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Abstract

In this paper, dual Jacobsthal quaternions were defined. Also, the relations between dual Jacobsthal quaternions
which connected with Jacobsthal and Jacobsthal-Lucas numbers were investigated. Furthermore, Binet’s formula,
Honsberger identity, D’ocagne’s identity, Cassini’s identity and Catalan’s identity for these quaternions were
given.
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1. Introduction

In 1843, Hamilton [1] introduced the set of quaternions which can be represented as

H={gq=q+iqi+jq+kqs | qo0,q1,92,93 €R} (1.1)
where

P=pP=k=—1,ij=—ji=k, jk=—kj=i, ki=—ik=]j.
After the work of Hamilton, several authors worked on different quaternions and their generalizations. ([2]-[22]).

In 1973, Sloane [23] introduced the set of Jacobsthal numbers.
Further, in 1988, Horadam [24]-[25] defined the Jacobsthal and Jacobsthal-Lucas sequences {J, } and {j,} with the recurrence
relations respectively, as follows

Jo=0, =1, Ju=Jp_1+2J,—2, forn>2, (1.2)
and

j0:2a j] = 17 jn:jnfl+2jn727 fOrnzza (13)

In 1996, Horadam studied on the Jacobsthal and Jacobsthal-Lucas sequences and he gave Cassini-like formula as follows [26]

Jpirduy —J> = (=121 (1.4)
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Jnitjn1—j2=3%(=1)r ot (1.5)
The first eleven terms of Jacobsthal sequence {J,} are 0,1,1,3,5,11,21,43, 85,171 and 341. This sequence is given by the
formula

B on _ (—1)”
Ji= = (1.6)

The first eleven terms of Jacobsthal-Lucas sequence {j, } are 2,1,5,7,17,31
65,127,257,511 and 1025. This sequence is given by the formula

Jn=2"+(-1)" 1.7

Also, we can see the matrix representations of Jacobsthal and Jacobsthal-Lucas numbers in [27],[28]. The members of these
integer sequences can also be obtained in different ways: Binet formulae or matrix method by Kéken and Bozkurt [27]-[28].
Several authors worked on Jacobsthal numbers and polynomials in [29]-[32].

In 2015, Szynal-Liana and Wioch [33] defined the Jacobsthal quaternions and the Jacobsthal- Lucas quaternions respec-
tively as follows

JO, =In+idpt1+ jIni2+ kI3, (1.8)
and

JLQy = ju+ijus1+J jnv2 +Kjni3 . (1.9)
where

P=pP=kt=—1,ij=—ji=k, jk=-kj=i, ki=—ik=].

In 2017, Torunbalc1 Aydin and Yiice [34] given a new approach to Jacobsthal quaternions. Furthermore, some relations between
Jacobsthal and Jacobsthal-Lucas quaternions are given in [34].

In 2017, Tasc1 [35] defined k-Jacobsthal and k-Jacobsthal-Lucas quaternions as follows

OJin =Jipn+itJgps1 iz Jin2 + 3Tk ns3 (1.10)
and

Ojkn = Jn + 1 Jons1 T2 jrnt2 T 13 jint3 (1.11)
where

P=iB=83=iiiz=—1

In 2017, Cerda-Morales [36] worked on identities of third order Jacobsthal quaternions.
In 2018, Cerda-Morales [37] defined fourth-order Jacobsthal and Jacobsthal-Lucas quaternions as follows

QJn(4) = Jn(4) +iJn+1(4> +j~]n+2(4) +kjn+3(4) (112)
and

an(4) = jn(4) + ijn+1(4) +jjn+2<4> +kjn+3(4) (1~13)

In this paper, dual Jacobsthal and dual Jacobsthal-Lucas quaternions will be defined as follows

Jp = {Dﬁ =Jn+idut1+ jIni2 +kJnis | Ju, n—thJacobsthal number}
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and
jp=1{DJ = ju+ijus1+ jjniz2 +kjusr3 | jn, n —thJacobsthal-Lucas number}
where

P=72=k=ijk=0, ij=—ji= jk= —kj=ki= —ik=0.

