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ABSTRACT

In this study, we define a dual transformation between G" and G7. We examine the invariance of
the plane where the shear motion is acting in Galilean and pseudo-Galilean spaces. We define a
dual transformation between G and (/ff as well. We provide applications in G and G3. In addition
to applications, we draw their figures in order to reinforce the visualization in both spaces.
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1. Introduction

In [1], the geometry of motions in G™ and G} was studied. Dual transformation between SO(n)\{a,, = 0}
and SO(n —1,1) was defined in [2]. In our previous paper [3], we defined a dual transformation between
dual spaces of Euclidean and Lorentzian spaces. In [4], we gave a dual transformation between Lie algebras
of Lie groups and draw a commutative diagram. In this study, we will give a transition between Galilean
orthogonal matrices and pseudo-Galilean orthogonal matrices by defining a dual transformation between
them. We investigate the invariance of the plane where the shear motion is acting in Galilean and pseudo-

Galilean spaces. A dual transformation between dual spaces which are G" and 6'711 also will be defined.

Moreover, we do applications and draw their figures.

First, we give basic concepts and definitions which we use during this study:.

Definition 1.1. Let X = (21,22, ...,z,) € R” and G" be Galilean space (R", ||||) with

e ol nry
Vol 32+ ...+ 2,2, x1=0.
Theorem 1.1. Let A be an nxn matrix,
A | C
Rt
ain
A2
where A; € SO(n—1)and C = . e R}
An—1n

f is a Galilean transformation, where
f:G"—>G"
X f(X)=AX +C.

(1.1)
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In G3, shear movement determined with the help of f with
f:G2—=G3
X — f(X)=AX. (1.2)
[ is also called motion in the meaning of Galilean.
Definition 1.2. Let X = (21,22, ...,z,) € R” and G} be pseudo-Galilean space (R™, ||||) with
XI5 = ol oy
pa |222 + 232 + oo + 212 — 22|, 11 =0.
In G? pseudo-Galilean space,
f:G3—=G3
X — f(X)=AX (1.3)
is called shear motion.

Theorem 1.2. Let A be an nxn matrix,

| A C
=l
A1n
~1 T ~1 T @2n n—1
where A; € SO(n—-2,1), Ay " =GA,"G, G '=G"and C = . e R
an—1n
f is a pseudo-Galilean transformation, where
f:GY = GY
X = f(X)=A4AX+C. (1.4)

See [1].

Definition 1.3. Dual transformation between SO(n)\{a,, = 0} and SO(n — 1,1) is defined in [2]. Therefore,
two sets are given by
SO(n) ={A € GL(n,R)|ATA = AAT =I,,det A =1},

SO(n—1,1) = {A € GL(n,R)|ATGA = AGAT = G,det A = 1},

I, . . . . . . .
G= nO 1 _01 ] is the sign matrix and I,, is nxn identity matrix.

Let A be an nxn orthogonal matrix written in blocks:

Earal

ann # 0. B is (n — 1)x(n — 1) square matrix, C'is (n — 1)x1 column matrix and D is a row matrix. Since a,,, # 0,
then the following two sets can be given by

X ={A € SO(n)|an, # 0},
Y ={4€S0(n—1,1)|an, # 0}.
We can define the dual transformation with
f: X—=>Y

: (1.5)

—1\T
FiAm f(4) = — am(_BD ) \f

a”l’L’ﬂ

where T is tranpose.
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Definition 1.4. If ¢ and a* are real numbers and ¢? = 0, the combination @ = a + ca* is called a dual number,
where ¢ is dual unit.

The set of all dual numbers forms a commutative ring over the real number field and is denoted by D.
D3 = {@ = (a1,az,d3)[a; € D,1 <i <3}

is a module over the ring D. It is also called D—module or dual space. The elements of D? are called dual
vectors. See [7].

Definition 1.5. We have defined f dual transformation in [4]. In order to give the definition, we need to write
the following sets:

SO(n) = {A € GL(n,D)|ATA = AAT = I, det A = 1},
S0(n—1,1) = {A € GL(n,D)|ATGA = AGAT = G,det A = 1},

G = [ Ino—l _01 } is the sign matrix and I,, is nxn identity matrix.

