) IVul = 5 (g’ o Vu)(t) +/ wldz +/ 172 ufdx> <0, (24)
Q Q

0

3. Local existence and global existence
Firstly, we introduce the definition of weak solutions for the problem (1.1).
Definition 3.1. The function u(z,t) is a weak solution of problem (1.1) on Q x [0,7) if
we L (0, T W (Q)), e L2(0,T5L4(Q)), ([u])e € L2 (2 % (0,7)),

satisfying u(z,0) = ug(z) and

/Q(ut—i— w92 ut)vdaﬁ—i—/QM(HVuHZ)Vu(t)Vvda:—/0 g(t—s)/QVu(s)Vvda:ds

for all v € L?(0, T} W&’2(7+1)(Q)) and for a.e. t € [0,T].
Lemma 3.2 ([11]). Let 2 < g < p < ¢*. For each € > 0, there exists a positive constant
C; such that
2
lwliy < elIVwllz + Ce flwllg®,

for all w € H} () N LI(Q), where

B (DG4

Now, we shall find global existence and local existence in the following theorem that.

Theorem 3.3. Let (A1), (A2) and (A83) hold. If
2<p=q,
then for each ug € W()I’Q(7+1)(Q), the problem (1.1) has a global weak solution of class
we Lo, T Wy 2 (@), wp € L2(0, T L2(), (|lul”?), € LA x [0,T)),

for allT > 0. If

2

g<p<2+ ﬁ,
n
1,2(v+1)

then, for any ugp € W, (Q), there is Ty > 0 such that the problem (1.1) has a weak
solution of class

we Lo, T; Wy P (@), wp e L2(0,T: L2(), (lul”?), € LA x [0,T)),
for all T € (0,T%).
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Proof. Approximate solutions

We establish the existence of weak solution of the problem (1.1) via the Faedo-Galerkin’s

method. Let {vj};?il forms be an orthonormal basis for L?(2) as well as VVO1 ’2(7+1)(Q).

Let Wy = span {v1,va, ..., vt} and ugr be an element of Wy, given by
k
Uk = Zakjvj — up strongly in W&’2(7+1)(Q), as k — oo. (3.1)
j=1
We search for an approximate solution of problem (1.1) such that

k
up(t) =) cxj(t)v), (32)
j=1
where ¢ (1 < j < k) satisfy the system of integro-differential equations
/Q (1 + [ug ()72l (t)vidz + /Q M (|| Vg (8)]2) Vg () Vorda
t
—// g(t — s)Vug(s)Vu;dsdx
QJo
_ / F(up(6) vedzr, i=1,2, ...k, (3.3)
Q
where the initial conditions

ij(O) = Q) j e {1,2, ,k} . (3.4)

A priori estimate I
Multiplying (3.3) by ck;(t) and take the sum respect to i from 1 to k and then integrating
on [0,t]. Afterwards we get

A(t) :Ak(0)+/0t ds/osg(s—T)/QVuk(T)Vuk(s)dxdT+/0tds/ﬂf(uk(s))uk(s)dx,
(3.5)

where
1 1 t
A0 = 5 [ + 2l @3+ [ (IVa() 2040+ [Tu(e)]?) ds.
As applying the embedding W20+ (Q) — LP(Q), p > 1, it follows from (3.1) that
1 1
Ag(0) = 3 lluok]|® + p [uokllf < Cs, (3.6)

for positive constant C3 not dependent on k. To estimate the second term on right-hand
side of (3.5), we use Holder and Young inequality,

/Otds/osg(s_T)/Qvuk(T)VUk(S)dxdT

1 rt 1 ft s 2
< 5 [IvuePas+5 [ ([ o6 -7 Ivumlydr) ds
2 Jo 2 Jo 0
1 t
< 5@=0) [ IVu)3ds (37
Firstly, we take into account the case

2<p<gq
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Then, by (A3) and using the embedding LI(€2) — LP(2), p < ¢, we obtain
t t
/ ds/ fug(s))ug(s)de < / / (C1+C'2\uk(s)]p_1) |ug(s)| dzds
0 Q 0 JQ

t
e / Ap(s)ds + Cs, (3.8)
0

where Cy, C5 > 0, not dependent of k.
Combining (3.5)-(3.6), (3.7)-(3.8) and using the Gronwall-Bellman-Bihari type inequal-
ity (see [3], Theorem 21), we obtain

A(t) < Cp, foranyte[0,T], forall k € N,

for all T' > 0.
Now, we consider the case

2
q<p<2—|——q.
n

In the same way, from the assumption (A3) and Lemma 3.2, we get

/0 ds/Qf(uk(s))uk(s)dm < 5/0 | Vur(s)||? ds + 06/0 Af(s)ds + C7, (3.9)

where a = 37(32(17;% > 1, and C; (i = 6,7) are positive constants that independent on k.

