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A study on absolute summability factors 

G. Canan Hazar Güleç *1  

Abstract 

In this study we proved theorems dealing with summability factors giving relations between absolute Cesàro and 
absolute weighted summability methods. So we deduced some results in the special cases. 

Keywords: Summability factors, Absolute Cesàro summability, Absolute weighted summability. 
 

1. INTRODUCTION 

Let ∑ 𝑥௡ be an infinite series with sequence of partial 
sums (𝑠௡) and (𝜃௡) a sequence of positive real 
constants. Let 𝐴 = (𝑎௡௩) be an infinite matrix of 
complex numbers. We define the 𝐴- transform of the 
sequence 𝑠 = (𝑠௡) as the sequence 𝐴(𝑠) = ൫𝐴௡(𝑠)൯, 
where 

𝐴௡(𝑠) = ෍ 𝑎௡௩𝑠௩

ஶ

௩ୀ଴

 

provided  the series on the right side converges for 𝑛 ≥

0.  Then, the series ∑ 𝑥௡ is said to be summable 
|𝐴, 𝜃௡|௞, 𝑘 ≥ 1, if (see [13])  

෍(𝜃௡)௞ିଵ

ஶ

௡ୀଵ

|𝐴௡(𝑠) − 𝐴௡ିଵ(𝑠)|௞ < ∞.    (1.1) 

In particular, if 𝐴 is chosen to be the matrix of weighted 
mean (𝑁ഥ, 𝑝௡), then |𝐴, 𝜃௡|௞ summability reduces to 
|𝑁ഥ, 𝑝௡, 𝜃௡|௞ summability [14]. Also, it may be 
mentioned that on putting 𝜃௡ = 𝑃௡ 𝑝௡⁄ , we obtain  
|𝑁ഥ, 𝑝௡|௞ summability (see[2]). A weighted mean 
matrix has the entries  
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𝑎௡௩ = ൝

𝑝௩

𝑃௡
, 0 ≤ 𝑣 ≤ 𝑛

0, 𝑣 > 𝑛,
 

where (𝑝௡) is a sequence of positive numbers such that 
𝑃௡ = 𝑝଴ + 𝑝ଵ + ⋯ + 𝑝௡ → ∞ as 𝑛 → ∞, 𝑃 ௜ =  𝑝ି௜ =

0, 𝑖 ≥ 1. If we take 𝐴 as matrix of Cesàro means (𝐶, 𝛼) 
of order 𝛼 > −1,  then we get |𝐶, 𝛼|௞ summability in 
Flett’s  notation [3]. 

 Also for 𝛼 = −1, if we get 𝐴௡(𝑠) = 𝑇௡, the 𝑛th Cesàro 
(𝐶, −1)  mean, which is defined by Thorpe in [16],  
with 𝜃௡ = 𝑛 in (1.1), we obtain the |𝐶, −1|௞ 
summability defined and studied by Hazar and Sarıgöl 
in [5], where  

𝑇௡ = ෍ 𝑎௩

௡ିଵ

௩ୀ଴

+ (𝑛 + 1)𝑎௡. 

Throughout this paper, 𝑘∗ denotes the conjugate of 𝑘 >

1, i.e., 1/𝑘 + 1/ 𝑘∗ = 1, and 1/ 𝑘∗ = 0 for 𝑘 = 1 .  

Let 𝑋 and 𝑌 be summability methods. If ∑ 𝜀௡𝑥௡ is 
summable 𝑌 whenever ∑ 𝑥௡ is summable 𝑋,  then the 
sequence 𝜀 = (𝜀௡)  is said to be a summability factor 
of type (𝑋, 𝑌) and it is denoted by 𝜀 ∈ (𝑋, 𝑌). In the 
special case when 𝜀 = 1, then 1 ∈ (𝑋, 𝑌) gives the 
comparisons of these methods, where 1 = (1,1, . . . )  

Sakarya University Journal of Science 24(1), 220-223, 2020



 

i.e., 𝑋 ⊂ 𝑌. In this context, Sarıgöl [12] has established 
the result dealing with summability factor of  type 𝜀 ∈

 (|𝐶, 𝛼|௞ , |𝑁ഥ, 𝑝௡|), for  𝛼 > −1 and 𝑘 > 1 on absolute 
summability factors , which extends some well-known 
results of [8-11].  

Also, Hazar Güleç [4] has recently extended these 
studies to the range 𝛼 ≥ −1 using |𝐶, −1|௞ 
summability method. 

For other studies on absolute summability factors and 
comparisons of the methods, see [1,5,6,11,14,15]. 

In order to establish our results, we require the 
following lemmas. 