Let A be an nxn dual orthogonal matrix A given in blocks,

A= [3@%]
D | apy

apny # 0. Since a,,,, # 0, then two sets can be written as
X ={A € SOn)[an, # 0},

Y ={A € SO(n —1,1)[d,, #0}.

f dual transformation can be defined as R
—-Y

<)

f:
f:

o)

~ 1 [@mBN|C
= f(A) = = [a (_D)l]. (1.6)
2. Dual Transformation Between G" and G7}

By using f dual transformation which is given in [2], we obtain semi-orthogonal matrices from orthogonal
matrices. In this section, we will carry the dual transformation into Galilean spaces which are G and G?.

Theorem 2.1. Let A € G given by

Ain
A— A : :
An—1n
0 0 ‘ 1
where A € SO(n — 1).
g defines a dual transformation,
g:G" — GY
ain
A g(A)=B = f(A) 5 , 2.1)
Ap—1n
0 ... 0] 1

where f is the dual transformation given in Eq. (1.5), thus f(A) € SO(n — 2,1).
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Proof. g is a dual transformation, since it satisfies

:g(B)7 f?=id
=A
— ¢>=id

-1 1 e
V2 V2
A= 1 1,
V2 V2
L O 0 1 ]
We apply g dual transformation to Galilean matrix A, then we obtain the pseudo-Galilean matrix g(A) = B.
V2 -1 -2
B=| -1 v2 -2
0 0 1

3. Geometric Applications on Dual Transformation

In this section, applications are provided with the help of g dual transformation. First, we investigate the
invariance of the plane where the shear motion is acting in Galilean and pseudo-Galilean spaces.

Theorem 3.1. Let g is a dual transformation given by
g:G" — GY
A1n
A g(A)=B = F(A) 5 3.1)

Ap—1n

0 ... 0] 1

where f is the dual transformation given in Eq. (1.5), thus f(A) € SO(n — 2,1). g leaves invariant the plane
where the shear motion is acting.

Proof. Since the shear motion is the same in Galilean and pseudo-Galilelan space (see Eq.1.2 and Eq. 1.3), then
the plane where the shear motion is acting left invariant under g dual transformation. O

Let us go on with examples on surfaces which are obtained by multiplying Galilean and pseudo-Galilean
matrices with curves. We also draw their figures in order to observe appearances of two surfaces in both spaces.

Example 3.1. Let A be a 3x3 Galilean matrix is given by
cos@ —sinf 1
A= sinf cos 1
0 0 1

If we multiply the matrix A and the curve ¢(a) = (cos a, 0, sine) which is a circle, then we get the matrix
below.

www.iejgeo.com
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cosf —sinf 1 Ccos & cos . cosa + sin o
Ap(a)=| sinf cosh 1 |. 0 = | sinf.cosa + sina
0 0 1 sin a sin av

The elements of matrix A.¢(a) can be represented by a surface
M, = ¥(0,a) = (cosb. cos a + sin «, sin §. cos o + sin v, sin ).

See Fig. 1

Figure 1. The surcafe M; € G2

With the help of g dual transformation, we obtain the pseudo-Galilean matrix g(4) = B.

secd —tanf 1
B=| —tanf secf 1
0 0 1

Multiplying the matrix B by ¢(a) = (cos a, 0, sina), therefore the matrix B.¢(«) is obtained as follows,

COS «x

secl —tanf 1 cos a cos 6 +sina
B.¢(a) = | —tanf secd 1 |. 0 = | —tané.cosa + sin«
0 0 1 sin o

sin o

The elements of matrix B.¢() can be expressed as a surface

C

0S (v
My =¥(,0) = (COSH

+ sin o, — tan 6. cos a, sin ).

See Fig. 2
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Figure 2. The surcafe My € G ?

Example 3.2. Let us take the matrix A from Ex. (3.1) which is a 3x3 Galilean matrix. By multiplying the matrix

A and the curve ¢(a) = (%, 0,5 tan o) which is a hyperbola, we acquire the matrix below.