All the studies on Jacobsthal quaternions are summarized in Table 1.

Table 1. Types of Jacobsthal quaternions [33]-[35].

Definition Multiplication Rules
Jacobsthal TQn = (JnsJus1,Ini2:Jns3) (Li,j.k), 2= j2 =k =—1
quaternion Jo=Jh1+2J,02, 1=l =1 ij=—ji=k jk=—kj=1i
ki=—ik=j

k-Jacobsthal  QJin = (Jkn,Jknt 1, Ikns2,Jkn3) (1,d1,02,83),

quaternion Ok iz =kQJipi1 +20Jkn t=B=05=iihi=-1
Dual Jacobsthal D) = (Ju,Jui1,Ini2,dns3) (L,i,j,k)i?=2=k=ijk=0

quaternion Jo=Ih1+2J, 02, 1=Dh=1 ij=—ji=jk=—kj=ki=—ik=0

2. Dual Jacobsthal Quaternions

In this section, the dual Jacobsthal quaternions will be defined. Also, the relations between dual Jacobsthal quaternions which

connected with Jacobsthal and Jacobsthal-Lucas numbers were investigated.

Dual Jacobsthal quaternions is defined by relation recurrence (1.2) as follows
Jp = {Dﬁ =Jn+idut1+ jIns2 +kJpi3|Jn, n —thJacobsthal number }

where
P=7=kK=ijk=0, ij=—ji= jk=—kj=ki= —ik=0.

Also, the dual Jacobsthal-Lucas quaternion is defined by relation recurrence (1.3) as follows
jp =1{DJ = ju+ijus1+ jjnsz +kjus3|jn, n—thJacobsthal-Lucas number},
==k =ijk=0, ij=—ji= jk=—kj=ki= —ik=0.

Let D) and D? be n-th terms of the dual Jacobsthal quaternion sequence (Dj!) and (D;?) such that

DI =J,+idpit ¥ j I +kdus
and

D =Ky + iK1+ j Koo+ k Ky

2.1)

2.2)

(2.3)

(2.4)

(2.5)
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Then, the addition and subtraction of the dual Jacobsthal quaternions is defined by

DI £DP = (Jy+idupr + jduin +kJnis)
j:(Kn + iKn+l +jKi1+2 +kKn+3)
= (Jn :l:Kn)+i(Jn+l :l:Kn+1)+j(Jn+2 :I:Kn+2)
+k (Jy3 £ Kny3).
Multiplication of the dual Jacobsthal quaternions is defined by
Dy D} = (Jn+idns1 + jlu2 +kJng3)
(Kp+iKnp1+ jKyy2 +kKyi3)
(Jn Kn) + i(JnKn-H +Jn+1Kn) + j(JnKn+2 +Jn+2Kn)
+k(JnKn+3 +J11+3Kn)-

The scalar and the vector part of D! which is the n-th term of the dual Jacobsthal quaternion (D) are denoted by
S bl = J, and VD,Q = iJy+1+ jIn2 +kJpy3.

Thus, the dual Jacobsthal quaternion Dj, is given by D;, = Sps + Vpy -
Then, relation (2.7) is defined by

DD =Sy Spn+Spn Vo +Sm Vo .
The conjugate of the dual Jacobsthal quaternion D! is denoted by Diﬁ and it is
Diﬁ =Jy— i]n+1 - jJn+2 - k]n+3~
The norm of D/ is defined as
2 YY)
Np = ||Dy||” =Dy D = J;.
Then, we give the following theorem using statements (2.1), (2.2) and
JanJrl + 2Jnfl-]n = J2na
JnJerl +2J 1 = n+m;

Jn+1 +2Jn—1 = jm
Jnjn =Jo.

