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Abstract

In this study we proved theorems dealing with summability factors giving relations between absolute Cesaro and
absolute weighted summability methods. So we deduced some results in the special cases.
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1. INTRODUCTION

Let ). x,, be an infinite series with sequence of partial
sums (s,) and (6,) a sequence of positive real
constants. Let A = (a,,) be an infinite matrix of
complex numbers. We define the A- transform of the
sequence s = (s,) as the sequence A(s) = (An(s)),
where

[ee)

()= ) anysy

v=0

provided the series on the right side converges for n >
0. Then, the series Y. x, is said to be summable
|4, 0,k k =1, if (see [13])

D 65 14,(5) = A ) < o0 (L)
n=1

In particular, if A is chosen to be the matrix of weighted
mean (N,p,,), then |4,8,|, summability reduces to
IN,pp, 05|, summability [14]. Also, it may be
mentioned that on putting 6,, = B,/p,, we obtain
IN,p,lr summability (see[2]). A weighted mean
matrix has the entries
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Py
—,0<v<n
ny = P

0,v>n,

where (p,,) is a sequence of positive numbers such that
Pp=po+p1t-t+ppo>oasn—-o0, P =p ;=
0,i = 1. If we take A as matrix of Cesaro means (C, @)
of order @ > —1, then we get |C, @], summability in
Flett’s notation [3].

Also fora = —1, if we get A,,(s) = T,,, the nth Cesaro
(C,—1) mean, which is defined by Thorpe in [16],
with 6, =n in (1.1), we obtain the |C,—1|;
summability defined and studied by Hazar and Sarigol
in [5], where

n-1

T, = a, + (n+ Da,.

0

<
I

Throughout this paper, k* denotes the conjugate of k >
1l,ie,1/k+1/k*=1,and1/k*=0fork=1.

Let X and Y be summability methods. If ) &,x, is
summable Y whenever ), x,, is summable X, then the
sequence € = (&,) is said to be a summability factor
of type (X,Y) and it is denoted by € € (X,Y). In the
special case when € =1, then 1 € (X,Y) gives the
comparisons of these methods, where 1 = (1,1,...)
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i.e., X c Y. In this context, Sarigdl [ 12] has established
the result dealing with summability factor of type € €
(IC, alk, IN,pyl), for @ > —1 and k > 1 on absolute
summability factors , which extends some well-known
results of [8-11].

Also, Hazar Giile¢ [4] has recently extended these
studies to the range a >-—1 wusing |[C,—1],
summability method.

For other studies on absolute summability factors and
comparisons of the methods, see [1,5,6,11,14,15].

In order to establish our results, we require the
following lemmas.

Lemma 1.1. [12] Let 1 < k < oo. Then, A(x)€?
whenever x € ¥}, if and only if

oo oo k*
> (Dteml) <o
v=0 \n=0

where £, = {x = (x,) : Y|x,|* < o0}.

Lemma 1.2. [7] Let 1 < k < oo. Then, A(x) € ¥},
whenever x € ¢ if and only if

Supzmnvlk < oo,
v n=0

2. MAIN RESULTS

In this paper we characterize summability factors
dealing with the methods |C,—1| and |N,py,, 0y |k
Also, in the special case, we obtain the inclusion
relations between the methods.

Theorem 2.1. Let (6,,) be a sequence of positive real
constants and 1 < k < oo. Then the necessary and
sufficient condition that )} &,x,, is summable |C,—1]|
whenever Y, x,, is summable |N, p,,, 0, is

0, pr

r=1
Proof. Let (t,,) and (T,,) denote the sequences the nth
weighted mean of the series ) x,, and the nth Cesaro
mean (C, —1) of the series Y. €,x,, , respectively. Then
we define the sequences ¥ = (¥,) and y = (y,,) as

(o) k*
1 (rP P._
z_<r e | + 7Py 1|€r+1|> <o, (21)

gi/K 2
— 1/k*
yn=9n/ (th — nl)—PnPnlsz 1%y, Yo

(2.2)

I
=
o
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and
Yn =Ty —Thoy = (n+ Dxpey — (n— Dxy_g8ng.