Thus, if we pick € to be sufficiently small, it follows from (3.5), (3.6), (3.7), (3.9) that

t
Aut) < Cs+ Co [ A7(s)ds,
0

where Cs and Cy are positive constants that independent on k. Therefore, applying the
Gronwall-Bellman-Bihari type inequality, there exists a positive constant T} > 0 such that,
for all T € (0,7%),

Ag(t) < Crp, , Vt€[0,T], Vk € N.
So, in all the cases considered above, we obtained estimates of the form
Ak (t) < constant independent of k, Vt € [0,T7; (3.10)

furthermore, if 2 < p < ¢ then the quantity T' > 0 is arbitrarily large and fixed, whereas if
2
g<p<2-+ ﬁ,
n

the quantity 7" > 0 is rather small (T € (0, T), for some T, > 0).

A priori estimate I1

Now, multiplying the equation of (3.3) by ¢}, (t), summing with respect to ¢ and inte-
grating over (0,t), we get

t t
[ sl ds [ el dads + )
1 t
= w0 =5 [ a(s) [Vuu(s)|* s

+;/Ot(g/oVuk)(S)dS—/QF(uok)da?—l—/QF<uk)dx7 (3.11)

where

) = 3 (1= [ 66)as) 1@ + (g0 Vur) 0
1

2(v+1)

L ool

[V, (£)] 20D
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By using assumptions, Lemma 3.2 and the estimates (3.6), (3.10) we arrive at

t t I
/ g2 ds +/ / a2l ydwds + = [ Vun(t)]?
0 0 JO 2
< constant independent of k, Vt € [0,T]; (3.12)
where T > 0 is arbitrary large if 2 < p < ¢ and T € (0,Ty) if
2
g<p<2+4 —q.
n

Passing to the limit
Let T > 0 be an arbitrarily number if 2 < p < ¢; or T € (0, T}) if

2q
qg<p<24—.
n

From priori estimate (I) - (II) (see (3.10) and (3.12)), there exists function u and a sub-
sequences of {ug}p- ; that we still denote by {ug}p, such that, as k — oo,

ur — u weakly star in LOO(O,T;W&’z(WH)(Q)), (3.13)
ups — up weakly in L*(0,T; L*(Q)), (3.14)
(Jug)™?); — x weakly in L*(0,T; L*(Q)). (3.15)

Since the sequence {ug} is bounded in
W = {v e L=(0,T; Wy (@) o € 120,73 LA(9)) }
uniformly in k, it follows from Aubin-Lions compactness theorem that
up, — w strongly in C(0,7; L"(2)), Vr € [1,¢%).

Therefore, we have uy, strongly converges to u in L4(€2 x (0,7)) and so, by Krasnoselskii’s
theorem for the Nemytskii operator we have

lue|¥? 2 up — |u|¥*72 u strongly in L2102 (Q x (0,7T)). (3.16)
Similarly, we also have |u;|/? strongly converges to ]u\q/ 2 in L2(Q x (0,T)). Therefore,
(Jur|”?)e — (Ju|?); weakly” in D'(Q x (0, 7)) (3.17)

where D'(Q2 x (0,T)) is space of distributions on Q x (0, 7).
By (3.15) and (3.17) we deduce that

x = ([u|?), and (Jug|”?); — (Ju|??), weakly in L%(Q x (0,T)). (3.18)
Combining (3.16) and (3.18) we get
2
k|97 upy = . lwe |2 g (Juel¥?)y — [u|?%u;  weakly in L2(Q x (0,T)).  (3.19)
On the other hand, by the continuity of function f, it is obvious that
f(ur) — f(u) for all (z,t) € (2 x (0,7)) (3.20)
Conversely, we have
T b T .
/ / ‘f(uk)|p71 dxds S / / (Cl + CQ |uk|p_ )p/(p_l)dl'ds S Cl(], (3.21)
0o Ja 0o Jo
for all k. By Lions’s lemma (see [4]), it follows from (3.20) and (3.21) that
Fup) — f(u) weakly in L¥1(Q x (0,T)). (3.22)
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By (3.13)-(3.15), (3.18), (3.19) and (3.22), passing to the limit as & — oo in (3.3) and
(3.4), we obtain that u(x,0) = uyo,