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

@2.11)

(2.12)

Theorem 2.1. Let J, and D}, be the n-th terms of the Jacobsthal sequence (J,) and the dual Jacobsthal quaternion sequence

(D)), respectively. In this case, for n > 1 we can give the following relations:

D! +DJ =2J,,

(Dy)* +D;,Dj, = 2J, Dy,

Di+1 + 2Di = D£+27

J -/ . J
Dn_lDrH-l _JD£+2 _kDrH-B =Jn,

Proof. Proof of four equality can easily be done by the equations

D) =Jy+idni1 4 j g2 +kJuis,

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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D)y =Jupr +idpso+jhuss+kdoia (2.18)
(2.13):

Dy+D) = (Jn+idus1+jJus2+kJuis)
+(Jn —iJpr1— j 2 *kJnJrS)
= (n+) +ilJug1 = Ins1) + j(Ins2 = Jns2)
+k(]n+3 _Jn+3)
= 2J,.

(DD +DID] = (Ju+iduei+jdnsa+kJui3)
(Jn+idns1 + J Ins2 +kJny3)
+(JnFidnpt + j Inr2 +kJny3)

(Jn - ijn+1 - ] Jn+2 - kJn+3)
= (Jan) + i(Jan-H +Jn+1Jn) + j(Jan+2 +Jn+2Jn)
+k(Jan+3 +Jn+3Jn)
Hpdy + i(=Tndnit +Insrdn)
+j(_Jan+2 +Jn+2~]n)
+k(_]njn+3 +Jn+31n)
= 2+ 2l.Jan-ﬁ-l + 2jJan+2 + 2kJn-’n+3
2Jn(Jn + i.]n+1 +jJn+2 +kJn+3)
= 25D

Dr]1+l +ZD£ = (Jn+1+ijn+2+jjn+3 +kjn+4)
F2(Jn+idps1 + jIn2 +hkdng3)
= (a1 +200) +i (Jas2 + 2n1) + j (n3 +2Jn42)
+k (Jn+4 +2Jn+3)
= Jpp2tidupts+jInratkdugs

— J
- Dn+2'

(2.16):

D) —iD! =D} ,—kD) s = (Ju+iJus1+ jIns2+klui3)
- i(JnJrl +ijn+2+jjn+3 +kJn+4)
—  Jn2 Fidu3 + jIna+klyys)
— k(Jns3 +idnra+ jInss +knye)
= J,.

O

Theorem 2.2. Let D} and D), be the n-th terms of the dual Jacobsthal quaternion sequence (D) and the dual Jacobsthal-Lucas
quaternion sequence (Dy,), respectively. The following relations are satisfied

D), +2D!_, =D, (2.19)

n

2D}, —D)=Dj. (2.20)

Proof. (2.19): From equations (2.17), (2.18) and identity between Jacobsthal number and Jacobsthal-Lucas number j, = J,,+1 +2J,,—1,
it follows that

D) +2D) = (Jupi+iduio+ jlusz+kJnia)
F2(Jp1 +Hidy+ jIns1 HhTnt2)
= (Jnt1+20h-1) +i(Jn2 +2Jn)
+J (Jng3 +2Js1) +k (Jnga + 20, 12)
jn .+ ijn+1 + jjn+2 + kjn+3
Dj,.
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(2.20): Using the identity between Jacobsthal number and Jacobsthal -Lucas number J,, + j, = 2J,11 , we get

2D£+1 —D!= 2(Jp1 +idpia+ jInsz tkduig)
—(n+idu1 + jIns2 +hkdng3)
= (21 =) +i(Jns2 —Jng1)
+] (2Jn+3 _Jn+2) +k(2Jn+4 _Jn+3)
jn _+ ijn+1 + jjn+2 + kjn+3
D]
.