It is clear that x = (x,) € |N,pp, Onli iff ¥ = () €
£y, and ex = (g,x,) € |C,—1]iff y = (y,) € £. By
virtue of (2.2) we write inverse of ¥,, as

-1/k* -1/k*
L b “h 6l Pz
" Pn " Pn-1 not
xo = :)_/0 . (23)

Then, using (2.3), we get forn > 1,

Yn = (n+ 1)xn‘gn -(n— 1)xn—l‘gn—l
6. /*p
=M+ De, (n—nf’n
Pn
-1/k*
_ gn—{ PTl—Z y
Pn-1 nt
-1/k*
1 Py

0, _
—(n—1ey_4 (Lyn—l

n—1

-1/k*
_ Hn—é Pn-3 }—]
Pn-2 2
_1
k*
=+ 1e, =

n —

Yn

n
1

o Kp _
— |+ 1)gn%”2

n-1

1
kF
S Pa1]|
+ = Dy 22025,

n-1

-1
0,5 Pn-3 _

b= Dy 222,

n-2
n

= Z CnrYr

r=n-2

where Cnr =
( 0./ p
n+ e, = Lr=n
DPn

1 1

KF KF
l_ (n+1)e,0,,% Pr_s n (n-1)eq16,"% Py r=n-1
Pn-1 Pn-1
0-p
n—1eg,_ 222 r=n-2.
Pn-2
221
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Then, ) &,x, is summable |C,—1| whenever }; x,, is
summable |N,p,, 0y, if and only if y = (y,) € £,
whenever y = (¥,) € ¥y, or equivalently, the matrix
C = (cpy) maps ¥ into ¢, i.e., C € (£, ¥). Thus, it
follows from Lemma 1.1 that C € (€, ¢) iff

[0¢]
Z(Icrrl + |Cr+1,r| + |Cr+2,r|)k
r=1

o 1
D (0 + DecR|

r=1 T T

+|(r + 2)gr 41 Proq + 18R
k*

+ |(T‘ + 1)5r+1Pr—1| < 0.

which is equivalent to the condition (2.1). This
completes the proof of the Theorem.

The following result is immediate from of the Theorem
2.1.

Corollary 2.2. Let (6,) be a sequence of positive real
constants and 1<k <oo. Then, |N,p,, 0.l C
|C,—1| if and only if

o)

1 /r(B-+P_q)
Za‘( ) <@

r=1
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Now, we prove the following.

Theorem 2.3. Let (6,,) be a sequence of positive real
constants and 1 < k < oo. Then the necessary and
sufficient condition that Y &,x, is summable
[N, Py, O, |, Whenever ¥ x,, is summable |C, —1], is

sup z

Proof. Let (t,) and (T,) denote the nth weighted
mean of the series ) &,x, and the nth Cesaro
(C,—1) mean of the series ), x, , respectively. As in
proof of Theorem 2.1, we define the sequences y =

(n) andy = (y,) as

1/k* k

n
Z Py_18&
P,P,_4 - rv(v+1)

oMk
— 1/k*
Yn = en/ (tn —th—1) = PnPn . ZP ~1&%y , Yo

= Xo&o

and
Yo =T —Thoy =+ Dxy, — (n— Dxy_q, (2.4)
respectively.

It is clear that ex = (g,x;,) € N, Py Only iff ¥ =
(V) € £ and x = (x,) € |C,—1|iff y = (y,) € L.
By virtue of (2.4), we write inverse of y,, as

1
Xp = mZ Yy , X0 = Yo - (2.5)
v=

Then, using (2.5), we get forn > 1

1/k* n
Yn ;PanPv 1&pXy

6" pnz Zr
PnPn_1 v—1€v ( + 1) Yr

1/k* "a!
_ 6 pnzr z Pys&y =ZC
PnPn_1 17(U+ 1) yr nryr
r=1 v=r r=
where

rBl/k* = P,_1&,

Z , 1<r<n,
Cnr =94 B,Ph_q vzrv(v +1)

0,r >n.
222
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Then, Y, £,x,, is summable |N, p,, 8|, whenever Y, x,,
is summable |C,—1| if and only if ¥ = (y,) € ¥}
whenever y = (y,) € £, or equivalently, the matrix
C = (cyy) maps £ into €y, i.e, C € (£,%y). Thus, it
follows from Lemma 1.2 that

0 [ee]
su I, |® = su
p nr p
T T
n=1 n=r
< 00,

This completes the proof of the Theorem.

n k

k*
T@;/ Pn Z Pv—lgv
PP, _1 v(v+1)

v=r

In the special case €, = 1 for all v, Theorem 2.3 is
reduced to the following result.

Corollary 2.4. Let (6,,) be a sequence of positive real

constants and 1<k < o, Then, |C,—1|c
[N, D, O if and only if
o k' M k
su Z T‘Qn/ Pn Z Pv—l < o
P PPy, Liv(w+1) '
n=r v=r
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