Lemma 1.1. [12] Let 1 < 𝑘 < ∞.  Then,  𝐴(𝑥) ∈ ℓ 
whenever 𝑥 ∈ ℓ௞ if and only if 

෍ ൭෍|𝑎௡௩|

ஶ

௡ୀ଴

൱

௞∗
ஶ

௩ୀ଴

< ∞ 

where ℓ௞ = {𝑥 = (𝑥௩) ∶  ∑|𝑥௩|௞ < ∞}. 

Lemma 1.2. [7] Let 1 ≤ 𝑘 < ∞. Then, 𝐴(𝑥) ∈ ℓ௞ 
whenever 𝑥 ∈ ℓ if and only if  

sup
௩

෍|𝑎௡௩|௞

ஶ

௡ୀ଴

< ∞. 

2. MAIN RESULTS 

In this paper we characterize summability factors 
dealing with the methods |𝐶, −1| and |𝑁ഥ, 𝑝௡, 𝜃௡|௞.  
Also, in the special case, we obtain the inclusion 
relations between the methods. 

Theorem 2.1.  Let (𝜃௡) be a sequence of positive real 
constants and  1 < 𝑘 < ∞.  Then the necessary and 
sufficient condition that ∑ 𝜀௡𝑥௡ is summable |𝐶, −1| 
whenever ∑ 𝑥௡ is summable |𝑁ഥ, 𝑝௡, 𝜃௡|௞ is 

 

          ෍
1

𝜃௥
ቆ

𝑟𝑃௥|𝜀௥| + 𝑟𝑃௥ିଵ|𝜀௥ାଵ|

𝑝௥
ቇ

௞∗ஶ

௥ୀଵ

< ∞.     (2.1) 

Proof. Let (𝑡௡)  and (𝑇௡) denote the sequences  the 𝑛th 
weighted mean of the series ∑ 𝑥௡ and the 𝑛th Cesàro 
mean (𝐶, −1) of the series ∑ 𝜀௡𝑥௡ , respectively. Then 
we define the sequences 𝑦ത = (𝑦ത௡) and 𝑦 = (𝑦௡) as  

𝑦ത௡ = 𝜃௡
ଵ/௞∗

(𝑡௡ − 𝑡௡ିଵ) =
𝜃௡

ଵ/௞∗

𝑝௡

𝑃௡𝑃௡ିଵ
෍ 𝑃௩ିଵ𝑥௩

௡

௩ୀଵ

,   𝑦ത଴

= 𝑥଴                                                                                  (2.2) 

and 

𝑦௡ = 𝑇௡ − 𝑇௡ିଵ = (𝑛 + 1)𝑥௡𝜀௡ − (𝑛 − 1)𝑥௡ିଵ𝜀௡ିଵ. 

It is clear that 𝑥 = (𝑥௡) ∈  |𝑁ഥ, 𝑝௡, 𝜃௡|௞ iff 𝑦ത = (𝑦ത௡) ∈

ℓ௞ , and 𝜀𝑥 = (𝜀௡𝑥௡) ∈ |𝐶, −1| iff 𝑦 = (𝑦௡) ∈ ℓ.  By 
virtue of (2.2) we write inverse of 𝑦ത௡ as 

𝑥௡ =
𝜃௡

ିଵ/௞∗

𝑃௡

𝑝௡
𝑦ത௡ −

𝜃௡ିଵ
ିଵ/௞∗

𝑃௡ିଶ

𝑝௡ିଵ
𝑦ത௡ିଵ ,

𝑥଴ = 𝑦ത଴ .                                        (2.3)    

Then, using (2.3), we get for 𝑛 ≥ 1,  

 

𝑦௡ = (𝑛 + 1)𝑥௡𝜀௡ − (𝑛 − 1)𝑥௡ିଵ𝜀௡ିଵ

= (𝑛 + 1)𝜀௡ ൭
𝜃௡

ିଵ/௞∗

𝑃௡

𝑝௡
𝑦ത௡

−
𝜃௡ିଵ

ିଵ/௞∗

𝑃௡ିଶ

𝑝௡ିଵ
𝑦ത௡ିଵ൱

− (𝑛 − 1)𝜀௡ିଵ ൭
𝜃௡ିଵ

ିଵ/௞∗

𝑃௡ିଵ

𝑝௡ିଵ
𝑦ത௡ିଵ

−
𝜃௡ିଶ

ିଵ/௞∗

𝑃௡ିଷ

𝑝௡ିଶ
𝑦ത௡ିଶ൱ 

= (𝑛 + 1)𝜀௡

𝜃௡

ି
ଵ

௞∗
𝑃௡

𝑝௡
𝑦ത௡

− ൦(𝑛 + 1)𝜀௡

𝜃௡ିଵ

ି
ଵ

௞∗
𝑃௡ିଶ

𝑝௡ିଵ

+ (𝑛 − 1)𝜀௡ିଵ

𝜃௡ିଵ

ି
ଵ

௞∗
𝑃௡ିଵ

𝑝௡ିଵ
൪ 𝑦ത௡ିଵ

+ (𝑛 − 1)𝜀௡ିଵ

𝜃௡ିଶ

ି
ଵ

௞∗
𝑃௡ିଷ

𝑝௡ିଶ
𝑦ത௡ିଶ

= ෍ 𝑐௡௥𝑦ത௥

௡

௥ୀ௡ିଶ

 