O

Theorem 2.3. Let D’ be the n-th term of the dual Jacobsthal quaternion sequence (D)) and Diﬁ be conjugate of D;.. Then, we
can give the following relations between these quaternions:

(D)) =2J,D)— 1y,
(D)) +2(D)_)*=2D), | — a1,

DD} +2D) | D) =Jr+20 =T, 2.21)
5 _p 2

DﬁJrlDﬁH +2D£D£ =1 +2J5 = Jangs
S~ 2 2

DLLIDLH _2D"]1DI‘{1 :‘In+l _2Jn :‘IZFH-] _4‘In

Proof. Tt can be proved easily by using (2.10). Now, we will prove first two equalities

(DrJ1)2 = Jan "l‘i(JanJrl +Jn+l~]n) +j(Jn~]11+2 +Jn+2Jn)
+k (Jnjn+3 +Jn+3Jn)
= 2Jn(-]n +idpr1+ jIus2 +k-]n+3) —Jndn
= 2J,D)—J2.

(DY +2(Dy_y)* = Ty +2i(Undnst) +2j (Jnus2) + 2k (Jn Js3)
F2(J2 ) +4i(Ju1In) +4j (Jno1 Tus1)
+4k(\]n71Jn+2)

= (24272 ) +i(2IwJni1 + 401 dy)
+] (2-]an+2 +4Jn71~]n+l)
+k (2Jn-]n+3 +4Jn71-]n+2)
= Jon—1+2iJo +2jJont1 +2kJop0
= 2D£n71 _J2"*1‘

We can prove last three equalities by using equation (2.12) as follows:

D!DI+2D! D

n—1"n—1

=J2420% | = o1,

Dy, Dy, +2DDj :J;%H +2J2 = Do,

n

D D —2D/DI =J?

1 Pt 2 =2 = o — 4T}
where identities J,,J;+1 + 2Jm—1Jn = Jmtn and J,f + 2J,%7l = Jp,—1 were used. O

Theorem 2.4. Let D be the n-th term of dual Jacobsthal quaternion sequence (D). Then, we have the following identities

n
1

Y. D) =5[Dhn =D, (2.22)
s=1

)4

Y D, :1[1)’ -D’ ] (2.23)

n+s 2 n+p+2 n+l1l» .

s=0

. 2Dj, 1
Y. Doy = =5+ 5 [n(2Dy = D3) = 2Dy, (224)
s=1



C 2D, 1
Y Dy = TH 3 [n(2D3 —D3) +2D1].
s=1

Proof. (2.22) Hence, we can write

n n n n n
Y Di=Y Jiti) S+ Y Jeatk Y s
s=1 =1 s=1 s=1 s=1

S

= %[(sz — 1) +i(Jn43 —3)+j (Jnta —5) +k(Jngs — 11)]
= %[(Jn+2 =) +i(Jnrs = S3) + Jj (Jura —Ja) +k(Jnys —Js5)]
= %[Jm Fidnrz+jInrat ks — (L +ids+ jla+kJs)]
= 5ID}a = DY,

(2.23) Hence, we can write

P P P P P
Z D{l+s = Z Jn+s +i Z Jn+s+l +j Z Jn+s+2 + k Z Jn+s+3
s=0 s=0 s=0 s=0 s=0
1 . .
=5 [(Jntpr2 = Ine1) + i (Jngps3 —Ins2) + J (Jnspra — Jns3)]
1
+ E[k (Jntpts —In+a)]

:5 [Jn+p+2 + iJn+p+3 + jJn+p+4 + kJn+p+5

- (Jn+l + iJn+2 + JJIn+3 +k-]n+4)]
1

) [D£+p+2 - D£+1] .

n—1 n
(2.24): Using ¥ Joir1 = 212’317” and ¥ Jo; = %77"72 , we get
i=0 i=0

n
ZDésfl :(Jl +J3 +--~+J2n—1) +i(.]2 +J4+...—|—J2n)
s=1

+j(s+Is+...+Tonr1) k(s + s+ ... +Tont2)
(2J2, +n) +i (2Jops1 —n—2) L (2Japt2+n—2)
3 3 3
(2J2n43—n—06)
3

2 . .
=3 Van+iJons1 + jJons2 +kJony3)