/ (1 + Ju(®)| 7Y (t)vda + / M([Vu(®) |2 Vu(t) Voda

t
/ (t—s) /Vu )Voudxds

/ f(u(t)) vdz (3.23)
for all v € WOI’ g Jrl)(Q) and for any ¢ € [0,T].
This completes the proof. ]

4. Blow up of solutions

In this section, we deal with the blow up results of the solution for the problem (1.1).
In order to obtain the result of blow up of solutions, we assume that following assumption:

2q
€ (g, 24+ ).
(q +n)

We denote by C, the best embedding constant for I/V1 20+ (Q) = LP(Q)and C, 1 = %

We put

_ P/ (p=2)p—1/(p—2 S N S _ L1,

=Cp1 b/, El—(ﬁ_};)ala Ez—(;l—;))%-
The following lemma will play an essential role in the proof of our main result in this
section. It is similar to a lemma used firstly by Vitillaro ([13]). Also, the following

lemma’s proof can be easily established by the Lemma 3.6 in [11]. Therefore, we omit it.

Lemma 4.1. Suppose that assumptions (A1), (A2) and (A5) hold. Moreover, assume
that E (0) < Eq and u is a weak solution of problem (1.1)
(i) If |Vuo||* < oy then there exists &y € [0, ] such that

1=

<(1 —/Otg(s)ds> IVu()|” + (g0 Vu)(t) + 71+1 ||Vu(t)\|2<7+1>)2 < ay, Vte[o,T).

(4.1)
(ii) If || Vuo||* > ay then there exists a constant &1 > ay such that
1
t 1 5 R
(0= [ o619 1Tl + (g0 Tu)0) + 1 IVaFO) 2, @2)
and
[ull, = Cpa, (4.3)

for allt €[0,7T).

Theorem 4.2. Suppose that (A1), (A2), (A4), (A5) and (A6) hold. Letugy € W(}’Q(VH)(Q)
with
0< E(O) < FEs, HV’U,()H > o1

Then the solution u of the problem (1.1) blows up in finite time.
Proof. For this purpose, we set

H(t) = Ey — E(t). (4.4)
By the definition of H (¢) and since E'(t) < 0, we get

H' (t) = —E' (1) > 0.



404 E. Pigkin, F. Ekinci

Conversely, by using (2.3) and Lemma 4.1 follows that

0 < HO<HE=F- 3]0~ [ g6as) [Val + (o Tu))

1 2(y+1)
(|| Vu|?\” —I—/ F(u)dx
s (V) + [
1
< Ez—*@l—i—/ F (u)dz
2 0
1
< El—fa%—i—/ F (u)dx
2 0
1
= —a} +/ F (u)dx. (4.5)
p Q
Therefore, combining (A5) and (4.5), we have
b
0<H()<H()< / F (u)dx < I; ||u(t)Hg (4.6)
Q
Let’s define the functional
U(t) = H (t) + g/ |uf? de, (4.7)
Q
where € small to be chosen later and
0<o<1-12
p

By taking a derivative of (4.7) with respect to ¢ and using Eq.(1.1), we have
V() = (l—o)H ) H () +¢ /Q wpudz
— (l—o)H™ (t) H' () — E/Q 92 wgda — e | Vul|? — ¢ ||V 20+
te /0 o= s) /Q Vu(s)Vu(t)deds + ¢ /Q wf (u)dz. (4.8)
By the assumption (A4), we get
U (t) = (1—o)H ) H (t)— E/Q u|?2 wugda — e || Vul|? — ¢ ||V ?0+Y
te(p—m) /Q F(u)dz + £b u(t)|[? + = (/Ot g(s)ds) IVl

e / "ot — ) / Vau(s) — Vau(t)| [Vu(t)| dzds. (4.9)
0 Q

Furthermore, we use Young’s inequality to estimate last term of right-hand of (4.9), we
obtain

vty > (1—-o)H7@)H (t)— z-:/Q u|? 2 wwydz — e ||Vl 20HY
+e(p—m) /Q F(u)dx + b Hu(t)||§ — (g o Vu)(t)