 

where  𝑐௡௥ =

⎩
⎪⎪
⎨

⎪⎪
⎧ (𝑛 + 1)𝜀௡

ఏ೙
షభ/ೖ∗

௉೙

௣೙
, 𝑟 = 𝑛

− ൥
(௡ାଵ)ఌ೙ఏ೙షభ

ష
భ

ೖ∗
௉೙షమ

௣೙షభ
+

(௡ିଵ)ఌ೙షభఏ೙షభ

ష
భ

ೖ∗
௉೙షభ

௣೙షభ
൩ , 𝑟 = 𝑛 − 1

(𝑛 − 1)𝜀௡ିଵ
ఏ೙షమ

షభ/ೖ∗
௉೙షయ

௣೙షమ
, 𝑟 = 𝑛 − 2.

 

G. Canan H. Güleç

A study on absolute summability factors 

Sakarya University Journal of Science 24(1), 220-223, 2020 221



 

Then,  ∑ 𝜀௡𝑥௡ is summable |𝐶, −1| whenever ∑ 𝑥௡ is 
summable |𝑁ഥ, 𝑝௡, 𝜃௡|௞ if and only if 𝑦 = (𝑦௡) ∈ ℓ ,  
whenever 𝑦ത = (𝑦ത௡) ∈ ℓ௞, or equivalently, the matrix 
𝐶 = (𝑐௡௥) maps  ℓ௞ into ℓ,  i.e.,  𝐶 ∈ (ℓ௞, ℓ). Thus, it 
follows from Lemma 1.1 that  𝐶 ∈ (ℓ௞, ℓ) iff 

෍ ൭෍|𝑐௡௥|

௥ାଶ

௡ୀ௥

൱

௞∗
ஶ

௥ୀଵ

= ෍൫|𝑐௥௥| + ห𝑐௥ାଵ,௥ห + ห𝑐௥ାଶ,௥ห൯
௞∗

ஶ

௥ୀଵ

= ෍
1

𝑝௥
௞∗

𝜃௥

(|(𝑟 + 1)𝜀௥𝑃௥|

ஶ

௥ୀଵ

+ |(𝑟 + 2)𝜀௥ାଵ𝑃௥ିଵ + 𝑟𝜀௥𝑃௥|

+ |(𝑟 + 1)𝜀௥ାଵ𝑃௥ିଵ|

⎠

⎟
⎟
⎟
⎞

௞∗

< ∞. 

which is equivalent to the condition (2.1). This 
completes the proof of the Theorem. 

 
The following result is immediate from of the Theorem 
2.1. 

Corollary 2.2.  Let (𝜃௡) be a sequence of positive real 
constants and  1 < 𝑘 < ∞.  Then, |𝑁ഥ, 𝑝௡, 𝜃௡|௞ ⊂
|𝐶, −1|  if and only if 

            ෍
1

𝜃௥
ቆ

𝑟(𝑃௥ + 𝑃௥ିଵ)

𝑝௥
ቇ

௞∗ஶ

௥ୀଵ

< ∞. 

 

Now, we prove the following. 

Theorem 2.3.  Let (𝜃௡) be a sequence of positive real 
constants and 1 ≤ 𝑘 < ∞.  Then the necessary and 
sufficient condition that ∑ 𝜀௡𝑥௡ is summable 
|𝑁ഥ, 𝑝௡, 𝜃௡|௞ whenever ∑ 𝑥௡ is summable |𝐶, −1|, is 

  

𝑠𝑢𝑝
௥

෍ อ
𝑟𝜃௡

ଵ/௞∗

𝑝௡

𝑃௡𝑃௡ିଵ
෍

𝑃௩ିଵ𝜀௩

𝑣(𝑣 + 1)

௡

௩ୀ௥

อ

௞ஶ

௡ୀ௥

< ∞.  