+k

+%[n(1—i+j—k)—2(i+j+3k)}

2D 1
= 32”+§[n(2Dé—D§)—2D{)].
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(2.25)
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Tline v .. — 2p1—n=2 .
(2.25): Using ¥ Jp; = =**5—— we obtain
i=0

n
Y DY =(h+Ja+t...+ ) +il3+Ts+ ...+ Tns1)
s=1

+j(Ja+Je+ ...+ Tonia) +hk(Us+I7+ ...+ Tons3)
2Jopi1—n—2 2Jon -2 (24 —n—=6
(2J2p41 —n )Jri( my2 N )Jr]( 3 —n—06)

3 3 3
(2J2n44+n—10)

3
2 . )
=3 [Vont1 + iJ2nt2 + jJonts + kJopta]

1

5 [ (i j k) =21 +i+3j+5K)]

+k

2D, 1
=—3 —3[@Di-Dy)+2D7].

O

Theorem 2.5. Let D’, and D), be the n-th terms of the dual Jacobsthal quaternion sequence (D) and the dual Jacobsthal-Lucas
quaternion sequence (Dy,) ,respectively. Then, we have

DD —DiD! = 2[J,Di - j, D], (2.26)
DD} + D} D) =2 judy = 20, 2.27)
DID! —DjD] =2[DiJ,+D’ ju— 2], (2.28)
DiD! +DiDI =21, (2.29)

Proof. (2.26):
D;,Dj —D; D}

(jn + ijn+1 + jjn+2 +kjn+3)
(Jn - i-]n+1 - jJn+2 - kJn+3)
_(jn - ijn+l - jjn+2 - kjn+3)
(Jn+ idns1 + jInr2 + kJus3)
= (jn-]n - ]an)
+2i (jn+1jn - jan—H)
+2j (jn+2-]n - jan+2)
+2k (jn+3Jn - jlan+3)
= 2Jn(jn +ijnt1+ Jjnt2 +kjn+3)
= 2jn(n+idus1 + jIn2 +kdnis)
= Z[JVLDljl _jnDi]'

2.27):

DDy +DyDy = (jutijutt + J jws2 +kjur3)
(Jn - iJn+1 - jJn+2 - k]n+3)
+(jn - ijn+1 - jjrz+2 - kjn+3)
(Jn +idps1 + jInt2 +kJni3)

= Jn [Jn - iJn+1 - jjn+2 *kJn+3]
+(ijn+1 +jjn+2 +kjn+3)-]n
A Jn o+ idn1 + T2 +kJnys]
+(_ijn+1 _jjn+2 _kjn+3)-]rz
= 2 juptn =2J0-
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(2.28):

D,D! —D

=<
=
Il

(jn+ijn+1 +jjn+2+kjn+3)

(Jn + i]n+1 + jJn+2 +k]n+3)

_(jn - ijn+1 - jjrz+2 - kjn+3)

(Jn — i1 — jIni2 — kJn+3)

= (]an*]an)“i’z(l]nJrl +jjn+2+kjn+3)~]n
+2 (]n + ijn+1 +jjn+2 +kjn+3)-ln - 2jn]n
2(D£Jr1 +D£J.n _Zjn-]n)

2(Dhdy+ D i —200).

(2.29):

DiD) +

<
A~]
I

(jn + ijn+1 + jjn+2 +kjn+3)
(Jn+idpi1 + jIns2 +hJni3)
+(jn - ijn+] - jjn+2 - kjn+3)
(Jn - iJnJrl — JjIny2 — kJn+3)
= 2jpdn=2om.

In proofs, the identities of Jacobsthal and Jacobsthal-Lucas numbers given below were used, respectively,

I = Jnjm = (=1)" 2" Dy jind = Jon and jinsa = g1 +2 -

O

Theorem 2.6. (Binet’s Formula). Let D, and D{; be n— th terms of dual Jacobsthal quaternion sequence (D)) and the dual
Jacobsthal-Lucas quaternion sequence (Dy), respectively. For n > 1, Binet’s formula for these quaternions are as follows

respectively,

awr-p5]

and

Dj=(aa"+Bp")

where

a=1+i(1-B)+jB—-B)+k(5-3pB), =2,

B=1+i(l-a)+jB3—a)+k(5-3a), B=—1,
a=(1-2B)+i(5-B)+j(1-5B)+k(17-7B), a =2,
B= Qo—1)+i(e—=5)+j5a—=T7)+k(T—17), B =—1.