_5@_(L3$)A}@M4vaa (4.10)

where § > 0. Then, using definition H'(¢) and Young’s inequality to estimate the second
terms in (4.10), we get
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1
51/ |u\qd:c+—/ lu|7? uldx
Q o1 Ja

S u®)g + 5-H'(0), (4.11)

IN

/ [u|?? vy da
Q

IN

for all 6; > 0. Moreover, by using (4.6) and definition of H(t), we get

ful = ¥ [ P

- {H(t) " ; (g0 Tu)0) + — Va0 (4.12)
_ % (1 _/0 g(s)ds)) V()| _EQ}. (4.13)
On the other hand,
bllu)lr = <b [p p“ Ju(t )H”+ u(t >u§}
> B {T <>up—%§E2+@ [§H<t>+ 2 (o vu)(t)

p 2(y+1) }
(1 s)ds) ||V + V . (414
and from (4.3), we have
P—p1 p_ PP P—p1 1 PO ] »
- —=F —-p- B P . 4.1
» Ju®)]l; o b 2 2> [ » Py 2(Cpadn) P Jlu(t)]l; (4.15)

Combining (4.14) and (4.15), we have

Bl > eB{Konu(mzH;j[pH<t>+p<g<>vu><>

b 2b
p ! 2 (v+1)
—(1— d t _ 4.16
20 [ aoas) IVuP + g5 s 19020} (a0
since %EQ(Cp,lal)_p < %Eg(Cmal)_p = % = %, Ky = p=nm p1 —p1 bEQ(Cp71a1)_p > 0.

Now combining (4.10), (4.11), (4.16) and let §; = Kle"( t), we get
V() > (1—o—Kie)H () H (t) — Ky "HO(t) |[u(t)]l]

P1 . 2(v+1)
te (Amz(wl) 1) (Ival20+)

b (p = o Apr) H (2) + B0 (0 + = (A2 = ) (g Va1

+5{>\mp; (1 —/Otg(s)ds) - [ (1 _ 415) /tg(s)ds”||vu(t)\|2g4.17)

where \,, = (— and K7 > 0.
Thanks to ( 6) and embedding LP(Q) — L4(Q), 1 < ¢ < p, we obtain

HO(t) [[u(t)llg < K Ju(®)[77*, (4.18)

where Ko > 0 is a constant. Since ¢ < p and 0 < o < 1 — ¢/p, now applying the following
algebraic inequality

1
<@+ <A+)(z+2), Y&>00<i<1, z>0,
z
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b l=(po+q)/p, z=H(0), we get

especially, taking = = [[u(t)|[;

O < (1+ 55 ) (I + 170)
< (1 + HtD)) (a2 + H®)). (4.19)
Inserting (4.18) and (4.19) into (4.17), we conclude that
V() > (1—0—Ke)H ) H (£) 42 |p—m+npr — K7 K (1 + Hto))] H(t)

te ()\mQ(fjrl) _ 1) (V204D + ¢ ()\mp; _ ) (g0 Vu)(t)

+5FK6_K;u@<1+f§m)|mamz

e {Amp; <1 _ /Otg(s)ds> - [1 - <1 - 415) /Otg(s)ds} } IVu@)l?.  (4.20)

At this point, we point out that the estimate (4.20) holds for all m € (0,p;], K is large
number and for all §, ¢ > 0. By using the assumption (A6), we can choose m such that

¢ Ampl -2
/ g(s)ds < ——-
0 )\mpl -2+ )\m P

Then, we pick
)\m% > max {J, v+ 1}

such that

Am — zl _ (1 B %) Jo g(s)ds

n 1R eds

Then, we pick K such that

Ko(l+ A2)  Ko(l+ A=
K1>max{ 2( H(O)) 2( H(O))},

p—m+Appr’ /Z;KO

and then pick € € (O, 11;710) .
So (4.20) become

' (t) > C(llu®)lly + H(t)), (4.21)
for
C’—smin{ —m+ Amp1 — K71 K (1+1> bKo — KiK. <1+1>}
Consequently, we arrive at
U (t) > w(0) >0, vVt >0.
Now, we estimate W (t)ﬁ
1
- e € T
it o) = (How + S ul)
2
< CH®E) + [lu@p)- (4.22)