 

Proof. Let (𝑡௡)  and (𝑇௡) denote the 𝑛th weighted 
mean of the series ∑ 𝜀௡𝑥௡ and the 𝑛th Cesàro 
(𝐶, −1) mean of the series  ∑ 𝑥௡ , respectively. As in 
proof of Theorem 2.1, we define the sequences 𝑦ത =
(𝑦ത௡)  and 𝑦 = (𝑦௡)  as  

𝑦ത௡ = 𝜃௡
ଵ/௞∗

(𝑡௡ − 𝑡௡ିଵ) =
𝜃௡

ଵ/௞∗

𝑝௡

𝑃௡𝑃௡ିଵ
෍ 𝑃௩ିଵ𝜀௩𝑥௩

௡

௩ୀଵ

 , 𝑦ത଴

= 𝑥଴𝜀଴ 

and 

𝑦௡ = 𝑇௡ − 𝑇௡ିଵ = (𝑛 + 1)𝑥௡ − (𝑛 − 1)𝑥௡ିଵ, (2.4) 

respectively. 

It is clear that 𝜀𝑥 = (𝜀௡𝑥௡) ∈  |𝑁ഥ, 𝑝௡, 𝜃௡|௞ iff 𝑦ത =
(𝑦ത௡) ∈ ℓ௞ and 𝑥 = (𝑥௡) ∈ |𝐶, −1| iff 𝑦 = (𝑦௡) ∈ ℓ.  
By virtue of (2.4), we write inverse of 𝑦௡ as 

𝑥௡ =
1

𝑛(𝑛 + 1)
෍ 𝑣𝑦௩

௡

௩ୀଵ

 , 𝑥଴ = 𝑦଴ .           (2.5) 

Then, using (2.5), we get for 𝑛 ≥ 1 

𝑦ത௡ =
𝜃௡

ଵ/௞∗

𝑝௡

𝑃௡𝑃௡ିଵ
෍ 𝑃௩ିଵ𝜀௩𝑥௩

௡

௩ୀଵ

=
𝜃௡

ଵ/௞∗

𝑝௡

𝑃௡𝑃௡ିଵ
෍ 𝑃௩ିଵ𝜀௩

1

𝑣(𝑣 + 1)
෍ 𝑟𝑦௥

௩

௥ୀଵ

௡

௩ୀଵ

=
𝜃௡

ଵ/௞∗

𝑝௡

𝑃௡𝑃௡ିଵ
෍ 𝑟 ൭෍

𝑃௩ିଵ𝜀௩

𝑣(𝑣 + 1)

௡

௩ୀ௥

൱ 𝑦௥

௡

௥ୀଵ

= ෍ 𝑐௡௥𝑦௥

௡

௥ୀଵ

 

where   

 

𝑐௡௥ = ൞

𝑟𝜃௡
ଵ/௞∗

𝑝௡

𝑃௡𝑃௡ିଵ
෍

𝑃௩ିଵ𝜀௩

𝑣(𝑣 + 1)

௡

௩ୀ௥

, 1 ≤ 𝑟 ≤ 𝑛,

0, 𝑟 > 𝑛.
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Then,  ∑ 𝜀௡𝑥௡ is summable |𝑁ഥ, 𝑝௡, 𝜃௡|௞ whenever ∑ 𝑥௡ 
is summable |𝐶, −1|  if and only if 𝑦ത = (𝑦ത௡) ∈ ℓ௞    
whenever 𝑦 = (𝑦௡) ∈ ℓ, or equivalently, the matrix 
𝐶 = (𝑐௡௥) maps ℓ  into ℓ௞,  i.e.,  𝐶 ∈ (ℓ, ℓ௞). Thus, it 
follows from Lemma 1.2 that  

𝑠𝑢𝑝
௥

෍|𝑐௡௥|௞

ஶ

௡ୀଵ

= 𝑠𝑢𝑝
௥

෍ อ
𝑟𝜃௡

ଵ/௞∗

𝑝௡

𝑃௡𝑃௡ିଵ
෍

𝑃௩ିଵ𝜀௩

𝑣(𝑣 + 1)

௡

௩ୀ௥

อ

௞ஶ

௡ୀ௥

< ∞. 

This completes the proof of the Theorem. 

 
In the special case 𝜀௩ = 1 for all 𝑣,  Theorem 2.3 is 
reduced to the following result. 

Corollary 2.4.  Let (𝜃௡) be a sequence of positive real 
constants and 1 ≤ 𝑘 < ∞.  Then, |𝐶, −1| ⊂
|𝑁ഥ, 𝑝௡, 𝜃௡|௞ if and only if 

𝑠𝑢𝑝
௥

෍ ൭
𝑟𝜃௡

ଵ/௞∗

𝑝௡

𝑃௡𝑃௡ିଵ
෍

𝑃௩ିଵ

𝑣(𝑣 + 1)

௡

௩ୀ௥

൱

௞ஶ

௡ୀ௥

< ∞. 
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