4 [ 4cost 4 Stana ]
cosf@ —sinf 1
oS 1 cos v
Ap(a)=| sinf cosh 1 |. 0 = 4Sin9+5tana
cos o
0 0 1 5tan « 5tan a

The elements of matrix A.4(a) can be represented by a surface

4cosd 4sin 6
-~ + 5tana, S + 5tana, 5tan a).

My = 0(0,0) = ( cos o cos o

See Fig. 3

Figure 3. The surcafe M3 € G3
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Here, we use the pseudo-Galilean matrix B from Ex. (3.1). If we multiply B by ¢(a) = (%, 0,5 tan o), thus

the matrix B.¢(«a) is obtained as follows,

cosh cosor + 5tana
secl —tanf 1 oS (0 cosf.cos o

B - | = = —4 tan 6

B.¢(a) = tanf sec6 1 |. 0 = Al | cana

0 0 1 COoS &
Stana I 5tan o ]
The elements of matrix B.¢() can be expressed as a surface
4 —4tan6
My =9(0,0) = (——— + 5Htana, —cany 5tan «, b tan a).
cosf.cosa cos o

See Fig. 4

Figure 4. The surcafe My € G5

Example 3.3. Let us go through with an example which we take a surface. If we multiply ¢(6, s) = (s, sin s, cos s)
with the matrix A from previous examples, we obtain the matrix A.4(0, s) as below,

cosf) —sinf 1 s cosf.s —sinf.sin s + cos s
Ap0,s)= | sin@ cos® 1 |.| sins | = | sinf.s+ cosf.sins+ coss
0 0 1 CoS S CcoS s

The elements of matrix A.4(6, s) can be represented by a surface
Ms = T(0,s) = (cosf.s —sinf.sin s + cos s,sin 6.s + cos . sin s 4 cos s, cos s).

See Fig. 5
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Figure 5. The surcafe M5 € G3

With the help of g dual transformation, we obtain the pseudo-Galilean matrix g(A) = B. Multiplying the
matrix B by ¢(6,s) = (s,sin s, cos s), therefore the matrix B.¢(6, s) is obtained as follows,

—— —tanf.sins + cos s

sec —tanf 1 § cos 6
B.¢(0,s)= | —tanf secd 1 |.| sins | = —tanf + sin s + cos s
cos
0 0 1 oS §
cos $
The elements of matrix B.¢(6, s) can be expressed as a surface
Mg =9(0,s) = (i —tanf.sins + cos s, —tan 6 + 2RE COS 8, COS §).
cos 6 cos

See Fig. 6.

Figure 6. The surcafe Mg € G

4. Dual Transformation Between G" and é\’f

In this section, we define the dual transformation between dual Galilean spaces which are G" and 6’71‘

Theorem 4.1. Let A eaGn given by

)
I
o)
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where 4 € SO(n —1).
g defines a dual transformation,
NG

~

A1n

Up—1n

0 ... 0] 1
where f is the dual transformation given in Eq. (1.6), thus f (A) € SO(n — 2,1).

Proof. g is a dual transformation, since it satisfies

*(A) = g(g(A))
—g(B), f=id
_A
— g2 =1d

1 € 1 € 9
= e
V2 V2 V2 V2
1 € 1 €
ol iie Lo o p
A= | V2 V2 V2 V2
2€
0 — 1 -2
V2
i 0 0 0 1_

Under the ¢ dual transformation to Galilean matrix A, we obtain the pseudo-Galilean matrix g(

1 € 1 € 2_
- _ = = e _
V2 V2 V2 V2
1 € 1 €
S R
B-—| V2 v2 V2 V2
—2e
0 — 1 -2
V2
i 0 0 0 1 ]

5. Conclusions

o~

4)

o)

(4.1)

Galilean geometry is one of the non-Euclidean geometries. In this study, we examine this geometry by
defining a dual transformation. We investigate the transition between Galilean matrices and pseudo-Galilean
matrices. By applying dual transformation, we examine the invariance of the plane where shear motion is
acting. We also define the dual transformation in dual spaces. Moreover, we do applications in G* and G% and

draw their figures.
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