We again apply above algebraic inequality, we get

5 < (14 57757) (@)l + H ). (1.2
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By combining of (4.21), (4.22) and (4.23) we arrive at
V(1) > 0T (1), (4.24)

where £ is a positive constant.
A simple integration of (4.24) over (0,t) yields W=7 () > ———1—— which implies
that the solution blows up in a finite time 7%, with
e 127
§owi=7 (0)

5. Exponential growth of solutions

In this section, we estimate that the energy will grow up as an exponential function as
time as goes to infinity.

Theorem 5.1. Suppose that f(u) = blulP">u, (A2), (A6) hold. Let ug € W01’2(7+1)(Q)
with

E(0) < E», IVupl| > ag.
Then there exist positive constant C and o such that
[u(t)]l, = Cexp(ot),
for allt €10,T).
Proof. Let
L(t) = H(t) + 5 /Q 2z, t)da, (5.1)

where H(t) = E; — E(t) and € small to be chosen later. By taking the time derivative of
(5.1) and taking into account E’(t), we obtain

L't = H’(t)—i—e/Quutdac

= —E’(t)—i—e/ wugdx
Q
1

1
= —g) |Vul* = (¢ o Vu)(t) —I—/ u?dw—l—/ |72 u?dx—i—s/ uurdz.(5.2)
2 2 Q Q Q
By using Eq.(1.1), we get
/ wude = / wf (u)dz — / ]9 wugdz — || Vu(t) |20+
Q Q Q
t
—\|Vu(t)||2+/ g(tfs)/ Vu(s)Vu(t)deds
0 Q

b HUHg - /Q |u|q*2 uudr — HVu(t)||2('Y+1)

Y

—IVu())? +/Otg(t— $) [IVu(t)||2 ds

- / "ot — ) / IVau(s) — Vu(t)| [Vu(t)| dzds. (5.3)
0 Q
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In order to estimate f(f g(t —s) Jo|Vu(s) — Vu(t)| |Vu(t)| deds term, using the Schwarz
inequality, we obtain

e = bl - (1 -/ e~ s)ds) [Vu 0 = [IVu(@)]*0*)
— [l wda — [ g(t =) [Vu(®) | Vu(s) = Vu@] ds. (5.4

Then, using Young’s inequality to the last term of (5.4), we deduce that
e = b= 1= (1= 55 [ ot = s)ds| 19001 = I9u P+
—0(go Vu)(t / || % wugde, (5.5)
for all § > 0. Insert (5.5) into (5.2), we arrive at

L't) > /Qufda:+/glu\q72ufdx

te {bnu(t)ug— [1— (1—415) /t (t—s)ds} IV ()
Va2t — 6(g o Vu)(t / [ uutda:] (5.6)

In order to estimate [, ]u|q_2 uugdr term, applying Young’s inequality and the embedding

LP(Q) — L1(Q2), we get

1
/Q|u|q72uutdx < oz/ﬂ|u(t)|qd:v+—/ w72 uldx
aC (@)™ + > [ ful*u 6.7

for positive embedding constant C. Now, again apply the above algebraic inequality and
we have used the fact that 0 < ¢/p < 1, we obtain

IN

(o)™ < (1+ g5 ) (o)l + HO). 5:8)
Therefore, by (5.7) and (5.8), we get
/Qyuyq—2 windz < aC <1 + Hto)) (1 + Z) ()| + / 2 (5.9)

Substituting (5.9) into (5.6), we have

L't > /Qu?dx—k (1—Z>/ﬂ|u|q2u3d9§

+e(b — ad) [[u@®)||) — ed(g o Vu)(t)

(it tg(t—s)ds IVul|? = |Vu@)|?0TY | (5.10)
46

c':c<1+H§0))(1+2).