Proof. The characteristic equation of recurrence relations D, =D/ +2D;, is

P—1-2=0.
The roots of this equation are o =2 and § = —1

where a+p=1, a—p =3, aff =-2.
Using recurrence relation and initial values Dé =(0,1, 1, 3),
D] =(1,1,3,5) the Binet’s formula for D}, we get

D/ =A a"JrBB":%[g(x”—EB"},

(2.30)

(2.31)



Dual Jacobsthal Quaternions — 139/142

where A = aDBIﬁ B—aZIﬁD‘ and

o=1+i (l -B) +j(3 —B)+k(5-3B), B=1+i(1-a)+,j(3—a)+k(5—3a). Similarly, using recurrence relations
Dn = =D’ el T 2D,1, the Binet’s formula for D{; is obtained as follows:

Dj=(ao"+Bp")
]

Theorem 2.7. (Honsberger Identity) For n,m > 0 the Honsberger identity for the dual Jacobsthal quaternions D}, and D!, is
given by

D)D), +2D) D} =2D), . —Juim1. (2.32)
Proof. (2.32):

DiLD{n = JnJm +i(-]n-]m+1 +Jn+1-lm) +j(jnJm+2 +Jn+2‘]m)

2.33
+k (Jn I3 +Ins3Im) (2.33)
and
2D! D) = 2(n1dme1) +2i (Jumt I+ T Im—1)
+2j (n-1Imr1 +Ins1Im-1) (2.34)
+2k( n— 1Jm+2 +Jn+2jm 1)
Finally, adding equations (2.33) and (2.34) side by side, we obtain
DJDJ +2Dn 1 J,1 = Jn+m71 +i(2Jn+m)
+j (2Jnimi1) k(2T imi2)
= 2D£+m 1 —Jntm-1-
where the identity J,, 1+, = JyJp+1 + 2Jn—1J, was used [27] and [28]. O

Theorem 2.8. D’ocagne’s Identity For n,m > 0 the D’ocagne’s identity for the dual-complex Jacobsthal quaternions D’ and
D! is given by
D, D’

=Dl D= (1) 2" Ty (1445 +7k). (2.35)

Proof. (2.35):
D! D’

n+1 D

DJ_ [(JmJn+]_Jm+lJn)]
+l[(-] Jn+2 Jm+lJn+1) (-]m+l]n+l_~]m+2-]n)]
[(J Jn+3* }n+lJn+2) (Jm+2Jn+1*Jm+3Jn)]
k[(Indnsa — Tms19n43) + (Im3ns1 — Imradn)]
= (=1)"2"Jun (14 i+5j+Tk).

m+1

where the identity J,,Jy+1 — Jn1dn = (—1)" 2" J,,—, was used [27] and [28].
]

Theorem 2.9. (Cassini’s Identity). Let Dﬁ‘and D} be n—th terms of dual Jacobsthal quaternion sequence (D) and the dual
Jacobsthal-Lucas quaternion sequence (Dy), respectively. Then, we have

D)D) — (D)= (—1)"2" (1 +i+5/+7k). (2.36)

D! Dl — (D)= (—2)""' 3 (1 +i+5j+7k). (2.37)
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Proof. (2.36):

Di—lDﬁ—H - (Dr]t)z = (JnflJnJrl _J,%)
+i(Jn71]n+2_Jan+l)
) (n=1Ins3 = 2ndus2 +J2, )
+k (S 1Tnra +Ini1dni2 — 20000 i3)
= (JnflJnJrl _Jr%)
+i(-’n71-ln+1 —./,%)
+5j (Jn—l-ln-H _Jr%)
+7k (Jp1Jn1 —J2)
= (=121 +i+5)+7k).

and (2.37):

szleiHrl - (D{l)z = (jrzfl].n+l _]5)
+i(jn—1jn+2 - jnjn+1)
+ (ntinss = 2jnint2+ j2 ;1)
Ak (Jn—1Jn+a + Jnt1jnt2 = 2jnjn+3)
= (jn—ljn-H _]721)
+i (a1 Jnt1 — J2)
+5j (jnfl]'n+1 - ]3)
Tk (jut1 jnt1 — J3)
= (=2 1321 4+i+5j+7k).

where identities of Jacobsthal numbers and Jacobsthal-Lucas numbers as follows:

InIn-1 —Im—1Jn = (_1)n 2nilJmfn, Jnv2 = Int1 +2Jn
Jmdn=t = Jm=tJn=(=2)""13% jun jus2 = jns1+2jn-

were used [27] and [28]. ]

Theorem 2.10. (Catalan’s Identity). Let Dﬁ and D, be n— th terms of dual Jacobsthal quaternion sequence (D)) and the dual
Jacobsthal-Lucas quaternion sequence (Dy), respectively. Then, we have

Dl D) — (DD =— (2" (A +i+5j+Tk). (2.38)

DL D}, — (D)) = —(~2)" "3 2 (1+i+5+Tk). (2:39)
Proof. (2.38):

D£+rD‘i€7r - (Di)z = (ntrdnr *J;%)
+i [(]n+r-]n7r+1 - Jnjn+1)
+(Jn+r+1-ln—r _Jn-HJn)
+J [(Jn+r~]n—r+2 _Jn-]n+2)
+(Jn+r+2~]n7r - n+2Jn)]
+k [(Jn+r-]n7r+3 - Jan+3)
+(Jn+r+3-,nfr_ n+3-/n)]
= —(=2)""PP(1+i+5j+7k).

and (2.39):
DilJer{lfr - (D{l)z = (J.nJrrjnfr - J;%)
+i [(jnJrrjnfrJrl — JnJnt1 ) + (jn+r+1jn7r - jn+1jn)]
+J [(]'n+rjn7r+2 - jnjnJrZ) + (jn+r+2]'n7r - jn+2jn)]
+k [(j11+rjn—r+3 - jn+jn+3) + (jn+r+3jn—r - jn+3jn)]
= —(=2)" "3RSI +i+5j+7Tk).
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where identities of Jacobsthal numbers and Jacobsthal-Lucas numbers as follows:
JnvrIn—r —Indn = _(_2)n7r‘]3
Jntr Jn—r — JnJjn = (_2)n_r 32Jrz'

were used [29]. O

3. Conclusion

The difference between the Jacobsthal and the dual Jacobsthal quaternions originated from the quaternionic units, i.e., the
quaternionic units for the Jacobsthal quaternion are

i2

F=K=-1ij=—ji=k jk=—kj=i, ki=—ik=

whereas for the dual Jacobsthal quaternions they are

P=72=k=ijk=0, ij=—ji=jk=—kj=ki=—ik=0.

The set Jp forms a commutative ring under the dual Jacobsthal quaternion multiplication and also it is a vector space of
dimensions four on R and its basis is the set {1,i, j,k}. The interesting property of dual Jacobsthal quaternions is that by
their means one can express the Galilean transformation in one quaternion equation. Since the multiplication and ratio of two
dual Jacobsthal quaternions D! and D}? is again a dual Jacobsthal quaternion, the set of dual Jacobsthal quaternions form a
division algebra under addition and multiplication. There have been several studies on curve theory and magnetism by using
the isomorphism between dual quaternion space and Galilean space G*. Similar applications for dual Jacobsthal and dual
Jacobsthal-Lucas quaternions can be applied to these areas.

Galilean transformation expressed by the dual four-component numbers shows the linkage between the space and time exists in
the Newtonian physics. Moreover, it may have a considerable heuristic value for the study of the underlying mathematical
formalism of physical laws. This study fills the gap in the literature by providing dual Jacobsthal quaternions.
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