H(t) + 3(90 Vu)(t) + 3571 Hqu?W“ ]
+5(1 = Jo g(s)ds) [[Vu(t)||* — By ’

where

By using the relation

p__ P
Juolly =2 [
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we obtain

c(b o) u(t)I
= elb—ad) [ E=Elu@))? + 2 u)?
= e ad) (P uo)lg + 2 o)

_ nJP—DP1 p1p p
= - ad) {E uiol - B AR+ 2 [ FH O +

(g0 Vu)(t)

}. (5.11)

2b

2 (1= [ glopds) IV + gy L 9l
2b 0 2b(7—i— 1)

Further, it follows from (4.3) that

P—p1 p_PLPp S [PZPL 1 _ p} P
o el == 5 B2 [p pryBEa(Cpndn) ?| Ju@)f >0, (5.12)

since

1
7E C -P E C P - 2 — .
b 2(Cpa101) P < b 2(Cp,11) a2 LD

From (5.11) and (5.12), we deduce that

b ad) )l = =(1- ab) 2|t (0 + Hg o Tue)

[V 20D

0= [ o)) IVl + (5.13)

Combining (5.10) and (5.13), we obtain

/
o' > Qufda: + <1 - Z) /Q w972 u2dz + epy (1 - O‘;) H(t)

e {2 (-9 (1 [gtnas) = [1- (1 35) [ ot = oyas] fivucor?

ac
te [2 (1— b) —5} (g0 Vu)(t)
p1 ac 2(y+1)
1——) -1 t . 14
v |5 (1-5) —1] Ivuco an
By using the assumption (A6), we can choose ¢ < p;1/2 such that

1_31_< 45>f0 g(t — s)ds
b1 1_f0 g(s)ds

Then, we continue choosing « and ¢, respectively, such that

1—(1—=24) [>®g(s)ds
0<a<3min &—5, P ; 2. ( 430)0 )
d 2 2(y+1) p1 1= [5" g(s)ds

and ¢ € (0, «). Hence, we deduce from (5.14) that

L(t) > Oy (H(t) + [ Vu(t)|?) (5.15)

with C is a positive constant define by

_ emi _ad) p _aC_.pl<_aC’>_.
c, = 5m1n{p1<1 b) 2(1 b> 6,2(7_1_1) 1 2 1;

P
2(y+1)

> 0.
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Moreover, by definition of L(¢) and Poincare’s inequality, we get

Lt) = H(t)—i—%/qudx
2
< H(D)+ 8 vu(n) P
< G (H()+|[Vu®)|?) (5.16)

where C,, is the Poincare constant and Cy = 1 4 # Hence, by (5.15) and (5.16), we
arrive at

L'(t) >rL(t), Vtelo,T). (5.17)
where r = C1/C5. Integration of (5.17) between 0 and t gives us the desired results. [

6. Decay of solution

In this part, we prove the general decay of solutions of the problem (1.1). Along this
part we consider both cases of p, that is

2
2<p<gq, or q<p<2+;q.

Lemma 6.1 ([8]). Let E : R™ — R be a noncreasing function; © : R™ — RT be a
strictly increasing function of class C' such that

©(0) =0 and tlhm@@(t) = +00.

Assume that there exist n > 0 and A > 0 such that

1

VS > 0, /S T B o) < SEM(0)E(S).

Then E has the following decay properties:

Ifn = 0 then E(t) < E(0)exp(1 — \O(t)), Vt >0,
1+n

) v >o.
1+)\77®(t)) , V620

Ifn > 0 then E(t) < E(0)exp(
Theorem 6.2. Suppose that (A1), (A2), (A5),

M
uf(u) — pF(u) < ZMZ-|u|p"7 Vu € R,
i=1

and Vt >0, let £ : R — R is a nonincreasing function

+oo
g'(t) < —€(bg(t), / £(t)dt = +oc,

where M; > 0 are constants, p; € [2,p) (i =1,2,..., M) hold.
1,2(v+1)

Assume further that the initial data ug € W), (Q) satisfies conditions || Vug|y < a1,
0<E(0) < Eq, and

P | —=F b+ —— bi (——F M; < 1. 1

o 25P0) v TS (25E0) < (6.1)

Then, solution u of problem (1.1) satisfies the following energy decay estimate for some

A0,
E(t) < E(0) exp(1 — A / "e(r)dr), Wt > 0.
0
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Proof. Firstly, we show that, for ¢t > 0,
1/2 ! 2 1 2(y+1) 1z
ORIuell, < (1= [ ale)ds) VU + g0 Tue) + — Va0

< = b VR ),

Herefrom, we obtain

70 = (1= [ s)is) IVaOIP + (9.0 Va0

1 2(v+1) /
+77+1 [Vu(t)|| j% QF(U)dw

> LVu®)]® = blu)b
> L] Vu(t)|? = bCh L | Vu(t) [P
> ¢ Vu(t)]? (1 - bCh, e | Vu(t)|P2) > 0.

Conversely, using Eq.(2.3), we get

50) = 222 [ (1= [ ots)ds) 19wl + (g0 V) (0) + — Vw7 + 2500,

2p
(6.2)
Furthermore, from (6.2) and (A5), we easily see that
t 2 2
vl < (1- [ g@ds) IVu@|? < 2o E@) < B0, (63)
0 p—2 p—2
By using embedding theorem, we get
2p0
uI} < Cp IVt < 22 Ee), vt € 0,), (6.4)
where
_ P
9, =CP, (HE(O)) .
In the same way, we obtain
o 2pd,,
el < = B(), Ve e [0,7), (6.5)

with
»; 2p (pi—2)/2 o
ﬁpi :Cp:,l (HE(O)) y VI (’L: 1,2,...,M).
Let’s consider the function
t
o(t) :/ ¢(s)ds, t >0,
0
which gives, as © is non-decreasing function of class C' on Rt and
O(t) - 400 as t — +o0.
Multiplying Eq.(1.1) by &(¢t)u(z,t) and then integrating them over Q2 x [S,T], we get

/T (%) {/Q(l + w9 uuydz + (1 — /Otg(s)ds> IVl + Va2

S
- /Ot /Q g(t — 8)(Vu(s) — Vu(t))Vu(t)dzds — /ﬂ f(w) udx} dt =0, (6.6)

where 0 < S < T < +00.
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Taking into account the definition of E(t) and (6.6), we arrive at

2 [ B0 = [ €0 {~ [0+ ol s

o /O t /Q ot — 8)(Vu(s) — Va(t)) Vu(t)deds

+ [ @ —2F@lds = (1= =5 ) IValP0™) + (g0 Vu)(®)} d

_ / O+ Bt 1= (1= — ) IVa* + (go vy fdr, (67

in what follows we will estimate Iy + I + I3 in (6.7). By using Sobolev’s embedding
theorem, Young’s inequality and (2.4), (6.3), we deduce that

n o< e/ﬂ(u2+\u|‘1)dx+c(e)/ﬂ(u§+|u14*2u§)dx
< ecE(t) — c(e)E'(t). (6.8)

t 2
L < ]| Vu®)]® +cle) (/O g(t = 5) [[Vu(s) = Vu(t)|| d8>

ccE() + o(e) ( /0 t g(s)ds) < /0 "ot — 8) [Vu(s) — Va2 ds)

< ecE(t) + c(e)(g o Vu)(t). (6.9)

For I3 in (6.7), applying the assumptions (A5), since uf(u) — pF(u) < M, M; [u|P* and
(6.4)-(6.5), we get

IN

o= [ [f@u=pF@lde+(p-2) | Fuds

M
p—2 :
S ALRERD S AN
p Ja i=1
» M
< 2 (ﬁpb+ " ZMmpi> E(t). (6.10)
Y=

Then, combining these estimates (6.8)-(6.10), we arrive at

2/ B(He(tdt < €c+2<19 b+pZMﬂpz>]/ E(E(t)dt

/ Et)(go Vu)(t)dt — c(e / E'(t t.  (6.11)
Moreover, since ¢'(t) < —£(t)g(t), we have
T T T
/ £(t)(g o Vu)(t)dt < — / (f o Vu)(t)dt < —c / E'(t)dt < cE(S). (6.12)
S s S
It is obvious that
/ E'()(t)dt < £(0 / _E(t)dt < cE(S). (6.13)

Since 9,b + 1%2 S M. M;d,, < 1 we can choose ¢ to be a sufficent small number so that it
follows from (6.13) that

/ Bt < cB(9). (6.14)

S



Qualitative analysis of solutions for a Kirchhoff-type parabolic equation ... 413

which implies

/S " B dt < cB(S), VS > 0.

We end the proof by applying Lemma 6.1. O

1]
2]
3]
[4]
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